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SOFT X-RAYS: IMPROVEMENTS IN TECHNIQUE AND 
NEW RESULTS FOR C, Cu, AND W 


By K. T. Compton anp C. H. THomas 


ABSTRACT 


Improved technique in soft x-ray measurements.—A new tube designed 
for high sensitivity in detecting soft x-rays by their photoelectric action and 
using a system of gauzes to exclude ions from the detecting plate was found 
to give results identical with the previous tube in which a vane system was 
employed. In either type of tube the range of voltage applied to exclude ions 
from the detecting plate must be determined. Failure to observe this seems 
to account for some results which have appeared in the literature of this sub- 
ject. Greatly increased precision was secured by measuring both the thermi- 
onic and the photoelectric currents, J and E, by balanced methods in which 
the full scale of the instruments was used to measure current increments, 
instead of total currents, as the voltage was increased in small steps. The 
applied voltage V was measured by a similar balanced method in which 
residuals only were read on the voltmeter. By these devices the observations 
were so precise that critical potentials could be determined from curves in which 
were plotted the second differences of the ratio E/ I against V, which rendered 
discontinuities much more marked than in previous methods. The method is 
illustrated by application to tungsten in a small voltage range. 

Critical Potentials of C and Cu. 62 critical potentials were found for 
carbon in the range 0-160 volts. 31 new critical potentials of copper were 
found in the range 65-280 volts, which had not previously been investigated 
for fine structure. These critical potentials are given in tables. 


ECENT work by one of us,! by Rollefson? and by Richardson and 
Chalklin* has shown that the soft x-ray spectrum of solids, as found 
by the critical potential method, is much more complicated than had 
previously been assumed and raises serious questions regarding the 
significance of much of the work which has been done in this field. It is 
significant that the best agreement between experimenters in this field 
is in those cases in which the greatest pains have been taken to make 
measurements in very small voltage intervals, with unusual precautions 
1C. H. Thomas, Phys. Rev., 25, 322 (1925). 


? G. K. Rollefson, Phys. Rev. 23, 35 (1924). 
? 0. W. Richardson and F. C. Chalklin, Proc. Roy. Soc. A 110, 247 (1926). 
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to secure steady circuit conditions and with high precision of measure- 
ments (e.g., Richardson and Chalklin* and Thomas! in the case of iron). 

The present work was undertaken wth four principal objects in view: 
(1) to find out conclusively whether this “fine structure” of soft x-rays is 
real; (2) to develop apparatus and method to reach the limit of reliability 
and accuracy; (3) to investigate sources of spurious “breaks,”’ or apparent 
critical potentials which are due to experimental defects; (4) to use the 
improved method in further investigation of the soft x-ray spectrum. 

Briefly stated, the investigation shows: (1) that the fine structure is 
real; (2) that it cannot be observed unless accuracy of readings far ex- 
ceeds, for instance, the accuracy attainable in measurement of elec- 
trometer currents by the rate of deflection method; (3) that a type of 
very pronounced “break”’ frequently found by previous observers is not 
a critical potential of soft x-rays. 


APPARATUS 


Two principal types of tube have heretofore been used in soft x-ray 
work, differing in the method employed for keeping ions away from the 
metal plate which serves photoelectrically to detect the radiation. One 
method consists in interposing, between the source of radiation and the 
detecting plate, two or more vanes between which the radiation may pass 
and between which there is an electric field acting to draw to the vanes 
any ions which might otherwise reach the detecting plate. The second 
method, introduced by Horton and Davies, employs a system of wire 
gauzes through whose openings the radiation may pass and between 
which fields are applied to prevent ions of either sign from reaching the 
detecting plate. Since the recent work in this laboratory has been done 
with an apparatus of the first type, we constructed a new apparatus 
(Fig. 1) of the second type in order to see whether the type of tube 
affected in any way the determination of critical potentials. 

In a G 702 P glass tube of 3 inch diameter were mounted the Pt foil 
detecting plate P and the set of four Ni wire gauzes of fine mesh. These 
gauze cylinders were separated from each other by short glass cylinders 
at their ends, and held in a rigid group by the clamp C. In order to 
facilitate changing and cleaning the target 7, this was mounted, together 
with the filament source of electrons F, on a stem introduced through a 
very long and well ground joint, which was hermetically sealed by De 
Khotinsky cement at its open end. Since this cement was kept cool during 
operation, since the rate of diffusion of its vapor through the long ground 


* F. Horton, U. Andrewes and A. C. Davies, Phil. Mag. 46, 721 (1923). 
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joint was very slow, and since the rate of exhaustion of residual gas 
through the short 1 inch connecting tube to the evacuating system was 
very rapid, the ill effects of residual cement vapor were reduced to a 
minimum. The filament was of 10 mil (0.25 mm) tungsten and was 
heated by a current of from 5 to 7 amps. with a voltage drop of 1.8 to 2.4 
volts.. The voltage drop over the central, hot, electron-emitting portion 
of the filament was not more than one volt and was generally about 
0.5 volt. The target was a flat rectangular plate of dimensions 10 X 14 mm. 


. 























guard rings 





V=+150 
V=-22 





to pump and charcoal tubes “YY 


Fig. 1. Diagram of tube. 


Before assembling the apparatus all metal parts were heated to in- 
candescence in vacuo by induced currents until the evolution of gas 
ceased. Before any series of runs the apparatus and traps were heated 
at 450-500°C for three hours, the filament glowed and the target heated 
to incandescence by bombardment by electrons from the filament. The 
carbon (graphite) target was initially well degassed by heating in vacuo 
for 170 hours at a white heat. In every case the target was taken out 
and repolished after about 20 hours of service, since experience showed 
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that within this time there were no indications of tungsten or other 
material deposited on the target. A two stage mercury condensation 
pump was operated continuously during the experiments and three traps 
were interposed between the pump and the tube. The trap nearest the 
pump was continuously immersed in liquid air and the other two, which 
contained a little cocoanut charcoal, were immersed in liquid air while 
measurements were being made. 

All important parts of the apparatus and circuits were electrically 
shielded and protected by guard ring devices from leakage. The photo- 
electric currents E were measured by a very steady Dolezalek electrometer 
of sensitivity 2300 mm per volt and shunted with convenient India ink 
resistances.* The thermionic current of bombarding electrons IJ was 
measured by a Paul Universal Test Set and the bombarding voltage V 
by a Weston Laboratory Standard voltmeter with multiple ranges. 

Preliminary tests were made to examine the effectiveness of the gauze 
system for protecting the plate P from ions. The general scheme of 
voltages shown in Fig. 1 was found suitable. However, it was discovered 
that the safe range of voltages between filament and target is a function of the 
potentials of these gauzes, particularly of the outer gauze. For instance, 
with the outer gauze 400 volts positive with respect to the filament and 
the detecting plate, this plate detected only radiation falling on it pro- 
vided the bombarding voltage on the target did not exceed about 280 
volts, but with larger bombarding voltages the electrometer current 
increased rapidly and in a manner suggesting that the gauzes were failing 
to exclude positive ions at the high bombarding voltages. If the potential 
on the outer gauze were less than 400 volts, the safe working range was 
proportionally diminished and if greater than 400 volts it was increased. 
The criterion of safety (meaning certainty that electrometer currents 
were due only to radiation falling on the plate) was that the electrometer 
current be independent of the voltage on the gauzes. 


* Some experiments were made to find the most satisfactory type of India ink re- 
sistance for use as an electrometer shunt. Of several types of ink tried, Higgin’s water- 
proof black ink alone proved satisfactory. In making resistances of more than 10° ohms 
it was not found satisfactory to attempt to secure high resistance by ruling a very fine 
line, since such resistances were generally variable and did not follow Ohm’s law. 
(This is probably due to the location of most of the resistance in breaks or near-dis- 
continuities in the line so that the voltage gradient at such points was very high). Very 
satisfactory high resistances were secured by ruling a great many coarse parallel lines 
and joining these lines alternately at the two ends so as to give a very long path. As 
many as 100 such lines can advantageously be used, drawn on good quality smooth 
drawing paper, giving an aggregate length of about 25 m. The conductivity of the paper 
was negligible. 
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The setting-in of ion currents at high voltages introduces a spurious 
“break” in the curve showing E/J as a function of V, which is very sharp 
and of characteristic shape in that the curve shows approach to saturation 
some distance above the break. We know these breaks to be of no 
significance, for their position depends on the voltages on the gauzes. 
We are inclined to think that some critical potentials previously reported 
in the literature are of this spurious type. For instance, that one reported 
by Miss Levi® for Co and shown in her Fig. 12 is of the shape of those 
which we found to be spurious and is one which we were quite unable to 
find in Co unless the gauze voltage was so low as to let through positive 
ions. It is important, therefore, to make tests to determine the voltage 
range within which the gauze or vane system is effective in excluding 
positive ions, and to work only within this range. This point has received 
consideration in the work of Richardson and Chalklin.* Our tests indicate 
that this positive ion effect varies somewhat with the degree of evacuation 
and with the nature of the target, and it is probably associated with the 
ionization of an adsorbed gas layer whose elimination is practically im- 
possible in an apparatus of this kind, as recently shown by Kistiakowski.® 

Having thus found the safe working range for this apparatus, we then 
proceeded to determine the critical potentials within this range (about 
280 volts) for the same iron target which had been used with the vane 
type of tube in the experiments previously reported, and using the 
technique there destribed. Our curves showed every critical potential pre- 
viously reported and no others, which we take as proof that these critical 
potentials are actually characteristic of the metal target and are not accidental 
or dependent on the particular type of apparatus used to determine them. 

After thus checking the operation of the new tube, we proceeded to 
determine the critical potentials of Cu in a range 70-280 volts, which had 
not been covered in the work previously reported.! The results are given 
in Table I, in which all voltage corrections have been included. 


IMPROVEMENT IN METHOD 


We next made the following improvements in technique which lead 
to greatly increased precision and certainty in the determination of 
critical potentials. 

The bombarding voltages were obtained from Edison storage batteries. 
To increase the accuracy of measuring the voltage increments between 
successive readings, especially at the higher voltage ranges, the voltage 
was applied in two parts: first a storage battery of e.m.f. about equal to 


5 M. Levi, Trans. Roy. Soc. Canada 18, 159 (1924). 
* Kistiakowski, Jour. Phys. Chem. 30 (Sept. 1926). 





606 K. T. COMPTON AND. C. H. THOMAS 


the lowest voltage desired in the run was measured accurately; then a 
potential divider system across a second storage battery, of e.m.f. a little 
greater than the range of voltage desired for the run, was connected in 
series with the first battery. The voltage settings were read off the 
standard voltmeter in this potential divider circuit and added to the 
constant voltage of the first battery. In this way the voltages were given 
accurately to 1/10 percent while the voltage increments between suc- 
cessive readings were accurate to 1/30 percent or better. 


TABLE I 
Critical potentials for copper (additional to those given by Thomas, Phys. Rev. 26,739 1925). 








Volts Intensity | Volts Intensity | Volts Intensity 
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To increase the precision of measurement of the thermionic current J, 
a balanced method was used as shown in the upper part of Fig. 2. The 
terminals marked + and — are the external terminals of the Universal 
Test Set for small current measurement and the resistances S are self- 
contained shunt resistances for altering the range of the instrument 
whose galvanometer is shown at G. The improvement consisted in open- 
ing the instrument to attach leads as shown. to the right, which included 
a storage cell, a key and a high resistance in series. By this attachment 
the effect of the thermionic current on the galvanometer could be 
balanced by an opposing current from the storage cell and the instrument 
used in its high sensitivity range to measure relatively large currents. 
The method of operation can be explained by considering an example. 
Suppose the run was to be made over a range of bombarding voltage 
from 175 to 200 volts. The balancing circuit was set to give zero gal- 
vanometer reading at 175 volts, and the sensitivity adjusted to give full 
scale deflection at 200 volts. Thus the galvanometer measured current 
increments as the voltage was raised in small steps. The method of 
calibration is obvious. By using the reversing switch on the Test Set, the 
range during a run could be doubled, 7.e., taken from minus to plus full 
scale deflection. In this way the thermionic current increments as the 
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voltage was raised were easily measurable with an error less than 1/100 
percent, and could have been bettered if necessary. 

A somewhat similar method was employed to increase the accuracy of 
measurement of the photoelectric current E. This current passed to earth 
through some combination of India ink shunts s and was measured by 
the electrometer E. The effect of this current on the electrometer was 
practically balanced by the reverse current from a storage cell, a potential 





“7 

















Fig. 2. Electrical connections. 


divider and an India ink resistance 5. As in the case of the thermionic 
current, the electrometer deflection was thus reduced to zero at the 
lowest voltage in the run, so that the full scale of the electrometer was 
available for measuring the increments in photoelectric current as the 
voltage was raised in small steps. This method, combined with use of a 
reading lens to observe the unusually sharply defined spot on the elec- 
trometer scale, enabled the increments in photoelectric current to be 
measured to at least 1/100 percent which is, we believe, a new record for 
electrometer measurements. 

As in the earlier work, the heating current through the filament was 
rendered sufficiently steady by the use of a high capacity storage battery, 
an oil immersed regulation rheostat with no sliding contacts and by allow- 
ing two hours of heating to elapse before beginning readings in order to 
allow the storage battery to reach equilibrium. 

With these improvements in technique, a new method of plotting 
results was advantageous, since the precision of measurements far ex- 
ceeded the possible accuracy of plotting. The most convenient of several 
methods was to plot second differences of E/F as a function of V thus: 
We measured AE and J as V was increased. We then calculated the 
increment ratios A(E/J) using a six place computing machine. We then 
subtracted a conveniently chosen constant K from each value of A(E/J). 
Finally we added these residuals, from the lowest voltage in the run up 
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to any given value V and plotted the sum as ordinate against V as 
abscissa. This is equivalent to plotting an exaggerated derivative of the 
ordinary E/I against V curve. In this way no spurious discontinuities 
are introduced into the curve, but all discontinuities really present are 
greatly exaggerated. 

As an illustration of what can be done with the aid of these refinements 
we show, in Fig. 3, the soft x-radiation curve of tungsten for which 
measurements were made at 4 volt intervals over a large voltage range 
and the values of E/J were plotted directly. This is the usual type of 
curve and shows evidence of radiation at 14, 40 and in the region of 
170 volts. By the new method we then made several runs over the 
limited range of voltage indicated by the heavy arrow in Fig. 3, and 
the results appear in Fig. 4. 
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Fig. 3. 


In Fig. 4, curve (a) shows a direct plot of values of E/J against V, 
and the ordinates on the left suggest the precision of the measurements. 
This curve shows some suggestions of critical potentials near 190, 197 
and 201 volts. But the real story is told by the difference curves, of which 
(b),; (c) and (d) are samples. The ordinates on the right are for curve (d), 
while curves (b) and (c) are slightly different because of the use of 
different values of the constant K and because of vertical displacement 
to avoid confusion in plotting. In all essential details these curves agree 
and show at least eight distinct critical potentials. 

Such results prove that this critical potential method is really capable 
of use as a precision method of investigating soft x-rays. The method 
described above should render the further investigation of heavy metals 
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rather easy, since Richardson and Chalklin* have pointed out that the 
x-radiation is relatively intense from elements of high atomic number. 
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SorT X-RAY SPECTRUM OF CARBON 


Because of its low atomic number, carbon is both interesting and 
difficult. We therefore made a study of its spectrum in the range 0-160 
volts. Fig. 5 shows two typical difference curves in the range 24—40 volts, 
which is especially interesting because it includes the critical potential, 
ascribed to the L series, which has been found by many observers. 
(Kurth’ 32.9 volts, Hughes® 34.5 volts, McLennan and Clark® 33.0 volts, 
Levi® 35.0 volts, Richardson and Chalklin*® 34.6 volts, all uncorrected for 
work function.) It is seen that, superimposed on the large change in slope 
to which these values refer, there is a finer structure. 

Table II gives the critical potentials found for carbon, with the voltage 
corrections included. The “intensity’”’ is taken as proportional to the 


' E. H. Kurth, Phys. Rev. 18, 461 (1921). 
8 A. L. Hughes. Phil. Mag. 43, 145 (1922). 
* J. C. McLennan and M. Clark, Proc. Roy. Soc. A 102, 389 (1923). 
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change in slope of the curve at the “break.” The “‘certainty”’ is expressed 
as a fraction whose denominator shows the number of independent runs, 
or curves, over the range of voltage in which the break might be found 
and whose numerator shows the number of curves in which the break 
was evident. Certainties marked thus: 8/9 (9/9) mean that the break 
was definitely and independently located on 8 of the 9 curves, while the 
remaining curve shows evidence of the break which is not decisive enough 
to justify its being taken as an independent determination. 
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Fig. 5. 


TABLE II 
Critical potentials for carbon. 








Intensity Certainty} Volts Intensity Certainty | Volts Intensity Certainty 
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DISCUSSION 

Voltage corrections. As pointed out in the two previous papers,' the 
voltage correction should include the mean initial energy of emission of 
electrons from the filament, the voltage drop to the middle of the filament, 
the contact difference between the filament and the target and the work 
function of the target. Richardson and Chalklin*® have pointed out that 
the last two elements in this correction combine into simply the work 
function of the filament, in virtue of the relation between work functions 
and contact difference of potential given by Richardson.” We have 
taken the additive corrections in the present experiments to be 3.7 volts 
for carbon and 4.0 volts for copper. 

Interpretation. The discovery of this complex structure of critical 
potentials introduces difficulties in their interpretation. There are too 
many of them to fit into the Moseley diagram as obtained from the x-ray 
spectrum by application of the combination principle and many of them 
have values which fall outside the range of values to be expected from 
consideration of the Moseley diagram. This applies particularly to the 
critical potentials of presumably the types M, N, O, etc., for the critical 
potential data appear to fit the K and L series in the Moseley diagram 
very well. Whence come the complications in the region of the lower 
critical potentials? 

It may well be that some of the observed critical potentials represent 
the sum of two lower critical potentials and are due to the ability of a 
bombarding electron to excite two atoms in succession. It may be that, 
for the outer energy states of the atoms, the quantization is complicated 
by the neighboring atoms in the lattice structure so as to superimpose 
a fine structure on the otherwise relatively simple atomic spectrum, 
somewhat along the lines suggested by Frenkel," although it is difficult 
to account for large energy changes on such a basis. It may be that the 
“coarse”’ structure of critical potentials, found ‘without the refinements 
shown in the present paper, is more fundamental and easier of inter- 
pretation than the fine structure here described. Nevertheless this fine 
structure appears to be real, and must be capable of interpretation. 

The obvious need is for direct spectroscopic, work on the spectrum 
from solid targets in this low voltage region. Dr. J. C. Boyce and one 
of the writers have been engaged in an attempt to photograph such 
spectra, but thus far without success. With a 4 inch concave speculum 
metal grating, exposures up to 170 hours have failed to record anything 


© OQ. W. Richardson, Phil. Mag. 23, 263 (1912). 
“ J. Frenkel, Zeits. f. Physik 29, 214 (1924). 
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except the zero order image of the slit. Experiments with a glass re- 
flection grating, which we owe to Professor R. W. Wood, have shown its 
superiority in this spectral region, as tested by the spectra of gases, and 
we are now using it in a further attempt to photograph the soft x-ray 
spectrum from solids. 


PALMER PuysicaL LABORATORY, 
PRINCETON UNIVERSITY, 
PRINCETON, NEW JERSEY 
July 9, 1926. 
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THE K X-RAY ABSORPTION OF CALCIUM IN 
CALCITE, GYPSUM, AND FLUORITE* 


By Geo. A. Linpsay AND Geo. D. VAN DyKE 


ABSTRACT 


Fine structure of the K x-ray absorption edge of calcium.—The K x-ray 
absorption edge of calcium has been photographed with the object of study- 
ing the fine structure of the edge. The absorption occurred in the reflecting 
crystal itself, thus rendering unnecessary any absorbing material other than 
the crystal. Three crystals were used—calcite, gypsum, and fluorite. The 
fine structure of the edge shows as many as four subdivisions. The explana- 
tion is probably, as suggested by Kossel, that the electron ejected from the 
K orbit by the absorption stops in some of the unoccupied orbits, and in case 
of a calcium ion which we undoubtedly have in these crystals, the energy 
difference of these different virtual orbits is sufficient to show as a fine struc- 
ture of the edge. 


T IS now well known that the wave-length of the x-ray absorption edge, 

due to a certain element, depends upon the compound in which the 
absorption occurs. The fine structure of the edge has also been found to 
present a different appearance in different compounds. For elements 
which have more than one valence, the wave-lengths of the edge fall 
into groups, in general, according to the valence. For the most part the 
longest wave-lengths are associated with the lowest valences, the un- 
combined element generally exhibiting the longest wave-length of all. 
Lindh! found, for example, that in the case of chlorine the wave-length 
of the K absorption edge varies as in Table I. 


TABLE I 
Wave-length of K absorption edge AS (Lindh). 


Ain A. 
Cl; (element alone) 4393.8 
Ch 4382.9 
Cly 4376.9 
Clyn 4369.8 


Similar results were found for sulfur. He also found a variation in the 
fine structure even within groups of the same valence. Thus a few 
selected from the divalent sulfur compounds investigated by Lindh 
showed wave-lengths for the K absorption edge as given in Table II. 


* A portion of this paper was presented at the Montreal meeting of the American 
Physical Society, February, 1926. 
1 Lindh, Dissertation, Lund, 1925. 
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TABLE II 


Wave-length of K absorption edge of sulfur compounds (Lindh). 
Conggeee Ain X.U. 


2 5011.4 
Na:S 5009 .6 
MgS 5005.6 
CoS 5010.9 
BaS 5007.5 
This variation over a range of about 6 X.U. is evidently beyond the 
limits of experimental error. 

Fricke? investigated the K absorption edges of the elements from Mg 
to Cr inclusive, and found a variety of fine structure, and it may be noted 
that the most complicated edges occurred in the cases of compounds. 
The free elements, magnesium, aluminum, and argon gave a simple edge, 
while for sulfur and the others, which were in compounds, the edges 
showed a fine structure. For calcium, which he used in the form of a 

ene of calcium carbonate, Fricke found at the absorption limit a 
single white line, i.e., a narrow region where the absorption was especially 
great. Later Lindh*® found for absorption in the calcite crystal used as a 
grating the same single white line, evidently much like that observed by 
Fricke, while for an absorbing strip of calcium metal he found a simple 
absorption edge with no noticeable white line. Lindh remarks that the 
white line might appear with a thinner screen. His values of wave-length 
for the edge are 

Ca 3064.3 X.U. 

CaCO; 3060.5 X.U. 


We have obtained edges for calcium by absorption in the reflecting 
crystal itself and they show in all cases a structure considerably more 
complicated than that found by either Fricke or Lindh. Three different 
crystals were used as gratings: calcite (CaCOs), gypsum (CaSO, - 2H,0), 
and fluorite (CaF,). Figs. 1, 3, and 5 show absorption edges due to the 
calcium in these three crystals respectively. The curves in Figs. 2, 4, 
and 6 are photometer records taken with a Moll microphotometer. These 
curves were copied by tracing through a sheet of white paper and the 
slight irregularities due to the grain of the photographic plates were 
omitted. The points A, B, C, and D indicate corresponding points on 
the plate and on the photometric curve. The point A on each plate is 
the principal edge. B is the secondary edge, very distinct in the case of 
calcite, less so for fluorite, and so faint as to be rather doubtful in the 
case of gypsum. C is the beginning of a broader region of absorption, while 


? Fricke, Phys. Rev. 16, 202 (1920). 
* Lindh, Ark. fér Mat. Ast. och Fys., Vol. 18, No. 14. 
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D is probably a fourth absorption band which is not well separated from 
the C band for calcite and gypsum but is more distinct for fluorite. 
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Fig. 1. Fine structure of K absorption 
limit of Ca from CaCo; crystal, 


Fig. 3. Fine structure of K absorption 
limit of Ca from gypsum crystal. 
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Fig. 5. Fine structure of K ab- 
sorption limit of Ca from 
CaF - crystal. 
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Fig. 2. Microphotogram 
of plate shown in Fig. 1. 
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Fig. 4, Microphotogram of 
plate shown in Fig. 3. 


Fig. 6. Microphotogram 
of plate shown in Fig. 5. 


Table III gives the wave-lengths of these four points. Table IV gives 
the differences in volts between the points designated, and the cor- 
responding differences in the values of v/R. 
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TABLE III 


Wave-lengths of absorption es in calcium compounds. 
CaCO; 9 -2H:0 CaF; 


Ain X.U. Ain X.U. Ain X.U. 
3060.3 3059.1 3059.9 
3050.2 3047.5 3047.8 
3037.9 3035.3 3034.6 
3023.3 3025.3 

TABLE IV 


Equivalent volt differences and differences in v/R between absorption edges. 
Av Av Av 


RP Volts R Volts R 
0.99 15.3 off 16.0 1.18 
1.20 16.3 of 17.7 1.30 
1.46 — iZ.3 0.93 
3.65 — 46.2 3.41 
The width of the first white line which extends from A toa point about 
half way to B is, for CaCOs, 6.7 volts or Avy/R=0.51, the second white 
line has a width of about AV =5.4 volts, or Av/R=0.41, while the width 
over both white lines is 26 volts or Av/R=1.9. Fricke’s results show 
Av/R=2.2, indicating that Fricke’s single white line is, on our plates, 
resolved into two. The width of the slit has been subtracted both in 
Fricke’s and our values given above. As we measured the extreme limits 
of the white line, we have assumed that the true value should be one-half 
the width of the slit towards the middle of the line from each side. 
There is no doubt that this fine structure is due to the absorption and 
not to any emission lines which occur in this region, because there are 
no lines of the first order in x-ray spectra falling at the regions of greater 
blackening on the plates, and on some of the plates the voltage was kept 
low enough so that the CuKa, and Kaz lines from the copper target did 
not show. These strong copper lines in the second order fall only about 
1 mm to the long wave-length side of A, as shown in Figs. 1 and 5, and 
hence are in a very favorable region where there is little absorption in 
the crystal. If they do not appear, it is certain that no other second order 
lines will. On the plates taken at voltages so low that these lines did not 
appear, the fine structure of the edge was just as distinct as in the ones 
reproduced here. It is, therefore, evident that the absorption edge due 
to calcium is much more complicated than has been observed hitherto. 
It was first suggested by Kossel‘ that the white line shown in ab- 
sorption edges was due to the ejected electron’s stopping in the un- 
occupied orbits in the exterior part of the atom. He also remarked that, 
in case the atom were ionized, this white line should be wider or probably 


‘ Kossel, Zeits. f. Physik 1, 119 (1920). 





K X-RAY ABSORPTION 617 


resolved into several components. Coster> has also considered the 
possibility of the simultaneous ejection of a K electron and one of the 
outer electrons as proposed also by Wenzel in explanation of the fine 
structure. In the experiments of the former with argon, however, this 
double ionization was judged to be improbable. The appearance of the 
fine structure on our plates would demand multiple ionization, or several 
different kinds of double ionization. The distance between the com- 
ponents of the fine structure would also be difficult to account for on the 
theory of the simultaneous ejection of two or more electrons. For if we 
use the notation of Wenzel in which N represents the energy of the atom 
when one electron is missing from the N group, N? the energy when two 
are missing from the N group, KN when one is lacking in each of the 
K and N groups, then, assuming the calcium in the crystals used to be 
in the form of the calcium ion, Ca++, we should represent the work 
required to remove a K electron from this ion by KN?— N*. To remove 
simultaneously a K and an M electron (there are no more N electrons 
left) the work is KMN?—N?. The difference between these two energies 
is KMN*?—KN?, which is seen to be the work required to remove an 
M electron when the atom already lacks one K electron and two N 
electrons. The second ionizing potential of Ca is 11.22 volts, and if an 
outer electron were removed at the same time as a K electron, the edge 
corresponding to this should differ from the main edge by about the 
fourth ionizing potential of Sc(21), the next element above Ca(20), for 
when one K electron is removed, the center of the atom could be con- 
sidered to act about the same as that of the neutral atom of the next 
higher number. The fourth ionizing potential of scandium would 
certainly be much greater than the difference between our first and second 
edges, which was about 15 volts. 

We may then consider the case in which the ejected K electron stops 
in various unoccupied orbits. Such orbits for Ca++ are from the 3s: 
orbit inclUsiye outward. If the selection rules hold for this semi-optical 
phenomen@p¢# the K electron would be limited in its final position to the 
401, 422, 521, S22, 621, 622, etc., orbits. Although we have no data on which 
to base a judgment as to the difference in energy corresponding to the 
stopping of the electron in the 42: or the 422 orbit, it is probably much 
smaller than the 14 volts observed as the difference between first two 
components of the edge. We should rather suppose that the components 
of the fine structure correspond to the N group, the O group, etc., possibly 
limited to the sub-levels in those groups indicated above. 


5 Coster and Van der Funk, Nature 117, 586 (1926). 
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We may also notice that in Bohr’s and Stoner’s tables of electron 
groupings, the electron added on passing from Ca to Sc is placed in the 
332 orbit. If the nucleus, together with the absence of one K electron in 
the Ca atom, acts like the Sc nucleus, then we might think it possible, 
ignoring the selection rule, that the K electron would stop in the 332 
orbit, the system then resembling the doubly ionized Sc atom. However, 
as Bohr and Coster have emphasized, and as x-ray spectra and also 
optical spectra indicate in analogous cases, there is in this region of the 
periodic table very little difference in the binding energy of an electron 
whether it is in the 332 orbit or the 4:; orbit. Hence there would be very 
little difference in the wave-length whether the electron stopped in the 
M group or in the N group. 

On the other hand, if we consider the distances separating the points 
A, B, C, D in Fig. 5 for fluorite, we see that these do not agree with the 
relative steps that we should have between the N, O, and P groups. 
There is apparently no reason why the difference between the O and P 
levels should be 18 volts while that between the N and O levels should 
be only 16 volts. 

The extreme difference between the points A and D is nearly 50 volts. 
The point D probably corresponds to a removal of the electron entirely 
from the influence of the Ca++ ion, and the 50 volts represents the 
difference of potential necessary to remove an electron probably from 
the valence orbit of the ion to infinity, the atom meantime lacking two 
other of its 20 electrons, one from the K orbit and one from the valence 
orbit. 50 volts seems too large, for it should be like the 3rd ionizing 
potential of scandium. The latter has not yet been measured, but if we 
consider the similar element, Al(13), for which the 3rd ionizing potential 
is 28.3 volts, we might suppose that for scandium to be somewhere 
between 25 and 30 volts instead of 50. 

The gypsum crystal has a much larger grating space than calcite or 
fluorite. For calcite, d=3.029A; for gypsum, d=7.578A. The grating 
space of the (111) planes of fluorite taken from Bragg’s* measurements 
is 3.132A, and other investigators, using the powder method, have found 
a somewhat higher value. From a measurement of the constant of the 
fluorite crystal used we obtain in the first order, d=3.1446A. The 
second and third orders gave increasingly higher values for d as has been 
found by several other observers who have investigated the departure 
from the Bragg law. The spectrum from gypsum, then, falling at a much 


smaller glancingangle, has a much smaller dispersion than that from the 


* Bragg, Proc. Roy Soc. 89A, 468 (1914). 
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other two crystals, and the fine structure is necessarily crowded into so 
small a region as to render it less distinct. Figs. 3 and 4 each show but 
two white lines. The other irregularities towards higher frequencies are 
probably due to faint emission lines. The two portions, A and C, are, 
however, unmistakable. The second one is lettered C because it is at 
about the same wave-length as C in the plates for calcite and fluorite. 
On close examination of the original plates, one can see a trace of a faint 
white line at about the same wave-length as B in Figs. 1 and 5. This faint 
edge was measured approximately and is included in Table I, though it is 
invisible in the reproductions. It can easily be seen that B is relatively 
more pronounced in calcite than in either of the other two, and that C is 
relatively stronger in fluorite, so that the compound has some influence 
on the relative intensities of the different portions of the fine structure. 
The wave-lengths of the various edges could be measured very con- 
veniently by comparison with the CuKa, and az lines in the second order 
which are about 1 mm away, as shown in Figs. 1 and 5. 

The Ca** ion undoubtedly presents more favorable conditions for the 
appearance of the fine structure than does the neutral atom, because the 
electric field in the outer region of the ionized atom is much stronger. 
This idea of Kossel is supported by the extended fine structure shown by 
our plates and by the general lack of fine structure in the work of Fricke 
and Lindh, referred to above in the cases in which they used the-un- 
combined elements. 

It has been shown that the fine structure of the CaK absorption edge is 
more complicated than previous observations have indicated. If selection 
rules are valid for the transition of the electron ejected from the K orbit, 
it is difficult to account for the number of parts of the edge as well as for 
their relative locations and intensities. We expect to continue the work 
with other crystals containing calcium. 

PuHYsICAL LABORATORY, 


UNIVERSITY OF MICHIGAN, 
June 14, 1926. 
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THE DISAPPEARANCE OF THE UNMODIFIED LINE 
IN THE COMPTON EFFECT 


By G. E. M. JAuncEy AND R. A. Boyp 
ABSTRACT 


Ratio of modified to total scattering coefficient of x-rays for carbon.— Mea- 
surements on the scattering by carbon of x-rays of wave-lengths 0.41 and.0.47A 
are presented in the form of curves showing the variation of the ratio of the 
modified to total scattering as a function of the angle of scattering. Although 
the curves show that the unmodified scattering does not disappear at any angle 
up to 120°, there are distinct decreases in slope at the angles at which Jauncey’s 
theory of scattering by K electrons requires the disappearance of the unmodified 
ray. This is regarded as demonstrating the applicability of the theory to scat- 
tering by K electrons. On the other hand an extension of the theory to scatter- 
ing by L; electrons leads to results not in accord with experimental facts. 


1. EXPERIMENTAL RESULTS 


AUNCEY and De Foe! and De Foe? have described a balance method 

for measuring the ratio of the modified scattering coefficient per unit 
solid angle in a direction @ to the total (i.e., modified plus unmodified) 
scattering coefficient in the same direction @. The writers have used this 
method to measure the ratio for various scattering angles for the wave- 
lengths 0.41A and 0.47A when scattered by carbon. In Fig. 1 are shown 
the. experimental values of the ratio for the shorter wave-length, while in 
Fig. 2 the values for the longer wave-length are shown. It will be noted 
that the experimental points are so scattered that we have not attempted 
to draw a curve through the points but have drawn a shaded region in 
which the points occur. This scattering of the experimental points is 
due to the inaccuracy of the experimental method. However, we believe 
that the shaded regions do show certain tendencies, which we shall now 
discuss. 

In Fig. 1 there seems to be a distinct elbow at from 80° to 85°. Further, 
on the large angle side of this elbow the experimental points are within 
experimental error of unity. If we may therefore assume that the ratio 
is unity on the large angle side of the elbow, this means that all of the 
scattering is of the modified type in this region and that the unmodified 
scattering has disappeared. The critical angle for this disappearance is 
therefore at about 80° to 85°. Jauncey’s theory of the unmodified line’: ‘5 
requires the disappearance of the unmodified at an angle given by 

1 Jauncey and De Foe, Phil. Mag. 1, 711 (1926). 

? 0. K. De Foe, Phys. Rev. 27, 675 (1926). 

3 G.E.M. Jauncey, Phys. Rev. 25, 314 (1925). 


‘ G.E.M. Jauncey, Phys. Rev. 25, 723 (1925). 
* G.E.M. Jauncey, Phys. Rev. 27, 687 (1926). 
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vers $= (3+2y/2) - (me/h) - (Ao?/m), (1) 


where Xo is the wave-length of the primary x-rays and A, that of the 
K critical absorption wave-length of the scatterer. For a wave-length 
of 0.41A scattered by carbon (A,=47.0A) this critical angle should be 
82°. This agrees very well with the position of the elbow in Fig. 1. 








4, ! 
. T T T T u 


? 





SCATTERIN 


A 





TOTAL (SCATTERING 








| | | L 1 


£ 


MODIFIED, 
g 
sr T 
femransromn. 





| 








| 
100 7° 


70 $0 90 80 90 100 110 
SCATTERING ANGLE — DEGREES SCATTERING ANGLE — DECREES 


Fic. 1. Scattering by carbon—0.41A. Fic. 2. Scattering by carbon—0.47A. 


In Fig. 2, the elbow is not nearly so distinct as in Fig. 1 and further- 
more, the experimental values of the ratio appear to be less than unity by 
an amount greater than the experimental error. We have repeated the 
readings between 100° and 120° several times and we have not been able 
to obtain a value of unity. We are therefore forced to the conclusion that 
the unmodified scattering is still present at ¢=120°, although according 
to Eq. (1) the unmodified scattering should disappear at ¢=98°. Upon 
examining Fig. 1 again, it is seen that although on the large angle side of 
the elbow the value of the ratio is within experimental error of unity, yet 
there are no values greater than unity. Hence even in Fig. 1 it seems that 
the ratio is on the average less than unity on the large angle side of the 
elbow and that therefore unmodified scattering does not entirely dis- 
appear at ¢=82° as required by the theory. There is some evidence of 
the existence of an elbow in Fig. 2, which comes at about ¢=100°. This 
agrees with the theoretical value of 98°. 

In confirmation of our results which indicate that unmodified scattering 
does not disappear at the angle given by Eq. (1), may be mentioned the 
recent results reported by Woo. In Woo’s experiments the Ka x-rays of 
silver (Ao=0.5604A) were scattered by beryllium, boron and carbon at 
angles greater than the respective critical angles given by Eq. (1). Woo 
finds by his method, which differs from ours, that, although the un- 


* Y. H. Woo, Phys, Rev. 28, 426A (1926). 
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modified line is weak compared with the modified line, yet the unmodified 
line is unmistakably present. De Foe? in a recent paper finds that the 
ratio of the modified to the total scattering becomes unity at angles 
agreeing with the theoretical value. De Foe, however, obtained this 
result by extrapolation from ratios which were less than unity. If the 
writers had only obtained points between 65° and 80° in Fig. 1, then 
extrapolation to unity would have given the critical angle as about 82° 
in agreement with theory. Hence De Foe’s results are not at variance 
with the results of either Woo or the present writers. 


2. THEORETICAL DISCUSSION 


The reasons that our experimental values of the ratio of the modified 
to the total scattering are less than unity at angles greater than the 
theoretical critical angle may be two-fold. First, in our experimental 
method we do not use monochromatic x-rays but rather a band of wave- 
lengths of a certain mean wave-length determined by half-value absorp- 
tion in aluminum. The beam of x-rays, however, is filtered through 
0.33 cm of aluminum and this makes it fairly homogeneous. This lack 
of homogeneity does not apply in Woo’s experiments and hence we must 
abandon any explanation along these lines. Second, the theoretical 
formula may not be sufficiently exact and this possibility we shall proceed 
to discuss. 

Eq. (1) is obtained on Jauncey’s theory when the scattering of x-rays 
by the K electrons of the scattering substance is considered. The formulas 
for the disappearance of the unmodified line when x-rays are scattered 
by the L, M, etc., electrons which move in circular orbits are similar to 
that in Eq. (1) excepting that A, is now the respective L, M, etc., critical 
absorption wave-length. However, since the angles at which the un- 
modified scattering disappears for the L, M, etc., electrons which move 
in circular orbits are smaller than for the K electrons, the theory gives 
Eq. (1) for the critical angle when the electrons in all circular orbits are 
considered. Jauncey has extended the theory to elliptic orbits. However, 
this extended theory rests upon the hypothesis that the L electrons (for 
instance) can be treated as moving in an inverse square central field of 
force. The speed of the L; electrons at perihelion is then greater than that 
of the K electrons. If the major-axes of the L; orbits are directed at 
random in space, the velocities at perihelion are also directed at random. 
Let A be the azimuthal angle of the electron in its orbit relative to the 
line joining the center of the force field to-the perihelion of the orbit. 
At any instant of time there is a number 5N of the L; electrons of the 
scattering substance which are between the azimuthal angles A + 64/2. 
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Of these 5N electrons there are 5N, which are moving in such directions 
as to scatter modified x-rays in the direction @. Jauncey’s theory‘ gives 


bN au a agvers+2fr/2a,sintd — do/ds 











: (2) 
5N 4fr/2a,sint¢ 
f=(n/k)X V/1+2«cosA +é (3) 
and 
e = (n?— k®)/n? (4) 


where a,=h/mcr., a,=h/mer,, k is the azimuthal and n the total quan- 
tum number of the L; orbit. Hence for the unmodified line to disappear 
for the scattering by L; electrons between the azimuths A+6A/2 the 
right side of Eq. (2) must be unity. Solving we obtain 


verso = (1+2f?+2fs/1+f*) - (mc/h) - (Ao?/A,). (S) 
In order for unmodified scattering by the L; electrons in all azimuths 
to disappear the value of f at perihelion (A =0°) must be placed in Eq. (5). 
Using this value of f and considering the scattering of Ag Ka x-rays by 
the L; electrons of carbon (A,=350A) we obtain vers@=2.1. There 
is thus unmodified scattering at all angles, including the angle ¢ = 140°, 
which was the angle used by Woo.® In Figs. 1 and 2 the unmodified 
scattering by the L; electrons should vanish at 98° and 120° respectively 
Experiment shows, however, that there is still unmodified scattering 
at these angles. 

Let us now consider the relative intensity of this unmodified scattering 
when Ag Ka x-rays are scattered by the L; electrons of carbon at ¢= 140°. 
The value of f which will make the right side of Eq. (2) equal to unity 
for these conditions is 3.36 and therefore the value of A from Eq. (3) is 
52°. Hence all L; electrons whose azimuths are between 0° and +52° 
may scatter unmodified x-rays if they are travelling in suitable directions. 
The-fraction of the total number of L; electrons which at any instant have 
their azimuths in this range is 0.011. However, only a small fraction of 
these are travelling in such directions as to scatter unmodified x-rays. 
For those whose azimuth is 52° the fraction is zero, while for those whose 
azimuth is 0° the fraction is about 0.05. If as an approximation we 
average these, we obtain 0.025. Hence the ratio of the number of Ly 
electrons which are in such azimuths and are travelling in such directions 
as to scatter unmodified x-rays to the total number of Ly; electrons is 
0.011 X 0.025 or .0003. Seeing that there are supposed to be two K, two 
Lin and two L; electrons in the carbon atom and that in the case under 
consideration the K and Ly; electrons do not scatter unmodified rays, 
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the fraction of all the electrons which can scatter unmodified rays is 
.0001. Now the chance of an electron scattering when in the U position® 
is greater than when in the M position, so that the ratio of the energy of 
unmodified to that of the total scattering will be greater than the ratio 
of the number of electrons in the M position to the total number as has 
been shown by De Foe.? However, even allowing for this it is doubtful 
whether the energy in the unmodified line in Woo’s experiment should 
be greater than one fifth of one percent of that in the modified line and 
it is doubtful whether such a small ratio could be discerned in Woo’s 
experiment. Certainly a ratio of this order could not be discovered in the 
experiments of the writers. 

It is interesting that the elbows in our Figs. 1 and 2, if there are elbows, 
seem to come at the angle where according to the theory unmodified 
scattering by the K electrons should cease. The theory, however, does 
not explain quantitatively the presence of unmodified scattering at 
angles greater than the critical angle for the K electrons. The theory of 
the scattering by the L; electrons, however, is based upon the assumption 
that these electrons move in a coulomb field of force. These electrons at 
perihelion approach closer to the nucleus than the K electrons. So far 
the Bohr model has only been successfully applied to the hydrogen atom 
and to the helium ion in the quantitative explanation of series spectra. 
Very little is known at present of intra-atomic mechanics where the atom 
contains more than one electron. Then, too, there is very little known as 
to how the outer electrons of an atom move when the atom is part of a 
solid. It seems therefore that Jauncey’s theory of the unmodified line 
should be expected to hold quantitatively for scattering by the K elec- 
trons but not for scattering by the outer electrons. A test of the theory 
as applied to the K electrons is to look for elbows of the type shown in 
Figs. 1 and 2. These elbows will probably be rounded even when homo- 
geneous primary x-rays are scattered because the time of action between 
the quantum and the electron in the scattering process is not infinitesi- 
mally small. 

WASHINGTON UNIVERSITY 


St. Louis, Mo. 
June 22, 1926. 
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THE POLARIZATION OF CHARACTERISTIC X-RAYS 
By J. B. BisHop 


ABSTRACT 

Primary x-rays from a molybdenum target Coolidge tube were allowed 
to impinge upon a carbon block and the intensity of the scattered radiation 
proceeding from this secondary source was compared in two directions mutually 
perpendicular to the primary rays and parallel to and perpendicular to the 
cathode stream respectively as the tube was rotated. When the tube was 
operated at 29 KV peak and the primary radiation made to pass through 
a suitable filter of zirconium, the radiation was rendered practically mono- 
chromatic and was composed mainly of the K-alpha lines. The ratio of the 
intensity of the secondary beam proceeding in a direction parallel to the 
cathode stream to that proceeding in a direction perpendicular thereto was 
then taken as a measure of the polarization of the alpha lines. This ratio was 
found to be about .74. Operating the tube under the same conditions as stated 
above but using a filter of strontium, which served to cut out the alpha lines, 
the corresponding ratio was .84. These results indicate that the alpha lines of 
molybdenum are partially polarized. 


INTRODUCTION 


N THE basis of J. J. Thomson’s ether pulse theory! it was pre- 
dicted that the general radiation proceeding from the target of an 
x-ray tube should be partially polarized. In order to test the validity 
of this theory Barkla® in 1905 and 1906, performed his classical experi- 
ments on the polarization of x-rays and, as is well known, found that 
there was indeed a favored direction of vibration of the electric vector 
in the primary beam, which direction was parallel to the cathode stream. 
Though all other experiments on the polarization of x-rays save one— 
a photographic investigation carried out by Haga*—have confirmed 
Barkla’s results, it is difficult for the purpose of comparison to correlate 
the results of the various experiments prior to 1923, for the fundamental 
reason that in general little has been reported concerning the voltages 
applied to the tubes used by the various observers. A knowledge of this 
is important, not only because of the variation of the degree of polariza- 
tion with generating voltage as found by Kirkpatrick,‘ but because it 
alone indicates whether or not there was present in the radiation studied 
the characteristic spectrum of the target. Kirkpatrick‘ in his work did 
not use voltages sufficiently high to generate the line spectrum. 
' Conduction of Electricity through Gases, p. 657. 
?C. G. Barkla, Roy. Soc. Proc. 77A, 247 (1906); Phil. Trans. A204, 467 (1905); 
Nature 69, 463 (1904). 


*H. Haga, Ann. der Physik 28, 439 (1906). 
4 P. Kirkpatrick, Phys. Rev. 22, 226 (1923). 
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Although evidence is furnished in Barkla’s? experiment (note his use 
of iron as the material for the secondary radiator) and later confirmed 
by the experiments of Mark and Szilard® that the fluorescent radiation 
when excited by polarized x-rays is itself unpolarized, it should be pointed 
out that a fundamental difference exists between the experiment here 
to be described and those of Barkla and of Mark and Szilard. It is 
that in the case of the latter two experiments the fluorescent radiation 
was excited outside the x-ray tube by means of polarized, or at least 
partially polarized x-radiation, of frequency slightly in excess of the 
critical frequency. No intense electric or magnetic fields were present. 
While in the present investigation the characteristic radiation which 
was examined for polarization was generated within the target of the 
x-ray tube itself by electronic impact and obviously under the influence 
of fairly strong electric fields. 

It is significant that experiments ©’ in the optical region have yielded 
evidence which indicates that the resonance radiation of sodium and 
of mercury vapor when excited by electronic impact is partially polarized. 
The work here to be described was undertaken to determine whether 
or not a similar condition of polarization exists in the case of the charac- 
teristic x-ray spectrum. 


EXPERIMENTAL PROCEDURE 


Failure to obtain measurable intensity when using a crystal grating 
made it necessary to resort to the use of filters, a discussion of which 
will be presented in a subsequent paragraph. A brief description of the 
experimental procedure which was finally adopted follows. 

A molybdenum-target water-cooled Coolidge tube* was so mounted 
that it could be rotated about an axis nearly prependicular to the cathode 
stream and passing through the center of the focal spot (Fig. 1). Pri- 
mary radiation from the target, limited by slits S,; and S2, each 2.50.6 
cm and 10 cm apart, was allowed to strike a carbon block C. The sec- 
ondary radiation proceeding from this source and limited by a pair of 
slits similar to S; S, (not shown in figure) but separated by a horizontal 
lead strip into two sections to prevent cross fire, was allowed to enter 
an ionization chamber A parallel to the cathode stream when the tube 
was in a horizontal position. A portion of the direct beam, suitably 


5 Mark and Szillard, Zeits. f. Physik 35, 743 (1926). 

* Ellett, Foote and Mohler, Phys. Rev. 27, 31 (1926). 

7H. W. B. Skinner, Nature 117, 418 (1926). ‘ 

* Kindly placed at the disposal of Professor Richtmyer by Dr. W. D. Coolidge of the 
General Electric Research Laboratory. 
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limited by an adjustable shutter, was allowed to pass through C and 
to enter another ionization chamber B. This beam made an angle of 
85° with the cathode stream for all positions of the tube. 

Immediately behind S; was situated an arrangement F by means of 
which any desired filter, e. g. a filter of zirconium or strontium, might 
be inserted in the path of the direct ray. Both ionization chambers 
were similar in design and capacity and each was connected to its own 
Compton electrometer. The two electrometers were also alike in design 
and capacity and were regulated for sensitivity by varying the poten- 
tial applied to the needle. 

The voltage applied to the x-ray tube was furnished by a 220—50,000 
volt transformer.f The voltmeter which indicated the voltage applied 
to the tube could easily be read to one part in two hundred and during 
a run showed no variation. The filament of the x-ray tube was heated 
by current from a storage battery, with adjustable rheostat, so that 
the current through the tube did not vary by as much as a half percent. 





























Fig. 1. Diagram of apparatus. 


The manner in which observations were made is as follows: With 
the tube in a horizontal position, i. e. with the cathode stream parallel 
to the beam—marked S in Fig. 1—entering chamber A, simultaneous 
rates of drift of the two electrometers were recorded. The tube was then 
rotated to a vertical position and a similar set of observations recorded. 


t Kindly lent by the Department of Electrical Engineering of Cornell University. 
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Each observation yields a measure of the intensity of the scattered 
beam relative to the direct beam, and thus each two-fold observation 
gives a measure of the relative intensities of the beams scattered parallel 
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Fig. 2. Curve A shows the energy wave-length spectrum of the unfiltered radiation from 
a tungsten target tube operated at 29 kv. peak. Curves B and C show the same 
spectrum filtered through Zr and Sr filters, respectively. 


to and perpendicular to the cathode stream respectively. This intensity 
ratio J,;/J,; may be taken as an arbitrary measure of the degree of polari- 
zation. In Table I are given sample data which indicate the manner in 
which computations are made. 
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Curve A of Fig. 2 shows the energy wave-length spectrum of the un- 
filtered radiation from a tungsten target tube operated at 29 kilo-volts 
peak, while B and C show the same spectrum filtered through zirconium 
and strontium filters respectively. One observes that B and C do not 
radically differ from each other except in this one particular, viz; the 
zirconium filter is highly transparent in the neighborhood of the alpha 
lines of molybdenum, (712A), while the strontium filter very effectively 
absorbs in this neighborhood. From a consideration of Hull’s* data 
one concludes that were these spectra obtained by using a molybdenum 
target tube, the intensity of the alpha lines transmitted by the zirconium 
filter would reach the ordinate 98 in Fig. 2. In other words, the radiation 
transmitted by the zirconium filter is a very fair approach to mono- 
chromatic radiation of 712A. In the light of the evidence presented in 
Fig. 2 it becomes at once evident that the polarization measured, when 
the radiation from a molybdenum target tube operated at 29 kilo-volts 
peak is allowed to pass through such a zirconium filter, is the polariza- 
tion due in large part to the prescnce of the alpha lines. 

A comparison of two such sets of observations as outlined above, using 
in the one case the zirconium filter and in the other the strontium filter, 
gives them an accurate qualitative, if not quantitative, measure of the 
degree of polarization of the alpha lines. 


RESULTS 
TABLE I 
Sample data obtained on the polarization of the alpha lines using a zirconium filter. 
ne DIRECT BEAM (D) SCATTERED BEAM (S) f 
Position mm time rate mm time rate ratio 
of tube div. sec. mm/sec. div. sec. mm/sec. S/D 
Hor. 100 27.85 3.591 110 31.70 3.470 .9675 
Hor. 100 28.00 3.571 120 34.00 3.530 .9880 
Hor. 100 28.15 3.552 120 35.00 3.430 .9670 
Hor. 100 28.25 3.540 120 35.75 3.360 .9500 
Hor. 100 28.00 3.571 120 34.80 3.450 .9660 
Mean .9677 
Vert. 100 34.80 2.874 150 39.80 3.770 1.311 
Vert. 100 34.60 2.890 150 39.35 3.815 1.318 
Vert. 100 34.70 2.882 150 39.60 3.790 1.313 
Vert. 100 34.65 2.886 150 40.10 3.740 1.295 
Vert. 100 34.60 2.890 150 39.80 3.770 1.304 
Mean 1.306 
Mean value of S/D for horizontal position .9677 is 





Mean value of S/D for vertical position 1.306 


In Table I, column 1 represents the number of arbitrary scale divi- 
sions passed over by the “direct beam” electrometer in the time indi- 


8A. W. Hull, Phys. Rev. 10, 666 
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cated in column 2. Column 3 indicates rate of drift and is therefore 
proportional to the ionization current in chamber B. Columns 4, 5 and 
6 bear the same respective reiation to the scattered beam that 1, 2, and 
3 do to the direct beam. Column 7 is the ratio of column 6 to column 3 
and is the ratio of the two ionization currents A/B. The mean value of 
column 7 obtained with the tube in a horizontal position divided by 
the mean value of that part of column 7 obtained with the tube in 
vertical position gives then the ratio J,,/ZJ. and hence is a measure of the 
degree of polarization. Attention is called here to the fact that a low 
value of the ratio J,,/J1 indicates high precentage polarization. 

Numerous determinations of this ratio I,,/J, carried out in the manner 
indicated above and with the zirconium filter in place, gave values which 
are represented in Table II under the heading “zirconium filter.” The 
mean value of all these is seen to be about 0.74. Under the heading 
“strontium filter” are similar data obtained by using the strontium 
filter and indicate a means component ratio of 0.84. 


TABLE II 
Values of the ratio 1n/1la 
Zirconium filter Strontium filter 

.760 .729 .857 
.772 .723 -812 
.720 .726 .840 
.730 . 760 .836 
.728 .758 .832 
-757 731 .852 
.703 .733 .828 
.758 .722 .827 
.723 .741 .851 
.733 .740 .882 

Mean .737 Mean .841 


One observes that the ratios J,,/J, obtained when the radiation is 
filtered through zirconium are consistently lower than the corresponding 
ratios which were obtained with the zirconium filter. They are lower 
by an amount which is certainly outside the limits of experimental 
error; hence we conclude that the radiation which includes the alpha 
lines is considerably more polarized than is the radiation, in the same 
neighborhood, which does not include the alpha lines. In brief, the alpha 
lines are at least partially polarized. 

In order to compare this work with the work of previous observers it 
seemed desirable to make measurements on the polarization of the general 
ratiation when excitation is effected by voltages below the value nec- 
essary to excite characteristic emission. Kirkpatrick‘ has shown that 
the ratio of component intensities in the general unfiltered radiation 
decreases with decreasing voltage, not quite linearly but following along 
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a smooth curve slightly concave toward the voltage axis. Unfortunately 
his observations do not extend as far down as the critical voltage of 
molybdenum (about 20 kv.). Since, however, there is no obvious reason 
why one should expect a radical departure from his curve extrapolated 
to lower voltage values, it seemed admissible to make this extension. { 

Two such polarization measurements were therefore recorded; at 
18 kv. and 21.2 kv. respectively. Ten determinations were obtained 
for-each voltage. Their values are compared below with those predicted 
from Kirkpatrick’s work. 

Ratio of component intensities 
At 18 kv. At 21.2 kv. 

i Oe ead Sawin .65 .68 
Results predicted by Kirkpatrick...... 71 735 


Both present results are about seven percent lower than the cor- 
responding values predicted by Kirkpatrick but show the same relative 
increase with increasing voltage. 


DISCUSSION 


A factor of fundamental importance in the present work is to make 
sure that the ratio of component intensities observed is indeed a measure 
of the degree of polarization and that the variation in observed intensities 
is not due to such spurious effects as: (1) stray radiation; (2) a variation 
in the quality of the primary radiation for different positions of the tube; 
(3) asymmetric bombardment of the carbon block by the direct beam 
when the tube is rotated, due possibly to improper alignment of the tube 
relative to the slit system. 

Regarding (1), it was found that neither ionization chamber received 
any measurable amount of radiation when the chamber windows were 
covered by a strip of lead 1/100’’ thick. Regarding (2), it was shown 
in the following way that the quality of the radiation did not alter for 
different tube positions. In the path of that portion of the direct beam 
entering ionization chamber B was interposed a thin strip of aluminum 
and the rate of drift of the direct beam electrometer recorded. The 
aluminum was then removed and the new rate of drift recorded, taking 
care that in both these observations the position of the tube remained 
fixed. From these data a quantity proportional to the mass absorption 
coefficient of aluminum was obtained. The tube was then rotated through 
90° and a similar set of observations recorded. These observations are 
shown below and indicate that there is no change in the quality (hard- 
ness) of the direct beam for the two positions of the tube. 
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Tube position Absorber Timetodrifti00mm Io/I Mean 


Horizontal in 49.7 oe 
3.65 
Horizontal out 13.6 seconds 
3.62 
Horizontal in 48.6 seconds} 
3.59 
Horizontal out 13.53 seconds J 
Vertical out 15.4 nner 
3.64 
Vertical in 56.12 seconds 
3.63 
Vertical out 15.33 seconds) 
3.61 
Vertical in 55.34 seconds} 


Regarding (3), it is to be noted that pin hole photographs of the focal 
spot as viewed from the carbon block showed that as the tube was 
rotated, the center of the focal spot did not deviate from the desired line 
axis D (Fig. 1) by more than 1.5 to 2 mm, and further, since the opening 
at S; was immediately in front of C, the same region of the carbon block 
was radiated for both tube positions. 


CONCLUSIONS 


In the light of the evidence furnished by this experiment, one con- 
cludes that the alpha lines of molybdenum are at least partially polarized. 
The polarization is in the same sense that has previously been found to 
exist jn the general radiation, viz., there is a greater concentration of 
the bectric vector parallel to the cathode stream than at right angles 
to tH direction. Whether or not this polarization is peculiar to the alpha 
lines of molybdenum alone, or is common to all the characteristic lines 
of all the elements is a matter yet to be determined. The importance of 
further investigation along this line can scarcely be over-estimated, for 
certain it is that our knowledge of the true nature of the characteristic 
emission process is far from complete and needs to be augmented by 
more facts. It seems highly probable that unambiguous data concerning 
the condition of polarization of the complete line spectrum would be help- 
ful to this end. 

In conclusion, I wish to express my sincere thanks to Professor F. K. 
Richtmyer for his continued interest and many helpful suggestions in 
connection with this investigation. 

ROCKEFELLER HALL, 


CorRNELL UNIVERSITY. 
June 28. 1926, 
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NOTE ON THE INTERPRETATION OF WOOD'S 
IODINE RESONANCE SPECTRUM! 


By E. C. KEmMBLE AND E. E. WITMER* 


ABSTRACT 


The paper describes a re-analysis of the resonance series described by 
Mecke, using the formulas developed by Kratzer and Sudholt. The series 
are correlated with the absorption bands near the exciting mercury line. 
The recomputed values of the moment of inertia for the normal state (m =0) 
and for the excited electronic level (n =26 to 29) are 8.1 107** gm. cm? and 
12.5 X 10-** gm. cm? respectively. The origin of these bands is very close to 
the head, the value of m’’ for the head being 1.81. 


INTRODUCTION 


N-A valuable recent paper Kratzer and Sudholt? have supplied theoreti- 

cal formulas for the series in Wood’s iodine resonance spectrum (as 
excited by the green mercury line \5460). These formulas are based on 
the Lenz* theory of the origin of the spectrum. Using the empirical 
analysis of the series previously published by Mecke‘ they have applied 
the formulas to the verification of the Lenz theory and the evaluation of 
the moment of inertia of the iodine molecule. The present paper is an 
extension and partial revision of their work. , 

When the exciting mercury line is very narrow, the fluorescent spec- 
trum consists, as is well known, of a series of narrow doublets spaced at 
approximately equal intervals on a frequency scale and extending from 
the exciting line down into the red. This series has been designated the 
“fundamental series” of doublets. When the exciting line is broadened 
other series of doublets are brought out in most of which the separation 
of the components of any pair, Ay, is greater than for the fundamental 
series. One member of the first doublet in each series is covered by the 
broad exciting line and, as the interval between successive doublets is 
approximately the same for all the series, the corresponding pairs unite 
to form definite groups of lines. The “order” of any such group or of 
any doublet in the group is defined as the number of the group or pair 
counted from the exciting line as zero. It is designated by the letter p. 

According to the Lenz theory, each series is due to the stimulation of 

* National Research Fellow. 


1 Cf. abstract of paper No. 37 Washington meeting, American Physical Society, April 
23. 1926. [Phys. Rev. 27, 802, June 1926]. 

* A. Kratzer and E. Sudholt, Zeits. f, Physik 33, 144 (1925). 

* W. Lenz. Phys. Zeits. 21, 991 (1920). 


*R. Mecke. Zeits. f. Physik 7, 74 (1921); Ann. d. Phys. 71, 127 (1923). 
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a single line in the absorption spectrum and consequent projection of 
molecules into a definite excited state with a definite vibrational quantum 
number n’ and a definite rotational quantum number 7’. The fluorescent 
spectrum is emitted by the molecules in returning to the various vibra- 
tional and rotational sub-levels of the original electronic level. The 
various orders are due to the various possible values of the final vibra- 
tional quantum number n’’ and the two components of each doublet 
are due to the two possible final rotational quantum numbers permitted 
by the principle of selection 

j/=jf+ti (1) 
lf we denote the vibrational quantum number of the initial state for 
the primary absorption process by # and the corresponding quantum 
number for the final state of the secondary emission process by n’’, the 
Lenz theory requires that 

p = n"’ _ n 

The fact that doublets rather than triplets or single lines are observed 
is taken to indicate that the absorption bands consist of P and R branches 
only. 

Fig. 1 shows schematically the Fortrat diagrams of absorption bands 
near the exciting mercury line plotted on the assumption that they are 
of the same simple type as the cyanogen bands but with the origin very 
close to the head. This latter assumption will be justified later. The 
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Fig. 1. Schematic Fortrat diagram showing part of the absorption spectrum of 
iodine in the neighborhood of the green mercury line \ 5461 and its relation to the high 
and low frequency doublets (indicated by large circles) of order zero in the iodine re- 
sonance spectrum excited by \ 5461. The location of the band heads is taken from 
Mecke’s data, but in order to avoid confusion the individual lines are spaced about 
twice as far apart as in the actual spectrum. 
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diagram should aid the reader in visualizing the relation of the doublets 
of order zero to the absorption bands with which they are correlated. 

One member of each doublet of order zero coincides with an absorption 
line and lies under the broad exciting mercury line. The corresponding 
member of every doublet is called the main line. The other member is 
called the companion line. If the absorption line is in a P branch, the 
main lines of all doublets in the given series are also P branch lines, while 
the companion lines must belong in R branches. In this case each com- 
panion line will lie on the high frequency side of the associated main 
line. Such doublets will be called high frequency doublets. On the other 
hand, if the primary absorption line lies in an R branch each companion 
line will lie on the low frequency side of the associated main line, giving 
what we shall call a low frequency doublet. If the exciting line covers 
one R branch line and one P branch line in any given absorption band, 
this band should give rise to two series of doublets with about the same 
interval between components, but with the companion line in one case 
on the violet side of the main line, in the other case on the red. Thus the 
fluorescent series should (and empirically do) occur in pairs. Fig. 1 shows 
clearly that the doublet interval for any series depends on the distance 
from the center of gravity of the doublet of order zero to the origin 
of the corresponding absorption band. Hence doublets originating in 
bands whose origins are not too close together are easily distinguished. 
It is therefore convenient to designate the series (usually two) associated 
with any one band by a common subscript, 7, indicating the relative 
frequencies of the main line and companion line with a prime. Thus 
v;’(p) in Mecke’s notation denotes the frequency of the low frequency 
doublet of order p associated with a band 7, the companion line lying on 
the low frequency side of the main line. v;(p) denotes the frequency of 
the doublet of order p in a second series associated with the same band 4 
in which the companion line lies on the high frequency side of the main 
line. The necessity of using separate symbols for the frequencies of the 
two components of a doublet is avoided by adding in brackets the value 
of the doublet interval to the formula for the frequency of the main line 
of each series. Thus the empirical frequency formulas published first by 
Mecke and revised by Kratzer and Sudholt are as shown in Table I. 
Here F(~) denotes the expression for the frequency of the main line of 














TABLE I 
ve =F(p) +¢ 3.90-0.0175p) ve’ =F(p) —( 5.20- .0231p) 
vo* = F(p) +( 4.5 vot’ =F —( 6.0 ) 
1 =F(p)+0.66p+(11.70-0.0386p) ny’ =F(p)+0.75p—(12.5 ) 
wm =F(p)+1. 334 (16. 08-0 .0573p) ve’ =F(p)+1.5p —(?) 
m% =F(p)+1.95p+(19.0-——— ) vy’ =F(p)+2.2p —(19.7 ) 
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the fundamental series (also designated as vo’). The frequency of the 
main line is obtained in each case by omitting the terms in parentheses. 

The empirical formulas show that the doublet interval decreases 
linearly with the order » while the main lines of the different series, 
coincident, or nearly so, in the zero order, spread apart with increasing 
order. They also indicate that four bands are concerned in the stimulation 
of these ten series. There are many lines recorded in Wood’s observations 
which are not included in these strongest series. 


THE THEORETICAL FORMULAS OF KRATZER AND SUDHOLT 


The general form of the above expressions for the resonance spectrum 
frequencies is vi=F(p)+1ip + (di—nip) (2) 

Kratzer and Sudholt find that (2) is in accordance with the Lenz theory 
and have derived theoretical expressions for F(p) and for the constants 
i, @;,;. Their work is based on the band spectrum term formula 

T = E/hc = E*+nw—n*x+B,m? 
= E*+ nw®— n?x+(Bo—an)m? 

Here E* denotes the electronic energy in wave numbers, w® is the vibra- 
tional frequency for small amplitudes in wave numbers, and x/w® is to be 
identified with the vibrational energy constant “x’”’ in the usual band 
spectrum notation. By is the rotational energy constant h/82*Jc evaluated 
for the vibrationless state and expressed in frequency units. a@ has its 
usual meaning. m denotes the effective nuclear rotational quantum 
number, which is related to the true rotational quantum number j and 


the components of the electronic angular momentum @ and e by the 
formula 


(3) 


m=%/j*—o?—« (4) 
We shall not concern ourselves here with the theoretical expression for 
F(p) except to note that the values of w® and x for the lower electronic 
level may be derived from it.* The formulas for the constants y;,d;, 74 


aaa Yim 220!" (Hi— Mo) +a” (MP? — Mo") (S) 


* On the assumption that the initial vibrational quantum number 7% for the primary 

absorption process is 4 for the fundamental series Kratzer and Sudholt get 

w°”’ = 218.304 

x” = 0.567 
(Throughout this paper molecular constants associated with the upper electronic level 
are indicated by a prime while those for the lower electronic level are indicated by a 
double prime.) They base this assumption on the occurrence of fluorescent lines of order 
-4 (anti-Stokes terms) in some of Wood’s photographs. Professor Loomis has suggested, 
however (private communication) that none of the anti-Stokes terms belong to the 
fundamental series as they do not appear in the spectrum obtained with narrow line 
excitation nor do their frequencies fit the formula for the fundamental series. It seems 
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d;=(Bo” —ani)s; (6) 

n=a'’'s; (7) 
Here all the constants wo’’, x’’, a’’, Bo’’ ‘refer to the lower electronic level 
or normal state of the molecule. #; and m; are the vibrational and rota- 
tional quantum numbers for the initial state for the absorption line which 
stimulates the 7th series. s; is defined in terms of the difference 5 between 
the values of m’’ for the final states concerned in the emission of the two 
components of any doublet. 


$;= — (25m; +6*) (8) 


The quantity 6 is treated by Kratzer and Sudholt as an unknown 
quantity. They eliminate s; between Eqs. (6) and (7) and taking a value 
of a determined by Mecke from his partial analysis of some of the ab- 
sorption bands in the red, evaluate By’’ from the empirical constants 
d; and ;. Then on the assumption that #;— #9 in Eq. (5) is always zero, 
they compute 6 from (5) and (6) and (8). The values for 6 obtained in 
this way are essentially consistent and support the hypothesis that %;— fio 
is zero. Thus, for those doublets whose main lines belong to P branches, 
they get the values —2.23; —2.21; —2.19 for 6. For the doublets whose 
main lines belong to R branches +2.09 and +2.08. 


REEVALUATION OF By AND THE MOMENT OF INERTIA 


The starting point of the present revision of the analysis of Kratzer 
and Sudholt is the observation that theoretically 6 should be exactly +2. 
In justification of this statement we note that when bands consist of P 
and R branches only there is a strong theoretical presumption that ¢ is 
zero for both initial and final states. This presumption is borne out by 
the behavior of such bands near the origin which fits with the simple 


term formula Bu 
—— =B,m’=(By—an)(j—«)? (9) 
he 
In any case the simple term formula (9) is approximately correct for 
large rotational quantum numbers. Then, if the lower electronic level 
is single, the value of ¢ for the final state is the same for both branches and 


|| =(’+1-2)-(G’-1-2) =4+2 (10) 


If the lower electronic level were multiple, we should expect that fact 
to show itself in a complication of the fluorescent spectrum. Hence the 





likely, therefore, that we should interpret the absence of anti-Stokes terms in this series 
as proof that 7ip is equal to zero so that n’’ is identical with p. (If half integral vibration- 
al quantum numbers are used, mo is one half and n” is p plus one half). The corrected 
values of w°” and x” are then w°”’ =213.667; x”’ =0.592. 
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presumption in favor of (10) is strong and we may reasonably attempt 
to interpret the spectrum on this basis.* 

If 5 is equal to +2, we may redetermine By’’ by a method more accurate 
than that of Kratzer and Sudholt, which depends on the poorly known 
empirical constants 7;. With Kratzer and Sudholt we assume that for 
the series analyzed by Mecke #;= “io. In other words we suppose that the 
absorption bands whose stimulation is associated with these series all 
belong to a single m’ progression. (In view of the footnote on page 636 
we may give #; the value zero, thus identifying the m’ progression with 
that due to absorption by molecules having initially zero vibrational 
energy.) The assumption that #; is equal to io is really forced by the 
fact that the coefficient of %;—% in (5) is so large that zero is the only 
value of #;—*%» consistent with the observed values of y;. Eqs. (5) and 
(6) then become 

¥i= a" (i? —My'") (11a) 


d;= —4By"(+m;+1) (11b) 
(The upper sign is associated with the low frequency doublets (v;’) and 
the lower sign with the high frequency doublets v;.) (11b) yields the 


value —(d;/4By)’’+1) for Mm’. Eliminating m; and im,’ from the above 
equations and solving for Bo’’ we obtain 


” d;—d , ‘ d; d , 
B,” = 1+ Ro +4 +1 (12) 
4y; a” d; _ dy’ 


Table II shows the values of Bo’’ calculated from (12). The weighted 
mean is (.0343 cm-. 








TABLE II 
1 1 a 2 3 3’ 
By” .0345 .0342 .0350 .0346 .0334 


The values computed by Kratzer and Sudholt from d; and 7; were 
0.0333; 0.0309; 0.0245; 0.0248 with a weighted mean of 0.032 cm™ 
which is seven percent lower than the result of our calculation. As 
Kratzer and Sudholt estimate the probable error in the determination 
of n; as +20 percent, it will be evident that the change of seven percent 
in the value By’’ (and hence in 7;) required by the new computation is 
not inconsistent with the experimental values of 7;. 


* As a matter of fact, we know of no type of band found empirically to date whose 
fluorescent spectrum would consist of doublets like that of iodine and for which 6 would 
not be +2. 
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CORRELATION OF RESONANCE SERIES WITH ABSORPTION BANDS AND 
ESTIMATION OF B’ 


Having evaluated By’’ we may now compute from (6) and (8) approxi- 
mate values of m,; for each series. Thus setting #; equal to zero as before, 


m =+ (+1) (13) 


where the upper sign refers to the high frequency doublets. The difference 
between the values of mm, for the high and low frequency doublets asso- 
ciated with any given band locates approximately the rotational quantum 
number of the band head which we shall designate as my and hence the 
coefficient of the quadratic term in the frequency formula, B’— B’*.The 
frequency formula is 


v=vot 2B’m+(B’—B”)m? (14) 

where m is the rotational quantum number for the lower electronic level. 
B' 

™ BB as 


Now mi; and mi,’ are the m-values for two lines (a; and a,’ in Fig. 1), one 
in the P branch and the other in the R which lie under the exciting line 
and hence have approximately the same frequency. Subtracting the 
corresponding frequency equations from each other, we obtain 

m,! —m;= 2mz (16) 
This equation is also easily derived graphically. Table III shows the 
values of #, and mg computed from (13) and (16). 


TABLE III 
1 mi: Mi mr 
0 36.9 29.4 3.75 
0* 42.7 33.8 4.45 
1 90.1 86.3 1.90 
2 118.2 
3 142.6 139.5 1.55 


In view of the fact that, although the exciting line is quite broad, we 
are neglecting the differences in frequency between the absorption lines 
which fall under it, the agreement between the various values of mz 
is satisfactory. Discrepancies between v; and »;’ are more serious for the 
. narrow doublets, so that the values of mg computed from the series 1 and 
3 are more accurate than those from series 0 and 0*. The weighted mean 
value of my is 2.26. The corresponding value of B’’—B’ is .010 cm 

* Here B’ = B’,—a’'n’. For the absorption bands under consideration n’ is about 26. 
2" is zero, however, so that B’ =B’y. 

t Mecke gives the value 0.007 for B’’ — B’ evaluated for a double series of absorption 
lines associated with the absorption head n’ = 26, n’’ =0 nearest the exciting line. There 


is apparently an error in this value, however, for it does not check with values of B” 
— B’ measured by him for certain bands of the same system lying in the red. 
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The small value of mg shows that in these bands the origin is very close 
to the head. This partially accounts for the fact that Mecke was led by 
his partial analysis of the bands in the red to the tentative conclusion 
that the bands were really single Q branches instead of P and R branches 
as required by the Lenz theory. 

Mecke has made the interesting observation that the observed values 
of y; and y,’ are approximately integral multiples of y: and y,’. Thus 
¥i=1"1; Y:’=i7:' very nearly, as is evident on inspection of Table I. 
This is explicable as a result of the fact that the absorption bands 
associated with the various values of 7 form an approximately equi- 
distant series. (We have already given reasons for believing that these 
bands belong to Mecke’s n’ progression J for which n’’ =0.) 

Let »v.z denote the frequency of the exciting mercury line which is 
approximately equal to the frequency of the main line of order zero for 
each series. This frequency is given by (14) if we insert the appropriate 
value of vo (frequency of band origin) and give m the value m;. Let 
Vo denote the or igin of the band 7. Then, 

Vez=vo' —2B'm;+(B'—B” )m-?, 17 
= vo) +2Bm,'+(B’—B")m/?. (17) 
Hence 
vo6) —v9 = 2B’ (m;+ms )+(B” — B’) (m2 —mMs *) (18) 
= — 2B" (m,' — imo’) + (B” — B’) (M,/? —Min’*) 


But m?—m’,? is equal to y:/a’’. Hence 


” 
a 


Ys = ——— [90 — v9 — 2B’ (i: +7M0')| 
(B’ —B’) 
- (19) 


w* pray P08 +28 — A) ) 
Now if the bands form an equidistant series, vo‘ —vo will be equal to 4 
times the spacing of this series. The terms linear in B’ are comparatively 
small. Hence Eqs. (19) account for the approximate integral relationship 
noted by Mecke. 
These equations may also be used to locate B’’—B’ and mg more 


accurately. For this purpose it is convenient to add them. Then we 


obtain 
7 


a . 
netnd = tn) +82} 


Replacing m,'—m;—2im%,' by —(ot+mo’) (cf. Eq. (16)) and B’ by 
B’’—(B"'—B’) we obtain 
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2a” [ (v0 — v9) — BY (io +-Min’) | 
Vit yi’ — 2a” (iot+My’) 
The frequency difference between the origins vo ‘” —», may be identified 
with the frequency differences of the heads which are given by Mecke. 
The first head in the band series n’’=0 which lies on the violet side of 
the green line is that to which Mecke assigns the quantum number 
ng=n'=26. This is to be correlated with the zero value of 7 and the 
succeeding heads for which m’ takes on the values 27, 28, 29 are to be 
correlated with the values 1, 2, 3 for i respectively. Table IV shows the 
result of the computation of B’’—B’ from Eq. (20). The agreement 
between the computed values is excellent, as was to be expected, in view 
of the fact that the calculation rests primarily on the constants y; which 


are the most accurately determined constants in Mecke’s formulas for 
the resonance series. 


B"—B'= 





(20) 


TABLE IV 
vy () — yg vite B’'—B’ 
18320.91 


"H 


18400.19 79.28 1.41 .01214 

18478 .21 197.30 2.83 .01212 

18553 .34 232.43 4.15 .01225 
Weighted mean= .0122 


Combining the revised value of B’’—B’ (or Bo’’—B’) with the value 
B,"’ previously determined, we obtain 


B’= .0343— .0122= .0221 


, 
my = BR’ 8B = 1.81 
The agreement between this value of my and the values in Table III is 
quite satisfactory and constitutes a check on our correlation of the 
resonance series and the absorption heads. 
The moments of inertia and internuclear distances characteristic of 


the two electronic levels of the molecule deduced from our values of Bo’’ 
and B’ are 


To’=8.1X10-*%8g.cm?; J’=12.5X10-**g.cm? 
ro’ =2.78X10-§cm ;_)— ro’ = 3.5K 10-8 cm 


The quantities B’, J’, ro’ do not refer to the vibrationless state of the 


upper electronic level, but are mean values for the vibrational quantum 
numbers 26 to 29. 
JEFFERSON PuysicaL LABORATORY, 


HARVARD UNIVERSITY, 
June 22, 1926. 
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ABSORPTION SPECTRA OF THE PALLADIUM AND 
PLATINUM TRIADS* 


By W. F. MEGGERS AND OTTo LAPORTE 





‘ 
ABSTRACT 

Under certain conditions the continuous spectrum from high potential 
sparks between metal electrodes immersed in a liquid is interrupted by ab- 
sorption lines which are identifiable with lines in the arc emission spectrum 
of the metal. The importance of these lines lies in the fact that in numerous 
cases where the spectral structures are known, they have been shown to involve 
the normal state and sometimes low metastable states of the atoms. By 
extending these observations to unclassified spectra, this method thus permits 
the identification of the low levels in the spectral structures. 

Using electrodes of Ru, Rh, Pd, Os, Ir, and Pt, in the under-water spark, 
the absorption spectra of these metals were determined down to wave-lengths 
near 2000A. Analyses of these data reveal the low levels in the arc spectra 
of the Pd and Pt triads as follows: the lowest energy is represented by a 
quintet-F term for Ru, by a quartet-F for Rh and by a singlet-S for Pd. 
A considerable number of the absorption lines for Os, Ir, and Pt have been 
classified with levels but it is impossible at the present time to recognize their 
spectral types, except that for Ir the lowest level is probably a doublet-D 
term and for Pt it is probably a triplet-D. The quantum-theoretical arrange- 
ment of low levels as derived from the electron configurations in these atoms 
is summarized. 
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1. INTRODUCTION 


HE structures of many complex spectra have been revealed by 

modern methods of analysis which consist of a systematic correlation 
of various observational data, such as wave numbers, relative intensities, 
reversal or absorption phenomena, temperature classification and Zeeman 
effects.’ The chief difficulty in analyzing the remaining spectra occurs on 
account of the lack of sufficient descriptive material. Thus for the metals 
of the Pd and Pt triads no reliable information of the three kinds last 
named was available when this investigation was begun and even the 
wave-length and intensity data were incomplete. These defects have now 
| been remedied in some degree, but in no case are the data sufficient to 
permit an entirely satisfactory classification of the arc spectra of these 
elements, not to mention their spark spectra which are generally less well 
known. The purpose of this paper is to present some observations on 
absorption spectra of the six metals of the Pd and Pt groups, and so far 
as possible, to draw conclusions concerning the normal states and low 
metastable terms characterizing the neutral atoms. 


i * Published by Permission of the Director of the National Bureau of Standards of the 
| Bl U.S. Department of Commerce. 
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As is well known, a knowledge of the lines which first appear in absorp- 
tion is of great importance for the analysis of spectra on account of the 
significance of such lines in describing the normal state and other promi- 
nent spectral terms. The ideal arrangement is one in which a continuous 
spectrum is photographed after passing through a tube of metal vapor at 
a temperature to produce sufficient vapor pressure without appreciable 
excitation of the atoms. The continuous spectrum is then crossed by 
absorption lines which are usually identifiable with prominent lines in 
the emission spectrum of the electric arc. Such experiments have recently 
been performed in connection with the analyses of complex spectra, for 
example, the work of Grotrian' on lead, of Gieseler and Grotrian? on 
scandium, titanium and vanadium, of King* on chromium, of Angerer and 
Joos‘ on iron, cobalt and nickel, and of Zumstein® on manganese and tin. 
The study, in this manner, of metals having high boiling points is very 
difficult and has not been attempted for some of them. More than a 
year ago we began to investigate the absorption phenomena in under- 
water spark spectra to determine if they might be controlled so as to be 
substituted for the regular absorption experiments. Guided by the earlier 
investigations in this field, an arrangement was employed which was 
immediately successful, and a considerable number of spectra were 
photographed. The elements, Fe, Co, Ni, whose spectral structures have 
been derived from a remarkable correlation of all the descriptive data 
concerning these spectra, were first examined in order to test our pro- 
cedure and results. Since these results confirmed the classification of these 
spectra, the method was extended® to the analogous elements, Ru, Rh, 
Pd, and Os, Ir, Pt, which constitute the subject matter of this paper. 


2. UNDER-WATER-SPARK-SPECTRA 


Spectral characteristics of sparks between metallic electrodes immersed 
in liquids have been studied by a considerable number of investigators. 
The first experiments, those of Wilsing,’ of Lockyer,*® and of Hale,*® were 
inspired by problems in stellar spectra and were concerned mainly with 
spectral line displacements due to pressure and other causes. Extensive 


1 Grotrian, Zeits. f. Physik 18, 169 (1923). 

2 Gieseler and Grotrian, Zeits. f. Physik 25, 342 (1924). 

3 King, Astrophys. J. 60, 282 (1924). 

‘ Angerer and Joos, Ann. d. Physik 74, 743 (1924). 

5 Zumstein, Phys. Rev. 26, 765 (1925); 27, 106, 150 (1926). 
6 Cf footnote 5, Science 61, 635 (1925). 

7 Wilsing, Sitz. d. Akad. Wiss. Berlin, pp. 426-36 (1899). 

8 Lockyer, Astrophys. J. 15, 190 (1902). 

® Hale, Astrophys. J. 15, 132 (1902). 
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investigations were carried out by Konen,!® Finger," E. and L. Bloch,” 
and Hulburt." Among these, Finger noted the rule that lines belonging 
to a spectral series behaved in the same way in respect to changes 
occurring in under-liquid sparks. This was supported by observations on 
Cu, Ag, Mg, Ca, Zn, Cd, Al, Tl. Similar conclusions were drawn from the 
detailed observations of E. and L. Bloch who photographed the under- 
water spark spectra (5000 to 2200A) of Zn, Cd, Hg, Mg, Ca, Cu, Ag, Al, 
Tl, Sn, Pb, Bi, Sb and Fe, and found that in general two groups of lines, 
reversed and bright, appeared, the former being representative of the arc 
spectrum and the latter of the spark. In addition to series lines in arc 
spectra, the so-called “single line” (intersystem combination or resonance 
line) is always absorbed. The suggestion was made that such observations 
might facilitate the search for spectral regularities. 

In Hulburt’s experiments the absorption lines were identified in the 
spectral region 4500-2000A, those appearing in the underwater spark 
spectra of Al, Bi, Cd, Au, Ir, Pb, Mg, Pt, Rh, Ag, Sn, Zn were those 
which were reversed in the arc, no more and no less. For the metals Sb, 
Co, Cr, Cu, Fe, Mo, Ni and W all the lines reversed in the arc appeared as 
absorption lines and in addition the under-water spark spectra of these 
elements exhibited altogether more than 400 absorption lines which are 
not listed as reversed in the arc, but complete details are not given for 
these. 

An investigation of the physical and electrical conditions determining 
the characteristics of under-water sparks was recently made by Miss 
Stiicklen“ who studied the effect on Cd spectra of varying (1) external 
spark gap, 0.5 to 3 cm, (2) self induction to change wave-length from 
300 to 1100 m, and (3) diameter of electrodes, 3 to 8 mm, and concluded 
that the appearance of absorption lines was favored by increasing the 
frequency, decreasing the potential and increasing the diameter of the 
electrodes. Under the conditions of Miss Stiicklen’s experiment, the 
fundamental spark lines of Cd appeared also in absorption. 

The only published results of attempts to correlate the regularities 
of complex spectra with absorption observations in the under-water spark 
were those of Sur’ who discussed his observations with Fe and Cr from 
this point of view. 


10 Konen, Ann. d. Physik 9, 742 (1902). 

4 Finger, Zs. f. wiss. Phot. 7, 329 and 369 (1909). 

2 E. and L. Bloch, J. d. Physique et le Rad. 3, 309 (1922). 
18 Hulburt, Phys. Rev. 24, 129 (1924). 

4 Stiicklen, Zeits. f. Physik 30, 24 (1924). 

4% Sur, Phil. Mag. 1, 433 (1926). 
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A general survey of all the published data on lines absorbed in under- 
water spark spectra of various elements gives the impression that results 
obtainable by this method are more comparable with those of true ab- 
sorption experiments than might be expected since the simultaneous 
appearance of spark lines in emission is evidence that a considerable 
number of atoms in such a source must be ionized. [t appears that the 
atoms in the outer envelope of the spark are either in normal or low 
metastable states, and it may be concluded that neither temperature 
nor photo-ionization are sufficient to energize these atoms. 

The lines observed as absorbed in the under-water spark are also 
remarkably in accord with other observations which have been demon- 
strated to be very significant in identifying the low levels: 

1. All the lines observed as “reversals’’ in arc emission spectra are 
always observed as absorption lines in under-water spark spectra and 
sometimes many more. 

2. In so far as temperature classifications of emission lines have been 
studied in the electric furnace, it is evident that the lines ordinarily 
absorbed in the under-water spark spectra are always the lines of lowest 
temperature classes, those first to appear as the furnace temperature rises. 

In the determination of absorption spectra by means of the under- 
water spark, two respects in which this method imposes limitations on 
the completeness of the results must be mentioned. 

1. Bands assigned to water vapor always appear in absorption and 
these may occasionally obscure absorbed lines characteristic of the metal 
electrodes. The band at 3063A is especially prominent; it extends nearly 
to 3200A and contains a large number of lines. This difficulty can be 
overcome by using some other liquid. 

2. It has frequently been mentioned that the lines (both emission and 
absorption) in under-water spark spectra are widened, some are diffuse 
and certain ones are displaced as compared with their appearance in 
ordinary sources. These effects make it difficult to resolve lines which 
are very close, and sometimes lead to’an uncertainty in identifying lines 
which appear absorbed. 


3. EXPERIMENTAL 


The great violence of the powerful electric discharge between electrodes 
under water showed, in preliminary experiments with improvised ap- 
paratus, that it was necessary to build a rugged device for holding and 
adjusting the metal electrodes. The apparatus constructed for this 
pur pose is shown in Fig. 1. It consists of a block of bakelite to which the 
two electrode holders are attached. To adjust the electrodes so that they 
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are opposite each other and the proper distance apart, the lower holder 
is adjustable horizontally and either or both of them may be moved up 
or down by means of 1/2 mm pitch screws, the latter motion being per- 
mitted, and frequently required, during the operation of the spark. This 
apparatus was placed in a wooden box of about 3 liters capacity, opposite 
sides of which were furnished with quartz windows. The spark was 
operated about 5 or 6 cm under water and about 2 cm from the window. 
Tap water flowed through the box continuously at the rate of 1 to 2 liters 
per minute to carry off the colloidal 
metal which would otherwise pollute 
the water and render it less transparent. 

A 40000 volt transformer was supplied 
with 10 to 12 amps., 60 cycle, alternating 
current at 110 volts, and the secondary 
was connected to the under-water spark 
with an adjustable air gap in series and 
some condensers of 0.006 mf capacity 
in parallel. The external spark gap was 
between zinc cylinders about 10 mm 
apart and the distance between the 
electrodes of the under-water spark was 
about 1/2 mm. Under the conditions of 
our arrangement no marked effect as- 
signable to the diameter of the electrodes 
Fig. 1. Under-water spark apparatus. was observed. For example the same 

set of platinum lines were absorbed when 
ingots 5 mm in diameter were used as when the electrodes were wires 
of Pt-Rh or Pt-Ir alloy slightly more than 1 mm diameter. For the most 
part ingots averaging 10 to 20 mm? cross section were employed. 

An image of the under-water spark was focussed with a quartz- 
condenser upon the slit of the spectrograph. Our concave gratings 
were used for observations in the‘visible and ultra-violet to 2400A below 
which a Hilger quartz spectrograph with lenses of about 60 cm focal 
length was employed. The exposures were usually only a few minutes, 
but about an hour was required to extend the spectra below 2300A. 
Ordinary photographic plates were used except for the shortest waves 
which were recorded on Schumann plates supplied by Hilger. 

As has been shown by others, there are usually several types of lines 
to be distinguished, (1) emission lines, usually broadened and displaced, 
(2) symmetrical absorption lines, and (3) partial absorption, very un- 
symmetrical. The first class belongs to the spectrum of the ionized atom 
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and is of no particular interest here. The latter classes being character- 
istic of arc spectra were carefully identified and are recorded in the 
following tables. The partial reversals are always on the violet side of 
the emission lines; they are designated p because of a suspicion that 
they might be penultimate lines in the sense that this word was proposed 
by Russell.!® It appears that such lines actually involve some one of the 
higher metastable states while lines actually associated with the normal 
state are broad and symmetrical reversals. These three classes of lines 
are illustrated in Fig. 2, where portions of the under-water spark spectra 
of Ru, Rh, Pd and Pt are reproduced. 





Fig. 2. Under-water spark absorption spectra of ruthenium, rhodium, 
palladium and platinum. 


4, SPECTRAL REGULARITIES 


The relation between absorption phenomena and one type of spectral 
regularity was clearly brought out by Wood,’ Bevan,'* Datta,’® and 
others, who observed the absorption of a large number of members of the 
principal series of the alkalies. Extended series are not so readily found, 

% Russell, Astrophys. J. 61, 223 (1925). 

17 Wood, Astrophys. J. 29, 97 (1909). 

18 Bevan, Proc. Roy. Soc. London 83, 421 (1910); 85, 54 (1911). 

1® Datta, Proc. Roy. Soc. London 101, 539 (1922). 
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and it is doubtful if they are present, in the more complex spectra, so the 
interpretation of absorption is more difficult. In fact, the structures of 
these spectra have not been explained until very recently, although the 
regularities in many cases have been known for many years. -For example, 
Kayser and Runge?’ described unexplained regularities for Sn, Pb, As, 
Sb, and Bi in 1894; and similar regularities were announced by Rydberg”! 
for Cu and A; by Kayser” for Pd, Pt, Ru; and by Snyder* for Ni and the 
entire group of Pd-Pt metals. Similar investigations were later made 
by Paulson™ who discovered significant wave-number differences in a 
large number of spectra. It has since been found that in a few cases, 
especially in the most complex spectra, purely accidental differences 
have been mistaken for regularities. but in the majoiity the results are of 
real value and are readily explained by the new rules of spectral structure. 

These regularities, to distinguish them from regular series, have often 
been referred to as regularities of another kind. Kayser® stated that the 
success in finding such in various spectra confirmed the suspicion that 
we are concerned with a quite general property of all spectra in which 
series are not observed (“‘Es kann kein Zweifel bestehen, dass wir in den 
angefiihrten Thatsachen schon eine grosse Menge von Beobachtungs- 
material fiir eine allgemeinere und complicirtere Gesetzmissigkeit in 
Hinden haben; es fehlt nur noch der gliickliche Blick, der das Gesetz 
in den Thatsachen erkennt und die vielen einzelnen Beobachurngen 
zusammanfasst. Wir wiirden dadurch wohl sehr erheblich gefédert 
werden’’). 

Systems of wave-numbers such as those given by Snyder and by 
Paulson consisted of an arrangement of wave-numbers in columns and 
rows in such a manner that any two wave-numbers in adjacent rows or 
columns were separated by the same difference. (Two dimensional 
matrix.) Not all places in such a table are occupied by real lines but the 
differences between any two lines in any columns or rows whatsoever 
will, of course, be the same as the separation of any other pair of lines 
from the same columns or rows. 

The wave-numbers were usually written so as to increase in magnitude 
from left to right and from top to bottom of the tables, and in the same 
order the columns were designated by alphabetical symbols and the rows 
by numerical symbols. Snyder noticed in his wave-number system of 

20 Kayser and Runge, Abhandl. Berl. Akad. (1893), Wiedem. Ann. 52, 93 (1894). 

*1 Rydberg, Astrophys. J. 6, 239 (1897); 6, 338 _ 

# Kayser, Abhandl. Berl. Akad (1897). 

*8 Snyder, Astrophys. J. 14, 179 (1901). 

* Paulson, Dissertation, Lund University (1914). 

* Kayser, Handbuch der Spectroscopie II, 578 (1902). 
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Rh that there are what may be called complementary columns, in which 
the gaps of one correspond to the wave-numbers found in the other, and 
that there are also groups of rows in which a series of gaps is repeated. 
It must be admitted that in this statement he came remarkably close to 
the discovery of Sommerfeld’s inner quantum numbers. He also noticed 
that the wave-numbers of “reversed” spectral lines are to be found only 
in the final columns of the table and stated that this relation seems to be 
connected with that which determines the distinction between “‘rows”’ 
and “columns” in the table, viz., the number of rows should considerably 
exceed the number of columns. This is obvious when we recognize that 
the columns represent low energy levels (the lowest at the extreme right 
naturally favors reversed or absorbed lines), and the rows represent higher 
levels which combine with the low set in accordance with the selection 
rules for / and j. The excess of rows over columns is in accord with the 
established fact that in most spectra the number of low and metastable 
terms is usually small compared with the number of higher energy states. 

The wave-number systems of all the spectra to be dealt with in this 
paper we find were extensively investigated by C. P. Snyder more than 
twenty-five years ago, but only a small portion of his results, viz., the 
wave-number system of rhodium, was ever published. For ruthenium, 
his results were later repeated by Paulson,”* and his work on palladium 
has been repeated at least three times by different investigators, viz., 
Paulson,?” Bechert and Catalan,?2 McLennan and Smith.?® Hoping to 
avoid unnecessary duplication of this sort of work, we have made every 
effort to locate Mr. Snyder but have been unable to trace him after 1908. 
We have, however, fortunately located some of his correspondence 
between 1899 and 1901, and find this to be both of real value and of 
historical interest. It appears that Mr. Snyder began in 1899 to send 
selected samples of his analyses of spectra to Professor Rowland, who 
turned the material over to his assistant, Dr. N. E. Dorsey. After 
the wave-number system of rhodium was published, the more or less frag- 
mentary data which Mr. Snyder furnished for various other spectra 
remained in possession of Dr. Dorsey who recently loaned them to 
us and kindly gave permission to compare them with our own data. 
Practically all of the levels which Snyder proposed for the different 
spectra have been found to be real and we are pleased to be able to quote 
some of these in the following pages. 

* Paulson, Phys. Zeits. 16, 81 (1915). 

37 Paulson, Phil. Mag. 29, 154 (1915). 

#8 Bechert and Catalan, Zeits. f. Physik 35, 449 (1926). 


2® McLennan and Smith, Trans. Roy. Soc. Can. 3rd Series, 20, Part I, Section III, 
157 (1926). 

















650 W. F. MEGGERS AND O. LAPORTE 


5. RESULTs 

For each of the six elements under investigation we give first a table 
of absorbed lines and their classifications and then a table of low energy 
levels. In the first type of table, the data presented in succeeding columns 
are wave-lengths, estimated intensities in absorption (A) and emission 
(EZ), vacuum wave-numbers and term combinations. It will be noticed 
that the estimated relative intensities of the lines in emission are not all 
on the same scale, those for wave-lengths above ca. 2440A are taken from 
Exner and Haschek’s*® tables while those for shorter waves are pre- 
liminary values obtained from spectrograms which were made in this 
laboratory. The latter observations were made with Schumann plates 
the sensitivity and contrast characteristics of which tend to give a much 
larger scale of intensities than gelatine emulsions in the extreme ultra- 
violet. The lines which have been recorded as reversed in the arc-are 
marked R as in Kayser’s Handbuch.** The notation® for term com- 
binations is the one which is coming into common use for spectral 
regularities; the letters S, P, D, F, G, correspond to quantum numbers 
1=1, 2, 3, 4, 5, respectively ; the superscript indicates the maximum multi- 
plicity r of the system and the subscript is the inner quantum number j 
associated with the energy level. The tables of low terms present the 
values of all the known terms of the first set calculated on the basis of 
zero energy for the lowest level. 


1. RUTHENIUM (Ru=101.7; Z=44) 


As electrodes for the under-water spark we used alloys of 5% Ru and 
95% Zn kindly prepared for this purpose by Dr. E. Wichers of this 
Bureau. It was gratifying to find that a large majority of the lines ob- 
served in absorption were identifiable with strong emission lines of 
ruthenium; only 2138, 3282, 3303 and 3345A were ascribable to zinc. 

Clark and Cohen* observed between 2043.46 and 3802.44A, 62 ab- 
sorbed lines in the under-water spark spectrum of Ru but identified only 
42 of them with known emission lines of the element. Only about 20 of 
these are identical with lines in our list of 92 lines given in Table I. 

In 1901, Snyder* stated that he had constructed a wave-number 
system containing several hundred lines of ruthenium. Unfortunately, 
Snyder’s results for Ru were never published and no trace of them has 
been found. A similar investigation of the wave-number system of 


%0 Exner and Haschek, Spektren der Elemente bei normalem Druck II, Franz 
Deuticke, Leipzig and Wien (1911). 
3 Kayser, Handbuch der Spectroscopie V and VI. 
® Russell and Saunders, Astrophys. J. 61, 60 (1925). 
% Clarkand Cohen, Trans. Roy. Soc. Can. 3rd series, 20, Part I,Section III, 55 (1926). 
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ruthenium was undertaken by Paulson* who published in 1915 a table 
containing 548 lines ordered in 65 rows and 18 columns. Many hundreds 
of lines comprising only portions of complete groups were omitted, and 
it is of interest to note that Paulson stated in this connection that it was 
not improbable that all the lines of the spectrum could be unified i in a 
single system. 
TABLE I 
Absorption Spectrum of Ruthenium. 











r Int. » ~- Combination r Int. v Combination 
A E A E 

2090.81 2 10 47813.1 3260.35 1 5S 30662.7 *F,—*G, 
97.16 10 6 668.3 74.69 2 4 528.5 
2098.74 5 10 632.4 ‘%F—? 3294.13 2 10 348.3 *F,—3F,’ 
2100.60 2 15 590.3 3301.59 3 8 279.8 *F,;—5G; 
04.25 20 6 #£507.7 s a 155.3 *F,—b*G, 
2109.52 1 12 47389.1 16.38 1 8 30144.7 *%P,—? 
2255.53 4 20 44321.7 ‘5F,—b°G,; 39.55 5 10 29935.6 *Ps—37; 
59.52 1 15 44243.4 ‘%F,— 59.09 2 5 761.4 %F;—9G; 
72.09 5 30 43998.7 68.45 2 8 678.7 *F,—*F;’ 
78.19 1 20 880.9 ‘%F—? 3392.51 2 5§ 468.3 5F,—? 
79.57 7 30 854.4 5F;—b5G. | 3401.74 1 5 388.3 

85.37 1 15 743.1 ‘%F,—? 09.28 1 8 323.3 5F,;—? 
87.67 1 20 699.1 5F,;—? 17.35 10 20R 254.1 %F,—b*G,? 
2291.16 1 15 632.5 %Fy—b5F;’ 28. _ 20 20R 160.4 
2302.52 1 20 417.3 %F—b*G, 28 .65 4 157.7 %Fy—*F,’ 
17.79 5 35 43131.3 %F—bG; 30.77 1 5 139.6 *F,—'G, 
40.69 2 15 42709.3 5F,;—b'G, 32.77 1 5 122.7 

51.34 3 20 515.9 5F;—b5G, 36.75 30 30R 29089.0 *Fy—5Gs 
70.17 1 12 178.2 5F,—b5G, 83.32 1 4 28700.1 *Fy—*G, 
75.27 2 20 42087.6 ‘5F,—b5G; | 3498.95 50 SOR 571.9 *Fs—*Gs 
2392.42 1 15 41785.9 5F,—b5G, | 3514.50 2 3 445.4 ‘%F,—5G, 
2609.05 1 3 38316.7 *F;—? 19.65 1 4 403.8 

12.07 2 4 38272.4 %F,—? 37.95 1 § 256.9 5F,;—*F,’ 
2631.56 1 1 37989.0 39.37 2 4 28245.6 5F,—®G: 
2719.51 2 4 36760.5 ‘5F,—? 89.22 6 5 27853.3 *F,—*G: 
35.71 6 5 542.8  ‘%F,—? 93.03 8 20R 823.8 *F,—'Gs 
2763.13 1 2 36180.2 96.17 10 20R 799.5 *F,;—'G, 
2810.54 4 8d 35569.9 %F,—33,; | 3599.76 2 5 771.7 

29.14 2 3 336.1 %Fy—? 3634.94 10 10 502.9 

54.06 1 3 35027.5 ‘5Fs3—34, | 3661.34 15 6R 27304.7 ‘*F,—? 
61.40 1 3 34937.7 *%*F,—? 3726.93 8 10R 26824.1 *Fy,—*F,’ 
66.63 1 3 874.0 5F,—? 28.02 10 10R 816.3 *F,—5*F;’ 
74.99 5 10 772.6 30.44 8 4R 798.9 5F;,;—5F;’ 
2886.53 2 4 609.6 42.29 9 10R 714.0 'F)—*F,’ 
2909.24 1 1 363.2 60.03 5 3R 588.0 5F,—5F;’ 
16.24 3 10 34280.7 %F—31, ae 6 le 464.5 *F,—*Do 
65.17 3 3 337151 ‘*F;—32; 86.05 5 10R 405.3 *F,—*D: 
88.96 8 5§ 446.9 5F,—26, 90.50 10 10R 374.3 F,;—5D, 
2994.96 1 4 379.9 5F,—31, a 25 8R 316.0 *F,—5D; 
3006.59 2 5§ 250.6 %F,—? 3799.34 8R 26312.9 *F,—*D, 
17.24 1 4 133.3 *F,-—? 3925.92 3 10 25464.6 *F,—X, 
3020.87 1 3 33093.4 ‘5F,—32; | 4199.91 2 10R 23803.3 *F,—a®F,’ 
3186.04 1 § 31377.9 %F—? 4214.08 2 10 23734.6 *F,—5G; 
3238.54 1 4 30869.2 4554.52 3 10R 21950.1 *F,—%G; 
41.23 1 4 843.6 4709.49 2 10 21227.8 *F,—b*F;,’ 
oa 2 ; 717.6 5F,—25; 
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The interpretation of this wave-number system of ruthenium has been 
begun by us* and also by Sommer.* It appears that Paulson’s table 
contains nearly all of the lower energy levels of the neutral ruthenium 
atom. A few of these levels have been identified and grouped with the 
aid of Zeeman effects recently obtained, most of the remainder have been 
tentatively named under the guidance of interval rules for the complex 
term levels and intensity rules for the combinations. 

The low set of levels is described in Table II, where the energy values 
are relative to zero energy for the normal state °F;; Paulson’s symbols 
for these levels and the modern ones indicating the quantum numbers 
r, land j are given side by side. 











TABLE II 
Low terms in the Ru I spectrum. 
Difference Symbol 
Value Paulson Quantum 
0.0- — 5F, 
1190.8 
1190.8- Q oF, 
900 .9 
2091 .7- P 5F; 
621.7 
2713 .4- O 5F, 
392.2 
3105 .6- 5F, 
6545 .0- N a’ F, 
7483 .0 |- M 5D,’ 
~)1539.4 
8044 .0 L 5P, 
1092 .6 
8084 .4— K a'F; 
727.1 
8575.6 |- J 5D,’ 
973.4 
8771.1 I 5P; 
—|1029.9 
9057 .8-! H a’ F, 
608 .2 
9073.2 |- 5P, 
9120.8 |- G BF, 
9183.8 - F 5D,’ 
436.6 
9620.4 -i |1534.2 5D,’ 
10624 .0 E 5P, 
10655.0 - D b' Fs 
792.9 
11447.9 - Cc °F, 
13646 .4 B ? 
1408 .6 
15055 .0 A ? 
* Meggers and Laporte, Science 61, 635 (1925); J. Wash. Acad. Sci. 16, 143 (1926). 
* Sommer, Die Naturwissenschaften 13, 840 (1925); Zeits. f. Physik 37, 1 (1926). 
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The combinations with these low levels permit the assignment of inner 
quantum numbers, j, to the second set of levels of which Paulson has 
given 65, but the corresponding r and / values must in many cases wait 
upon further Zeeman-effect observations for their correct identification. 
The classification of absorption lines listed in Table I shows that almost 
all of these lines involve the low quintet-F term; only a few of them origi- 
nate in the metastable triplet-F term; and possibly a few in other low 
metastable levels. Some of the higher levels are still unnamed, those 
represented by numbers are taken from Paulson’s table in which they 
have the same numeration. 


2. Ruoprum (Rh=102.9; Z=45) 


Our first exposures were made with wires of Pt-Rh alloy but there 
were a few lines observed in absorption which might be ascribed to either 
one or the other metal. To eliminate this doubt, the observations were 
repeated with ingots of pure rhodium prepared for this purpose by 
Dr. Wichers. Table III contains a list of 100 lines observed in absorption 
in the range 2206-4375A. Clark and Cohen* obtained 61 lines, 2212.92 
to 3844.61A, 56 of which correspond to recorded emission lines. Only 
about 34 of their lines are identical with ours. 

The classification of rhodium lines in Table III is based on the wave- 
number system published by C. P. Snyder” in 1901. This consists of 
19 columns and 54 rows, the former represent a low set of levels and the 
latter define a higher set with which the low levels combine so that 476 
rhodium lines are ordered in this system. The interpretation of this 
system at the present time is unfortunately unsupported by reliable 
Zeeman-effect observations but various other considerations make it 
very probable that the correct quantum numbers have been assigned in 
most cases. The low levels as presented by Snyder have been calculated 
in relative value, after assigning zero energy to ‘F;, and these are listed 
in Table IV together with their symbols. Where it has been impossible 
in Table III to fix the r and / values of the higher levels the Snyder 
numeration of the levels is used. Here again it will be observed that 
most of the absorbed lines involve levels of the low quartet-F term, a 
smaller number of lines relatively weak in absorption involve metastable 
states, but none at all are associated with levels of this set having values 
as large as 11000 cm-'. Kayser’s Handbuch lists three additional lines 
(4121.72, 4128.93, 4288.72A) which have been recorded as reversed in 
the arc. These are classified by Snyder as *F'3— 123, ?Fs3—11, and ?F3—a*G,. 
They might have been expected on our plates, but they were too weak 
to be detected with certainty 
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TABLE III 
Absorption spectrum of rhodium. 





Int. Combina- r Int. Combina- 
A E tion E tion 


2206.03 5 8 45316.1 3280.54 30474.0 *Fy—11, 
77 10 10 45178.1 83 .56- 446.0 *F;—b'G, 
04 25 15 44588.4 3289. 394.4 *F,—162 
4 3 15 455.5 3323. 30083.8 *Fy—b'G, 
-14 15 20 44153.2 38. 29944.8 ‘F,—‘F,’ 

10 42325. 68. 679.4 4F,;—‘F,’ 

15 

8 

10 

10 

6 





42211. 72. 8 645.4 4*F;—b‘G,; 
41953. 96. 430.9 ‘F,—‘F,’ 
944 406.1 *F;—11, 

896 29104.6 *F;—b'Gs 

518 28933.5 *Ds—b‘G; 
241. 876.5 *Fs;—‘F;’ 
804.7 ‘F,—‘F,’ 

770 

736. 

573. 

542. 

503. 

336. 

255. 

208. 

164. 

28001. 

27900 

799 

791 

674 

566 

329 

268. 

087. 

075. 

27012. 

26924. 

671. 

552. 

388. 

355. 

313. 

261. 

182. 

155. 
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26075 
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24175. 

23739. 

30R 22851. 
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It should be mentioned that a note on the structure of the arc spectrum 
of Rh was published in 1925 by Sommer* who apparently was not aware 
of the earlier work of Snyder. 


* Sommer, Die Naturwissenschaften 13, 392 (1925). 
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TABLE IV 


Low levels in the Rh I spectrum, 
Value Difference Symbol 
Snyder Quantum 
0.0-— S ‘F, 
1529.9 
1529 .9- ‘Fy 


1068 .0 
2597 .9- ‘F; 
3309 .8 *D; 


3472 .6- ‘FP; 
2D, 
2F, 
2F,; 


‘Pp, 





874 .7- 
| 2348.1 


5657 .9 - 
| 2100.2 


5690 .9- 
7791 .1- 
9221 .1- 
10313 .3- 


11005 .9- 
11968 .0- 


12722.8 ‘i 
13520.4 | 2006.5 . 
13974 .5— 2064.8 
14381 .8- 


14787 .6 


16118 .4 
16120.4- 


1092.2 
692 .6 


1738 .6 


mo Om BY GR eo WO B® 





2P, 
3. PALLADIUM (Pd = 106.7; Z =46) 

Ingots or heavy wires of pure Pd were used as electrodes and 50 lines 
(2068.68 —4212.96A) were observed as absorbed, most of which are very 
wide and intense. Clark and Cohen* found 85 lines (2007.6—3894.7A) 
when Pd electrodes were used but only 50 of these were identified with 
recorded emission lines. About 40 of our lines are identical with theirs.. 

The first regularities in the arc spectrum of palladium were recognized 
by Kayser” who in 1897 found repeated differences of 1191 and 3967 
wave-numbers among the strongest lines. This work was extended by 
Paulson®’ who showed that 3967 was really the sum of two differences, 
1628 and 2339 and he discovered a new one,.7755. It is our duty to remark 
that this complete system was known to Snyder in 1900. In addition, his 
statement (loc. cit.) that he had found in this spectrum a sub-system 
which had the same series of wave-number differences as the principal 
system, except that the order of differences is reversed, indicates that 
he recognized some very high levels‘ belonging to the third set. This 
wave-number system has recently been interpreted and extended by 
several investigators. The observation of Zeeman effects enabled Beals*’ 


87Beals, Proc. Roy. Soc. London A109, 369 (1925). 
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to identify all the low terms and many higher ones. Bechert and Catalan”® 
classified 187 Pd lines with 47 energy levels, some absorption observations 
of Angerer and Joos as well as a preliminary list of our under-water spark 
absorption lines being available for this analysis. McLennan and Smith*® 


TABLE V 
Absorption spectrum of palladium 





Combination . Combina- 
tion 





30829. 
745. 
677. 
411. 

30275. 

29638 . 
363. 

; 220. 

3D3—X ; 117. 

3D,—X . 29049. 


6 *D;—1'F; 
1 *D,—2'P; 
5 *D,—18D,’ 
8 *D;—1'D,’ 
0 *D,—1'P; 
7 *D.—1'F; 
7 *D3—13F, 
9 *D2—1'D, 
0 'D.—2'P, 
6 1D,—1'D,’ 
; 28887 .3 *D;—1'Fs; 
3D.—Y , 717.9 *D,—13F, 
3D.—4'P, : =? 1D.—1'P, 

5 

2 

4 

9 

1 

0 

0 

6 

1 

1 

6 


—_ — 
Aare OWOFr WOH 


47199 
46007 
45894 
44924 

797 

44346 
43530 

5 42350 
8R 40838. 
8R 368 
4 40166 
15R 36180. 
10R 34207. 
10R 33294. 
20R 33016. 
20R 32613. 
30R 32103. 


3D;—2°D;’ ‘ 425.7 *D.—1'P; 
8D, —28D,’ d 28136.5 'D.—1D;’ 
‘ 27994.2 *D,—1'P, 
1S9—2'P, ‘ 696.4 *D,—1'Fs; 
1So—1'P; , 504.9 *D;—1°P; 
‘ 27090.1 'D.—1°F, 
1So—1°P, : 26882.0 *D,—1'D,’ 
3D,—1D,’ . 314.0 *D,—1°P; 
§D;—1°D;’ ‘ ; 26086.6 *Di—1°P; 
3D. —1'D,’ : 25672.1 'D.—1°F; 
3D,—1'P, : 25254.1 'D.—1'D,’' 
3D,—13D;’ -96 20R_  23729.6 1D,—1'F; 
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with the aid of similar data obtained independently in their laboratory 
also discussed the structure of this spectrum. They succeeded in classify- 
ing 181 lines with 64 levels, 34 of the latter being identical with levels 
found by Bechert and Catalan. Although there is no ambiguity about 
the low levels considerable differences of opinion still exist as to the 
reality and identity of some of the higher levels. In Table V the com- 


TABLE VI 


Low levels in the Pd I spectrum. 
Difference Symbol 
Value Synder Quantum 
0.0 E 1S 
6564.0 
6564 .0- ; 3D; 
1190.9 
7754 .9- *Dz 
2338 .9 
10093 .8- * aD, 
1627.9 
11721.7 1D, 
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binations are taken from the paper by McLennan and Smith with the 
understanding that some of the higher levels are subject to revision. 
The well established set of low levels characteristic of the Pd I spectrum 
are given in relative value in Table VI. Practically all of the observed 
absorption lines have been shown to involve these low levels. 


4. Osmium (Os=190.9; Z=76) 


Electrodes of Zn-Os alloy prepared by Dr. Wichers were first used in 
these experiments but the osmium content was probaby too low since 
only about 20 lines could be observed as absorbed. Rods of osmium were 
later prepared from sponge sintered in hydrogen at 1200°C. Two such 
rods, each 5 mm in diameter and about 15 mm long, served as electrodes 
for our final experiments from which we obtained the data on 193 absorp- 
tion lines (2211.97-4420.47A) listed in Table VII. 


TABLE VII 


Absorption spectrum of osmium 





Combination Py Int. Combina- 
A E tion 
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TABLE VII (Continued) 











Dy Int. v Combination ny Int. v Combina- 
A E A E tion 
2411.46 1 2 456.0 2806.91 8 5 615.9 
14.56 2 10 402.8 08 .93 1 4 590.3 
18.54 10 20 334.7 11.57 t 68 556.9 
25.00 20 20 224.6 14.21 : 2 523.5 Cc-ll1 
26.83 2 § 193.5 15.79 1 2 503 .6 
31.62 5 1 41112.4 29.28 3 2 334.3 
46.04 3 1 40870.0 32.23 1 2 297.5 
ae oe 791.5 38.64 10 5 217.8 Cc-—10 
53.91 2 0 739.0 41.60 2 4 181.1 
56.48 3 1 696.3 44.39 6 4 146.6 
61.43 ; @ 614.5 pip 2 2 121.8 
76.83 2 2 362.0 F—10 46.60 2 119.3 
88.55 20 4 171.9 48.25 s 2 099.0 
2498.42 2 1 40013 .2 50.77 4 4 35068.0 
2504.40 2 2 39917.7 60.97 5 4 34942.9 c-9 
13.25 7 2 777.1 72.42 1 3 803.7 
15.05 1 2 748.7 74.97 1 4 772.8 
18.44 4 2 695.2 2878.41 2 3 731.2 
19.80 1 1 673.8 2909.07 25 6 365.2 
38.00 1 4 389.3 me 6UCUSlhCD 326.4 E-7 
42.50 3 4 319.6 17.27 2 4 268 .6 
.37 i 3 262.9 19.83 6 4 238 .6 c-—8 
48.11 1 2 39233 .0 25.60 2 3 171.0 
66.51 s 3s 38951.8 31.30 2 4 104.6 
71.79 1 2 871.8 34.67 1 3 065 .4 
81.06 2 2 732.2 48.22 3 4 34008.9 
81.94 2 4 719.0 D-17 49.53 3 3 33893.8 
90.77 4 4 587.0 D—-16 oat 2 4 749.4 D-5 
2597.23 1 1 491.1 62.34 2 747 .3 
2609.58 1 2 308 .9 64.07 2 4 727 .6 
13.08 10 4 257.6 F-—7 70.98 4 3 649.1 
19.95 1 4 157.3 D—15 Ts = a 573.9 
ae a 130.1 F-—6 2982.91 . «6 514.6 
28.28 2 2 38036.4 30%3.07 2 4 179.1 
mw.an SS CUS 37908.9 F—5 18.05 10 4 124.4 
44.11 6 4 808 .7 19.38 2 3 33109.8 
fr 2 757.1 30.70 5 4 32986.1 C— 
49 .33 s @ 734.2 C—17 40.90 10 5 875.5 
56.67 1 2 629.9 58.66 20 6 684 .6 F-—2 
58.58 4 4 602.9 C—16 62.18 2 4 647.0 
59.82 2 2 585.4 74.07 1 4 520.7 
60.91 1 1 570.0 74.95 1 4 511.4 
ps a @ 378.4 ff i a 482.3 
74.87 2 373.9 78.11 1 2 478.1 
89.80 10 4 166.5 C—14 78.38 1 2 475.2 
2699.59 2 4 37031 .7 3090.08 1 2 352.3 
2706.70 2 2 36934 .4 3105.99 3 3 186.5 
09.85 1 2 891.5 09.38 3 4 32151.5 
14.64 10 3 826.4 56.24 10 6 31674.1 
15.37 3 2 816.5 3178.05 3 4 31456.8 
20.03 2 4 36753 .4 3232.07 5 4 30931.0 
a6 62CO 728.7 62.29 10 6 644.5 D-4 
30.68 3 4 610.1 3267.94 15 6 591.5 
32.80 3 4 581.7 C—12 3301.55 25 7 30280.1 
61.43 2 2 202.4 D—10 36.14 2 4 29966.2 D-3 
63.27 2 2 178.3 3370.58 2 4 29660.0 CcC—4 
70.72 4 4 36081 .1 3528.60 2 10 28331.8 F-1 
82.56 4 4 35927 .5 D-9 3560.88 1? 10 28074.9 
86.31 5 ¢ 879.2 3752.54 5 20 26641.1 
93 mt 1 2 780.6 3782.19 2 20 26432.2 
94.21 2 777.8 4420.47 2p 30 22615.7 
2796.73 5 2 745.5 
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Clark and Cohen*® obtained 48 absorptions (1952.23-2481.08A) 
with electrodes of osmium but very few of them are identifiable with 
emission lines of Os and it is doubtful if more than two or three of their 
lines are the same as ours. 

It appears that the data which have thus far been accumulated are not 
sufficient to describe the structure of the Os I spectrum. Zeeman-effect 
observations for 32 lines were published by Moore**® but these results 
are of a qualitative nature, and of no value in establishing quantum 
numbers. Snyder’s wave-number system for osmium is very fragmentary 
and it is probable that some low levels are still unrecognized. The com- 
ponent levels of complex quintet- and triplet-terms are expected to be 
widely separated—3000 to 4000 wave-numbers on the average—so that 
estimated relative intensities are of no assistance in constructing multi- 
plets. On the other hand the extent to which the rules for intervals 
between sub-levels and for intensities of lines actually hold in such a 
spectrum is uncertain. The low levels which have been found are pre- 
sented in Table VIII, and the absorption lines resulting from combina- 
tions of these with higher levels are marked in Table VII. 


TABLE VIII 
Low levels in the Os I spectrum. 
Difference ymbo 
Value Snyder ae ae 

3931.0 

3931.0 E ? 
228.5 

4159.5 D ? 
984.5 

5144.0 Cc ? 
3588 .8 

8732.8 B ? 
2287 .7 

11020.5 A ? 


5. Irn1ipium (Ir=193.1; Z=77) 


Wires of 10 or 15 percent Ir alloyed with Pt were first used as electrodes 
but on account of the difficulty in ascribing certain of the observed 
absorption lines to the proper element the exposures were repeated with 
ingots of pure iridium. Table IX contains 51 absorption lines of Ir 
(2127.87 to 3220.79A). Clark and Cohen*® observed 73 lines (1892.39 to 
2174.81A) 60 of which they identify, each with one or more emission 
lines, but it is doubtful if any of these lines are identical with ours and 
we are inclined to believe that their observations do not apply to iridium 
at all. 


#8 Moore, Astrophys. J. 28, 1 (1908). 
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Regularities in the arc spectrum of iridium were first found by Snyder 
in 1900 and from them we have calculated the relative values of low 
levels given in Table X. In the absence of Zeeman effect observations 
from which to derive the quantum numbers, the quantum symbols for 
TABLE IX 


Absorption spectrum of iridium. 





























Int. v Combination r Int. v Combina- 
A E A E tion 
aS art 10 9 46990.2 2355.00 1 5 42449 .8 
27 .87 10 980.5 *D;—22 56.60 1? 5 421.0 
42.18 1 10 666.7 63.05 3 2 305.2 
48.16 5 15 536.8 72.80 10 3 42131.4 *#D;—14 
50.50 2 10 486.1 90.60) 10 2 41817.7 *D:—16 
54.15 4 8 407 .4 2391 “Sot 3 807.3 *De—15 
55.77 6 10 372.5 *D;—21 2431.25 10 2 41118.6 *D,—13 
58.01 20 40 324.4 9.61 ¢@ 2 40710.8 *Ds—12 
62.84 2 10 220.9 #D;—20 3.12 95 §$ 389.9 *Ds—11 
72.17 § 12 46022.4 2481.17 7 3 40291.4 *#D;—10 
75.22 5§ 15 45957.9 #D,;—19 2502.98 20 3 39940.3 *D;—9 
78.13 10 12 896.5 #D;—18 2543.97 10 4 39296.8 *D2—14 
87.45 1 12 701.0 *D.,—26 2611.29 1 3 38283 .8 *D.—13 
91.62 8 12 614.0 39.70 20 4 37871.8 *Ds3—6 
2198.83 10 25 464.5 *D,—25 61.98 5 5 554.9 *D,—11 
2205.67 1 15 323.5 *D,—24 64.77 8 § 515.5 *D3s—5 
16.00 3 10 112.3 92.33 2 4 131.5 
20.35 4 10 45023.9 *D.,—23 2694.22 10 5 37105.5 *D:—9 
38 oy 5 10 44652.5 *D;—16 2797.71 6 5 35733.0 *D.—8 
39.30 8 642.9 *#D;—15 2823.17 3 4 410.8 *D;—4 
as 'att 2 8 263 .0 24.44 5 6 394.9 *"Dy—7 
58.87 10 256.2 2849.74 20 8 35080.6 *#D;s—3 
2264.60 5 15 44144.2 *D,—22 2924.80 10 10 34180.4 *Ds—2 
2304.20 5 30 43385.6 *D.—20 3068.88 6 5 32575.7 *D2—4 
sat 1 10 42664.0 *D,—17 3220.79 5 15 31039.4 *D,—1 
43 .60 10 656 .3 
these levels cannot be given with any certainty at present. It appears I. 
significant, however, that the majority of lines observed as absorbed are 
related among themselves or to relatively strong emission lines by the 
difference 2835.0 which occurs between the first two levels. None of the 
TABLE X 
Low levels in the Ir I spectrum. 
Difference Symbol Difference Symbol 
Value Snyder Quantum] Value Snyder Quantum 
0.0 L 2D3? 11831.7 F ? 
2835 .0 387.4 
2835.0 K 2D,? 12219.1 E ? 
2950.0 S.2 
5785.0 - P i ? 12952 .3 D ? 
539.3 136.3 
6324.3 I ? 13088 .6 c ? 
782.9 3015.4 
7107.2 H ? 16104.0 B ? 
j 2770.9 ’ 2957.5 
9878.1 G ? 19061.5 A ? 
1953 .6 
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higher metastable levels combine to produce lines which have been 
absorbed. This fact has suggested that the two lowest levels may repre- 
sent a doublet-D term since the analogous spectrum of Rh has such a 
2D term among its low levels. Quantum-theoretical considerations, 
however, offer two choices, ‘F and *D, as representing the normal state, 
so that the two levels in question may actually be ‘F, and *F;. 


6. PLATINUM (Pt=195.2; Z=78) 

Ingots of pure Pt were used as electrodes and the lines appearing as 
absorbed were confirmed by exposures with Pt-Rh, and Pt-Ir alloys. 
The latter were used for the purpose of determining what Rh and Ir lines 
are absorbed—before we obtained pure ingots of these metals it was 
necessary to use the available alloys with Pt, and we thus secured a 
considerable number of spectrograms from which the absorbed Pt lines 
could be determined. Table XI contains 107 lines observed in absorption 
(2030.53 to 3408.14A). Clark and Cohen* found 37 lines (2084.9 to 
3064.5A) all but one of which correspond closely with lines appearing in 
the emission spectrum of this element. Finger’s“ table describing the 
lines of the under-water spark spectrum with Pt electrodes contains 
14 reversed lines (2628-3282A). One line, 2794.20A, is given in Kayser’s 
list as 5R but was not observed in absorption. It is probably a spark 
line involving the lowest energy of the ionized atom. 

The first regularities in this spectrum were indicated by Kayser” who 
found the wave-number difference of 776.1 repeatedly among strong, or 
reversed lines. A fairly complete wave-number system for Pt was sent 
to Rowland by Snyder in October, 1900. This system contained the low 
levels A to H now presented in Table XII. Constant differences in this 
spectrum were investigated also by Paluson.*® A somewhat more ex- 
tended wave-number system was worked out by McLennan and McLay“ 
during the past few months. Their low levels and suggested values of 
inner quantum numbers are in excellent agreement with those obtained 
independently by us, but we have been led by considerations on the 
general dependence of level separations upon atomic number, to suggest 
a different assignment of / values, the consequence of which is that a 
triplet-D level with inner quantum number 3 represents the normal state 
of the neutral Pt atom. 

A large number of the absorption lines in Table XI involve the first 
five low levels. In this case, at the present time, sufficient data are not 

* Paulson, Ann. d. Phys. 46, 698 (1915). 


“© McLennan and McLay, Trans. Roy. Soc. Can. 3rd series, 20, Part I, Section III 
201 (1926). 
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TABLE XI 
Absorption spectrum of platinum. 
Int. v Combination r Int. v Combina- 
As : A tion 
2030.53 10 10 49232.3 2315.50 2 40 43173 .9 
ase UT 189.2 18.29 8 35 43122.0 *F,—18 
35.68 5 § 107.8 26.10 2 40 42977 .2 
36.35 2 20 091.6 40.18 6 30 718.6 *D.—31y; 
39. 4 § 49013.4 57.09 10 60R 412.2 ‘'D.—-17, 
40.22 4 6 48998.5 68.28 5 SOR 42211.8 *D.—30; 
49.23) 50 6 783.1 83.65 3 40 41939.7 
49.30 4 781.4 *%D3—303 | 2389.54 5 25 836.3 *Fy—16, 
59.57 6 6 538.2 2401.88 1 20 621.4 
60.66 20 7 512.6 1D,—31; 03.10 7 40R 600.2 4S 9—26; 
62.69 20 8 464.8 3Fy—31; 18.07 2 40 342.7 
66.83 3 9 367.8 fed 4 10 173.1 *D.—26, 
67.40 30 10 354.4 3D,3—28 28.20 30R 170.3 
70.84 10 10 274.1 36.69 7 20R 41026.8 'D.—15, 
73.49 1 5 212.4 40.08 15 30R 40969.8 *D;,;—14, 
82.41 3 9 48005.9 1D2.—303 50.97 1 3 787.8 *Ds—13, 
83.24 2 10 47986.8 67.42 6 6R §15:9 %D;—12, 
2984.50 50 12 957.8 3F,—30; 83.22 3 4 258.1 ‘4D.—14 
2101.54 2 10 569.0 87.17 10 5R 194.2. *D;—11, 
03.26 40 10 530.1 3Fy—28,4 90.13 6 3 146.4 *°F,—14, 
ot 5 6 491.5 93.82. 2 3 054.9 %*D,—25;3 
09.58 6 387.7 2498.50 5 3 40012.0 ‘'D.—13, 
22.49 1 7 47099.5 2508.50 1 3 39852.4 *D.—24, 
28.55 30 15 46965.4 1D,—26; 15.58 7 4 740.3 4D.—12, 
{sp3—27: 24.32 1 3 602.7 *D.—23, 
35.10 1 8 821.4 2539.20 3 3 39370.7 *Fy—11, 
44.18 8 50 623.1 3D,;—253 | 2628.02 15 8R 38040.1 ‘'D.—10, 
50.60 1 8 484.0 39.33 1? 4 37877.1 *D.—20, 
§2.03 2 10 453.1 46.87 10 10R 769.2 %D;—8; 
53.50 3 20 421.4 3D3—24, 50.84 8 8R 712.7 *F,—9; 
65.14 10 30 171.8 3D, —232 59.44 50 30R 590.7 *D;—7, 
66.57 3 15 46141.4 3Fy—27,4 77.13 6 SR 342.4 *Ds—6. 
74.64 40 50 45970.2 2698 .40 7 § 37048.0 4S 9-17; 
80.46 3 15 847.5 1D,.—253 | 2702.38 20 20R 36993.5 ‘1D.—8; 
82.73 1 10 799.8 3F,—25;3 05.88 20 20R 945.6 *F,—8; 
2190.12 2 8 645.3 1D_,—24- 19.02 20 i15R 767.1 ®*Fy—7% 
2202.20 6 15 394.9 1D, —232 29 .90 1? 4 620.6 *D.—17; 
17.33 2 15 45085.2 a 30. 2R 570.7 
22.60 7 20 44978.3 33 .96 5R 566.2 'De—b 
34.91 10 20 730.6 3D;—21, 54.90 2p 5 288.3 *D,—24, 
44.96 5 15 530.4 2771.65 8 S5R 36069.0 'D.—5; 
45.51 2 25 519.5 2803 .23 1 6 35662.6 '4So—15; 
49.29 9 15 444.7 3D;—202 30.29 20 20R 35321.7 *D;—4; 
49.90 7 10 432.6 3D3—1% 93.87 6 10 34545.7 'De—4; 
68.84 3 30 44061.7 2897.88 4 8 497.9 *%F,—4; 
74.09 10 5 43960.0 2929.79 30 20R 34122.2 *D;—3; 
74.38 4 20 954.4 1D.—21, | 2997.97 30 30R 33346.2 'D.—3; 
74.83 6 10 945.7 3D3;—18, | 3002.26 5 10 33298.6 *Fy—3; 
76.42 1 10 915.0 42.63 10 20R 32856.8 *F,y—2; 
76.86 2 15 906.5 3F,—21, | 3064.70 40 50R 32620.2 *D;—1, 
89.27 6 15 668 .6 1D,—20. | 3139.37 3 10 31844.3 'De—1s, 
92.38 8 12 609 .3 3Fy—19, | 3204.04 4p 10 31201.6 *D.—8; 
98 .36 1? 10 495.9 3301.87 5p 10 30277.2 *D.—5, 
2298.78 1 15 487.9 3408.14 4p 15 29333 .1 
2303:19 3 30 404 .6 
08.04 8 50 313.5 *%D.—32, 
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available for the final assignment of absolute quantum numbers and we 
must be content for a short period with siiggested symbols for the 
recognized levels.’ It has not been possible to include all the absorption 
lines in this system so that we are inclined to believe that one or more 
low levels are still unknown. 





TABLE XII 
Low levels in the Pt I spectrum. 
Difference Symbol 
Value Snyder Quantum 

H 3D; 
775.9 

775.9 G 1D, 
6567.5 47.8 

823.7 - F *F, 

5316.3 1S 
6140.0 9293.1 427.5 

6567 .5- E *D, 
3564.5 3549.3 

10116.8 ~ D 3F; 
15.2 

10132 .0- Cc sD, 
5385.0 3364.3 

13496 .3 B 3P, 
2005 .5 

15501..8 - A °F, 





The quantum-theoretical interpretation of the low levels of the six 
metals in question, although contained in a paper by Laporte“ may be 
briefly given for all the six spectra at once. For atoms with eight, nine and 
ten valence electrons the following low levels are possible: 





z=8 z=9 z=10 
Ru Os Rh Ir Pd 
d*-%s52 5D 3H 3G 4F 4P 2H °G °F 2D 3F §P 1G 1p 1s 
d*~1s1 5F 3F 5P 8p 8H 3G 4F 2F 4P 2P 2G 2M 2S 3D 1D 
d* 3F 8P 1G 1p 1g§ 2D 1S 


Everyone of the configurations furnishes a whole set of terms, the most 
prominent ones of which are given above, starting at the left with the 
term which is presumably the lowest of this configuration. In every 
spectrum all the three configurations will appear, i.e., all the terms in one 
vertical column will occur; but it cannot be said which one of them will 
furnish the most conspicuous and stable terms; nor can it be predicted 
to which of the three configurations the normal state of the atom will 
belong. Whereas for the iron triad the terms of d*~*s? are of prevailing 
stability, it was shown by various investigators that for the palladium 
group configurations with a lesser number of s electrons are preferred, 
as the normal states of Ru and Rh are represented by the configurations 
(d’s) and (d*s) respectively and that the Pd by (d'®). A comparison of 


“ Laporte, J.0.S.A. & R.S.I. 13, 1 (1926). 
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Ni and Pd seems to prove the high stability of a shell of ten 4; electrons 
compared with a shell of ten 33 electrons, a fact which was correlated by 
Grimm and Sommerfeld® with the different chemical properties of Ag 
and Cu ions. But it was also emphasized by these authors that for Au 
a structure similar to that of Cu must be expected and that, therefore, 
in the Pt spectrum not only the configuration (d'°) but also (d*s) will 
give low terms. The growing tendency of the atoms of the third triad to 
use configurations with s electrons,as we may formulate this safely, is 
also supported by Laporte’s* result that W has as lowest term a °D 
for which one must account with (d‘s?). We, therefore, expect in the 
platinum triad that also the configurations (d*~'s) will appear promi- 
nently 
Our experiments establish definitely the existence of (d’s) and (d‘s?) 
in Ru, and in Rh, so far as the identification of the / values of the levels 
is possible, the existence of (d*s) and (d*). There are indications of another 
_rather high *F, which may perhaps belong to (d’s*). In Pd our results 
confirm those of Bechert and Catalan,?* and of McLennan and Smith,?® 
that the normal state is represented by (d'°) with higher metastable 
levels belonging to (d°s). There is not much evidence for (d*s?) in Pd. 
As for the platinum group the intervals between the sub-levels of 
complex terms become so large that it is hardly justified to speak of one 
term being lower than another when they overlap more or less completely. 
If our assignment of / values in the arc spectrum of Pt is correct the *D 
term, although it contains the level with least energy, is so widely 
separated that it encompasses the terms 'D, |S and *F. The fact that in 
both 74W and 78Pt the configurations (d*~*s?) and (d*~'s) are the most 
prominent ones, giving overlapping low terms, suggests for this group of 
elements an increasing stability of the configurations with m, electrons 
as compared with the preceding period. We may, therefore, expect 'D 
and °F as the lowest terms for 76Os, and ‘F as the lowest for 77Ir (quite 
analogous respectively to Fe and Co of the second preceding period). 
BUREAU OF STANDARDS, 


WasHINGTON, D. C. 
July 8, 1926. 


Grimm and Sommerfeld, Zeits. f. Phys. 36, 36 (1926). 
* Laporte, Die Naturwissenschaften 13, 627 (1925). 
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THE SELECTIVE DISPERSION OF MERCURY VAPOR AT THE 
42536 ABSORPTION LINE 


By Foster E. KLINGAMAN 
ABSTRACT 


By means of a Rayleigh’s gas refractometer, measurements were made 
on the interference fringes in seven iron lines extending about 3 A.U. on both 
sides of the mercury absorption line at \2536.7. The mercury vapor pressures 
used ranged from 0.0015 to 0.113 mm of mercury. Shifts of fringes for the 
line closest to \2536.7 were found to be proportional to the density of the 
vapor, while farther from the absorption line, the displacements of the fringes 
increased less rapidly than the density of the vapor. This is probably due to the 
increasing width of the absorption line and not to complex mercury molecules 
as has been previously suggested. The molecular refractive indices for the wave- 
lengths 2536.9, 2538.4, and 2535.6 were found to be respectively 1.068, 1.006, 
and 0.988. Selective dispersion in the vicinity of \2536.7 was demonstrated 
by means of crossed prisms. 

Data by Cuthbertson and Metcalfe on refractive indices of mercury vapor 
indicate an absorption band somewhere between 6560 and 46900. Since no 
evidence of selective dispersion was found in this region, it was concluded that 
their value for the index at \6560 is about three percent low. 


QUANTITATIVE determination of the selective dispersion of 

mercury vapor at the \2536 absorption line was made a number 
of years ago by Professor Wood.! The method used was to place in 
one of the paths of a Michelson interferometer a quartz tube 10 cm 
long with end plates of the same material fused on. The tube contained 
a drop of mercury and was highly exhausted and sealed. An iron arc 
was used as a source of illumination and the interference fringes formed 
in the region of wave-length 2536A were photographed with a small 
quartz spectrograph. The shifts of the fringes in the several iron lines 
close to the A2536 line were observed, and were found to increase less 
rapidly than did the vapor pressure as the temperature was increased. 
It was supposed that this indicated that the absorption is due not to 
the simple mercury molecule but to some more complex structure, the 
percentage of which varies with the density of the vapor. 

It has since been shown that the nature of the absorbed region depends 
upon the density of the mercury vapor, the absorption band increasing 
in width as the density is increased. This means, of course, that it is 
not necessary to have a complex structure of mercury molecules to 
explain the changes in the refractivity. To measure the refractivity it 


1R. W. Wood, Phil. Mag. April, 1913. 
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was thought advisable, however, to repeat the experiment, the original 
experiment being not entirely satisfactory inasmuch as the optical path 
through the mercury vapor was only 20 cm and the fringes were not 
distinct at temperatures above 60°. Furthermore, the spectrograph used 
was one of rather low dispersion and a quartz spectrograph of much 
greater dispersion is now available. 

In repeating the experiment, I used two glass tubes, as shown in 
Fig. 1, each 1.3 cm in diameter and 50 cm long. The tubes were fastened 
together and the ends ground flat with emery and water. Plane parallel 
plates of quartz were sealed over each end of the double tube with 
“Rock Cement” which forms a tight seal and does not soften at tem- 
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Fig. 1. Diagram of experimental tube. 


peratures to which it was desired to carry the work. The lower tube 
was attached to a long vertical tube which terminated in a mercury 
reservoir of adjustable height. The other arm, extending higher than 
the tube, was joined directly to a McLeod gauge and the pump. After 
the apparatus was exhausted to a very low pressure with the mercury 
reservoir in such position that the mercury did not rise enough to seal 
off the lower side of the tube, the reservoir was raised just far enough 
to form® shallow layer of mercury in the lower tube. The upper tube 
and the two larger end tubes to be described presently were connected 
to the pump with a liquid air trap intervening to remove mercury vapor. 

A horizontal slit S,, Fig. 2, was placed at the principal focus of the 
quartz lens L,, which was sealed directly to the large end tube. The 
lens L, had a focal length of 80 cm. The two horizontal slits S., made 
by fastening strips of black paper with edges cut straight over the end 
of a glass tube, were previously inserted in the end tube in such position 
that one of the beams of light from the slit passed through the upper 
tube and the other beam through the lower tube. The slits S,; were each 
2 mm wide with a separation of 3 mm between the inner edges. An 
iron spark was placed behind the slit S, and the two beams of light from 
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S2 focused on the slit of the spectrograph by means of the lens L, sealed 
directly to the second large end tube. The focal length of this second 
lens was 140 cm and the spectrograph was therefore placed at that 
distance from the lens. An exposure now made with the slit S, opened 
quite wide showed two spectra, one from each beam, slightly inclined 
to each other because of the variation with wave-length of the focal 








Fig. 2. Arrangement of apparatus. 


length of the lenses. The spectrograph was then moved a short distance 
to bring the intersection of the spectra at \2536. The slit S, was then 
narrowed and a fifteen minute exposure made, showing excellent fringes 
from 2400 to 42650, those near \2536 being the best. 

The heating arrangement was very simple. A large wooden box 
which could be tightly closed occupied the position shown by the dotted 
line in Fig. 1. A wooden frame fitting into the bottom of the box had 
resistance wire wound upon it, the wire being connected to the labo- 
ratory mains through variable resistance coils on the outside of the box. 
Small heating coils, to correct for the end_cooling effect, were placed 
in the ends of the box on a circuit separate from the large heating coil. 
Thermometers were placed in the top of the box with the bulbs of the 
thermometers at the same level as the tube containing the mercury 
vapor and as close to it as possible. The stems of the thermometers in 
this position extended sufficiently far to allow the temperature to be 
read without opening the box. By adjusting the variable resistances 
any desired temperature could be obtained and kept constant to within 
less than a half degree as long as one might wish. It was necessary to 
wait a considerable time, however, before exposures were begun as the 
temperature of the mercury in the thick walled tubing changed very 
slowly. The end tubes to which reference was made were used to elimi- 
nate convection currents, which would otherwise destroy the inter- 
ference fringes when the temperature was only a few degrees above room 
temperature. The tubes used were each about 20 cm long. 

To determine the wave-lengths of the iron lines near \2536, compari- 
son spectra were made with the iron spark and mercury arc. It was 
found that when the exposure was continued long enough to show the 
weaker mercury line, the stronger mercury line was broadened to such 
an extent that accurate measurements were impossible. Therefore, 
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two photographs were made, one in which the mercury arc when cold 
was exposed a very short time so that only the stronger line appeared ; 
the other, one in which the time of exposure was increased to show the 
weaker line also. The separation of the stronger mercury line from the 
nearest iron line on the first photograph and that of the weaker mercury 
line from the same iron line on the second photograph gave the wave- 
lengths of the iron line in terms of the wave-lengths of the mercury 
lines which were taken from the tables by Eder and Valenta. Beginning 
on the shorter wave-length side (left) of the group of lines in Fig. 3, 
the wave-lengths are: 


Iron: 2533.7 2534.5 2535.6 2536.9 2538.4 2538.7 2539.1 
Mercury : 2534.9 2536.7 


Exposures were made at temperatures ranging from 22.4° to 83.2°C. 
In Fig. 4 are shown enlargements of several of the photographs for this 
temperature range. The displacements of the fringes in the several 
iron lines were measured with a comparator microscope and are given 
in Table I, the displacements being recorded in fringe widths. 


TABLE I 
The displacements of the fringes in the several iron lines. 








Vapor 

Temp. Press. 2533.7 2534.5 2535.6 2536.9 2538.4 2538.7 2539.1 
"G mm 
22.4 .0015 .27 
26.5 .0022 .40 
33.0 .0037 .10 <2 64 
39.4 .0060 .08 Bi .33 1.02 22 
44.5 .0087 ll .20 -46 1.49 .17 .14 11 
52.4 .0153 Be .29 71 coe .25 .20 17 
60.5 ' .027 .23 .38 .96 —— -44 .34 28 
70.5 .052 .38 .57 1.75 oo 84 .64 54 
76.5 .076 .50 .80 2.42 wae 1.23 .93 75 
83.2 aaa .70 1.18 3.53 —— 1.82 1.40 1.07 





It will be seen from the table that the shifts in the fringes for the 
line closest to the \2536.7 mercury line, that is, the \2536.9 line, is 
within experimental error, proportional to the density of the mercury 
vapor. As the separation from this line increases the shift increases 
more slowly than does the vapor pressure of the mercury at the lower 
temperatures. As the temperature increases the absorption band be- 
comes wider, and since the total energy absorbed is proportional to the 
density, the absorption for a line near the edge of the band cannot in- 
crease as rapidly as does the density, and hence the shift of the fringes, 
which measures the refractivity, is not proportional to the density of 
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the vapor. For the higher temperatures at which observations were made, 
the shift of fringes in the lines closest to the middle of the absorption 
band increases at nearly the same rate as does the density. These lines 
are now well within the absorption band and most of the energy absorbed 
is in this central part. It is therefore to be expected that the shift 
should increase at a rate more nearly equal to the rate of increase of 
the density. 

Cuthbertson and Metcalfe? have measured the refractive index of 
mercury vapor for wave-lengths ranging from 6900A to 4900A. If the 
same rate of change takes place as far as \2536 as we have from 46900 
to 44900 we would find that a saturated column of mercury vapor 50cm 
long and at a temperature of 50° would give a retardation of one- 
thirtieth of a wave-length, or a shift of one-thirtieth fringe width in 
the interference pattern. Any superimposed effect may, of course, be 
ascribed to the \1849 line and since the separation from this line is 
still quite large, it is not expected that the shift would greatly exceed 
the above amount, which is small in comparison with the shifts observed 
for the same density in several of the iron lines and may therefore be 
omitted. The molecular refractive indices for the wave-lengths affected 
by the absorption may then easily be determined and in the cases cal- 
culated are found to be for the 2536.9 line 1.068, for the \2538.4 line 
1.006 and for the 2535.6 line 0.988, where only the determinations at 
higher temperature have been taken into account. The well known 
Sellmeier dispersion formula cannot be applied in this case since the 
refractivities determined are those for wave-lengths within the ab- 
sorbed region. 

As a sul sequent experiment, I observed the dispersion by the method 
of “crossed prisms.” A large glass tube, 2 inches in diameter and 3 
feet long, was bent slightly near each end and mounted horizontally, 
bent ends upward, with enough mercury placed in it to form a shallow 
pool in the middle of the tube. Over the ends had been sealed glass 
plates through which holes had been ground and quartz windows fitted. 
A small hole near the top of each plate was used for sealing in a glass 
tube of about one-fourth inch diameter, through which cold water was 
circulated. A spark operating under water was placed at the principal 
focus of a quartz lens at one end of the tube and the parallel beam of 
light was focused upon the slit of the spectrograph by means of a second 
quartz lens at the other end of the tube. A gas burner made by drilling 
small holes in a gas pipe at intervals of an inch for the full length of 24 


2Cuthbertson and Metcalfe, Proc. Roy. Soc. A(80), 406 (1908); A(83), 151 (1909). 
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inches was placed beneath the tube which was now exhausted to about 
one cm pressure. The photographs obtained, one of which is reproduced 
in Fig. 5, shows the continuous changes in refractivity near the \2536 
absorption line. Measurements of this curve are of no interest, since 
the density of the vapor is not known, but it does give a very good picture 
of how the refractivity changes on either side of the absorption band. 

The values of the refractivity given by Cuthbertson and Metcalfe 
indicate that an absorption band should be present somewhere between 
the wave-lengths 6560 and 6900A. I observed this region closely by 
focussing the red region from the carbon arc lamp, after passing through 
the tube, upon the slit of a spectroscope and found no evidence of a 
dispersion curve such as at the \2536.7 line, whereas calculation shows 
that if such an absorption band is present the displacement of the 
spectrum formed would easily be distinguishable. We may conclude, 
therefore, that the refractive index obtained by Cuthbertson and 
Metcalfe for the \6560 line is about three percent too low; that is, the 
value of it should be intermediate between the values obtained for the 
wave-lengths greater and those less than \6560. 


THE Jonns Hopxms UNIVERsITY, 
BaALtTimore, Mp. 
June 21, 1926: 
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ON THE INTERACTION OF RADIATION WITH MATTER 
AND ON FLUORESCENT EXCITING POWER 


By E. H. KENNARD 


ABSTRACT 

The interaction of radiation and matter is discussed on the basis of Einstein’s 
theory. The distribution of energy in an enclosure containing quantized 
particles is indeterminate unless there is thermal or other non-radiative 
interaction between the particles; the latter process is therefore essential to the 
production of the black-body distribution. Fluorescence cannot lower the 
entropy of the system. 

Exciting power for fluorescence.—No sharp distinction can be drawn between 
thermal emission and fluorescence. If yz is the fluorescence of frequency », ex- 
cited by radiation of frequency », and if az, ay, uz, uy, are the corresponding 
absorption coefficients and black-body densities, respectively, then on certain 
assumptions yy: =ka,a,u,/vz, k being independent of », and »». Much more 
general assumptions lead to: pyz/Wzy=vyuy/vetz. These equations ought to 
apply to gas fluorescence, and it is quite possible that the latter may hold 
generally for liquids and solids and the former in those cases where the shape 
of the fluorescence band does not vary with the exciting frequency. The 
equations agree with the few data in existence. 


INTRODUCTION 


HE relation between fluorescence and thermal radiation was dis- 

cussed a decade ago by several authors' and an equation connecting 
them was obtained by the present author and found to be confirmed 
by experiment. In the present paper the same problem is attacked 
from the standpoint of the present-day theory of radiation, and similar 
but slightly modified results are obtained. 

In Part I some general theorems are deduced concerning the equi- 
librium between radiation and atoms which, while not bearing directly 
upon present-day observations, yet possess a certain theoretical in- 
terest. In Part II the excitation of fluorescence is considered. Through- 
out the paper Ejinstein’s theory? of emission and absorption will be 
employed as a basis. 


I. EQUILIBRIUM BETWEEN RADIATION AND ATOMS 
Suppose we have, in an enclosure, N similar atoms whose state is 
characterized by a single quantum number capable of assuming different 


values. The results deduced below will hold also, mutatis mutandis, 
for a mixture of atoms or molecules of any sort, but it will be sufficient 


1 E. Pringsheim, Phys. Zeits. 14, 129 (1913); E. H. Kennard, Phys. Rev. 11, 29 (1918) 
* A. Einstein, Phys. Zeits. 18, 123 (1917). 
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to give the proofs for the simple case just specified. Suppose further 
that collisions are either rare or at least without effect upon the quantum 
number. Let the quantum levels be numbered 1, 2, 3, - - - , w, in the 
order of increasing energy and let there be N; atoms in level 1, Nzgin 
level 2, etc. Then 


DM=N. (1) 


Now, in general, if radiation is present in the enclosure it will prog- 
ressively alter the distribution of the atoms among the quantum levels. 
The condition that the radiation should leave the atomic distribution 
unaffected is: 


Nid h(A e+ Binpix) = DRA nit Bispix) Nx, (i=1, 2, =e w) (2) 
k=1 k=1 


Here Aj; is Einstein’s probability per unit time that an atom in the 
i-level will jump spontaneously to the j-level, and B,;p;; is the similar 
probability that it will make the same jump under the influence of 
radiation density p;; of the frequency »;; corresponding to this jump; 
A;;=0 if 727 and B;,=0. The equation simply states that the losses 
from any level must equal the gains. 

} On the other hand, by emission and absorption the atoms will in 
general alter the distribution of radiation. The condition that this 
should not occur is that for each frequency corresponding to a quantum 
jump emission must equal absorption, or 


(A i; + Bi jpij3)Ni=B yep iN j (3) 


for all values of 7 and all values of j <7. 

The total energy of radiation and of atomic excitation will be, pro- 
vided. the mean radiation density is uniform throughout the volume 
V of the enclosure, 


i= i— 


w 1 w 
U=V> Lieut Les 
i=) i=1 


i=1 (4) 
where ¢€; is the excitation energy of the 7-level. 

From .these equations we can obtain at once a number of interesting’ 
theorems. 

1. A distribution of radiation that shall leave a given atomic distribu- 
tion undisturbed can be chosen in many ways, in fact with (w—1) (w—2)/2 
degrees of freedom. For to find such a distribution we need only de- 
termine the w(w—1)/2 p;;’s so as to satisfy equations (2) for given values 
of the N’s and only (w—1) of these equations are independent, since 
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if we add all of them we obtain an identity corresponding to the physical 
fact that the sum of all losses must equal the sum of all gains. 

2. Among these distributions of radiation that leave a given atomic 
distribution unaffected there is just one and,—tt is the only one,—which is 
itself unaffected by the emission and absorption of radiation by the atoms. 

For if the radiation is thereby unaffected, there must occur as many 
jumps per second in one direction as in the other between any given 
pair of levels, in order to secure equality of emission and absorption 
for the corresponding frequency; and such an equality of jumps will 
necessarily also have no tendency to change the distribution of atoms. 
To find such a distribution of radiation we have only to solve equations 
(3) for the p;;’s, which are just equal in number to the equations. Such 
a state might be described as one of “‘mutual equilibrium” between the 
radiation and the atoms. 

On the other hand, if we start with a prescribed distribution of radia- 
tion and seek the equilibrium distribution of atoms, the possibilities 
are more limited : 

3. Given a distribution of radiation, the atoms can always be distributed 
so that they will be undisturbed by the radiation; but mutual equilibrium 
with the given radiation is usually impossible. In other words, if we il- 
luminate the atoms, we shall cause them to distribute themselves in a 
certain definite manner among their various energy levels, but when 
thus distributed they will usually subject the incident radiation to con- 
tinuous transformation (fluorescence). For we can solve the (w—1) 
independent equations (2) and (1) simultaneously to determine the w N,’s 
in terms of the given pis but eqs. (3) will then usually fail to be 
satisfied. 

4. The equilibrium distribution of a given total amount of energy U 
among the energies of excitation of the atoms in the enclosure and the cor- 
responding quantum frequencies of the radiation is indeterminate in the 
absence of collision effects (provided w>2), possessing (w—2) degrees of 
lability. For Equations (2) are deducible by adding up suitable combina- 
tions out of Equations (3), and Eqs. (1), (3) and (4) give us only w(w—1)/2 


+2 equations to determine the w+w(w—1)/2 unknown JN,’s and p,;’s. 


Under these conditions the actual final distribution of energy will be 
determined by initial conditions. 

This theorem is particularly interesting because it shows clearly 
that: 


5. Thermal agitation plays an essential part in producing and in de- 
termining the special distribution of black-body radiation. We obtain 
Planck’s radiation law only if we assume that thermal agitation sets 
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up the Boltzmann distribution among the atoms*; then N;=const. 
Xw,e*/*?, where w; is the statistical weight of the i-level, and, if we 
assume also that? ¢;—¢;=hv;; and 


w,Bi;=w ;B,i, (S) 


we have from (3) for the black-body spectral density referred to fre- 
quency 
Ai 1 


—_  —_—_—_——_-, 6 
B;; ewiT—1 (6) 


4ij;= Pii= 
The theorem here stated merely repeats with a modern proof a con- 
clusion reached long ago on classical grounds‘ 

An old question to which a peculiarly keen point can be given in 
terms of current theory is that concerning the relation between viola- 
tions of Stokes’ Law and the Second Law of Thermodynamics. Suppose, 
for instance, that in our case w=3. Then we can easily make pi; neg- 
ligibly small and yet have many atoms raised to the third level by 
absorption of pi2 and p23; and there seems to be no reason in principle 
why we should not have vi2=”e3. Under these conditions we should 
have incident radiation causing fluorescence of higher frequency (v3) 
than its own with an entire absence of fluorescence of lower frequency. 
At first glance one might expect that such a fluorescent process would 
increase the availability of the radiant energy. 

The explanation lies in the fact that the entropy of radiation depends 
not only upon its frequency but also upon its density; and the laws of 
emission and absorption are such that the following theorem holds: 

7. The interaction between radiation and atoms or molecules cannot 
lower the entropy of the radiation without causing at least a compensating 
increase in the Boltzmannian entropy of the atoms or molecules. As usual 
we shall give the proof only for the simple case described at the begin- 
ning of this paper. The entropy per unit volume of monochromatic 
radiation of density pi; is pi;/T where T is the temperature of the cor- 
responding black body, i. e. by (6) 


1 k , (1+ Ag ) (7) 
T hy; ij Pij 


This equation applies separately to beams moving in different directions, 








* In consequence of the theorems here stated, the view of A. E. Eddington (Phil. 
Mag. 50, 803 1925), according to which the black-body law might well be regarded as a 
primary law and the Boltzmann law should then be deduced from it, although of course 
logically sound, seems rather unnatural. 

* Cf. concluding section of Planck's Wiarmestrahlung, 2d edition. 
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each having its own temperature; but for our present purpose we can 
assume the radiation to be uniformly distributed in direction, since, 
if it is not, then the process of absorption and re-emission will tend to 
make it so and will thereby tend to raise the entropy. We can then 
write, for the gain or loss of radiant entropy due to the emission or 
absorption, respectively, of a quantum hp,;, hy;;/T, and the total net 
gain of radiant entropy S will be 





aS o jri-1 
a =k Zz ) [(A c+ Biipi))Ni— —ByipjiN; ;Jlog (4 re 3 —) 
iP 


d. i=1 j=l 
wo j=i-1 
=k DwWD { (Ait Biss) Ni—BisspisNs;} {log [A sj+Bisoid Ni) 
i=1 j=1 
. 2s —log[BsipszN 5) } 
+k>d { D [(4 c+ Byes) N ~— BispisN i] 
t= 1 j=t+1 
s-t 
= x [(A at Besos) Ns ByspesN; ;] log N; 


Here in the right-hand member each term in the first double sum is 
necessarily positive or zero; and the coefficient of log N; in the second 
sum is simply the net rate or gain of atoms in the z level. Hence 


oe >k > = logN;= — be u k(N;—N; logN)). (8) 
= 1 dt dt 
The last sum in this equation is, except for an additive constant, the 
entropy of the atoms in the extended sense given to the term by Boltz- 
mann.® The theorem stated follows at once; continuous decrease in 
radiant entropy is impossible without continuous change either in the 
atomic distribution itself or in some other part of the system which 
acts so as to preserve the atomic distribution. 


II. THE ExciTATION OF FLUORESCENCE 


We shall now turn to the question of the laws governing the excitation 
of fluorescence. We may note first that the modern theory of radiation 
seems to make impossible any sharp distinction between luminescence 
and thermal emission. For emission of any sort depends essentially 
upon the presence of atoms or molecules in an excited state and is 
independent of the nature of the agent producing these. In an iso- 
thermal enclosure, for instance, either the radiation alone or thermal 
agitation alone is competent to maintain the existing distribution among 


* Cf. Planck, Wirmestrahlung. 4ed. Eq. (173). 
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the energy levels; hence any division of the emission into thermal 
emission caused by thermal agitation and fluorescence excited by the 
thermal radiation must be, to say the least, highly artificial. It seems 
best to say that in this case the distinction between thermal emission 
and luminescence has entirely disappeared.® 

At the other extreme stands the case of weak excitation. The criterion 
for this is that the density shall be relatively little disturbed by the ex- 
citing beam in any quantum state that is associated (as initial or final 
state) with two or more constituent frequencies of the exciting light, 
and, furthermore, that if any quantum state is associated with only 
one such constituent, then the term B, for that state and that frequency 
in the exciting beam shall be small as compared with A; the second 
of these requirements is amply met if the energy density p is small 
relative to the density u in black-body radiation which has its maxi- 
mum at the frequency in question, for at this maximum e”/*? = 60 and 
Bu/A =1/59. Under these conditions the excited emission or increment 
of emission will enjoy the properties that are most distinctive of classical 
fluorescence, for it will be proportional in intensity to the exciting radi- 
ation and it will obey the law of superposition, since two different wave- 
lengths incident together will produce the sum of their separate effects. 

In intermediate cases both proportionality and superposition may 
fail (e. g. in some of Wood’s experiments on gases). 

In the case of weak excitation, as just defined, the modern theory 
leads, on certain further assumptions, to two important results con- 
cerning the exciting power. 

Let us consider, first, a collection of atoms or molecules whose state 
is characterized by two quantum numbers, m and n. Let m be practically 
unaffected by thermal agitation; then normally it has nearly always 
a certain value, m,, and after being changed by excitation it is restored 
only by the process of emission. On the other hand, let m be dis- 
tributed statistically, so that the density of atoms for which n=n, is 


7; =Cwy,e4 *T (9) 


where €;=energy and w;=statistical weight of the quantum state char- 
acterized by m=m, and n=n;, k=gas constant for one particle, T= 
temperature, C=a constant. Let the material be illuminated with 
radiation of density pa,s=p.z and frequency v.,=vz such that on absorp- 
tion m changes to mz and n changes from a certain value m, to another 
value m,. For generality and convenience we shall assume that the 


* This view of the matter supersedes that developed in the author's earlier paper 
(loc. cit.). 
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material is also bathed by thermal radiation corresponding to its tem- 
perature, although the effects of this radiation will usually be of the 
same order as the secondary effects which are neglected under the 
hypothesis of weak excitation. Then B,»p.st. quanta will be absorbed 
from the incident beam in unit volume per second, and the coefficient 
of absorption for this frequency, defined as fraction of the incident 
energy in unit volume that is absorbed per second, will be Baspastahvz/p; 
or, by (9), 

az=Cw.hv,Baye-eotT , (10) 
(B depends also, of course, on m but for simplicity only the values of n 
are indicated in the notation.) 

Now let us assume further that upon particles thus excited thermal 
agitation and thermal radiation act either (1) relatively slowly, so 
that very few changes are thereby effected in m before re-emission oc- 
curs, or (2) relatively rapidly, so that most of the excited particles, 
before re-emission, become re-distributed statistically as to the quantum- 


number ». Then in case (2) the density of excited particles with n=n, 
will be 


T, =C'w,/e~CehkT , (11) 
C’ being a new constant and w,’ the statistical weight and e,’ the energy 
of the state in which m=m, and n=n,. The same equation will serve 
also for case (1) provided we understand that in this case s can have 
only one value, namely, s=b. 

Jumps will now occur in which m returns to m, and n changes from 
n, to some other value, ,. There will be (A.-+B,,t%s,)7,’ of these in 
unit volume per second, w,, denoting the density of thermal radiation, 
and there will be a resulting fluorescent emission, of frequency v,,.=vy,, 
equal per unit volume to 

. Fyz=C'wy' hvy(A e+ Bortly)e7€e/tT (12) 


The constant C’ must be such that the total loss of excited atoms balances 
the gain, hence 


C'S=Cl DDD) wi (Aut Bartterem tT =Barpste (13) 


s being restricted in sane (1) to the value s=b. Let us define as the 
exciting power, W,:, for frequencies y and x the fluorescent emission 
from unit volume of frequency v, excited by unit radiation density 
of frequency vz. Then y,z=F,:/p: and, by (9), (12) and (13), 
Yy2=Cwow,' BarS—'hry(A r+ Bertty) eat’ OMT, (14) 


We can now draw two interesting conclusions that do not require 
a knowledge of the constants A and B. 
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Corresponding to (10) we have, using (5), 
a,y=Cw,hv,B,,e~r/*T =Cw,' hv, B,,e~er/*T, (15) 
Combining this equation with (14), (10), and (6) and putting 
€,/ —€,=hyv,, we obtain 


te = c— : (16) 
—— "be Ayuy, K= RCS ° 


Since «x is independent of the choice of frequencies for x and y, we 
have the double result that for a fixed frequency of fluorescence the ex- 
citing power is proportional to the coefficient of absorption for the exciting 
light divided by its frequency; whereas for fixed excitation at any point 
in the spectrum the fluorescent emission 1s proportional to the product 
of the coefficient of absorption and the black-body intensity at the temperature 
_ of the substance, both taken for the same frequency as the fluorescence. 
If Wien’s formula can be employed with sufficient accuracy for u, 


az 
Vyz =x’ — yy Pe—hoy/kT . (17) 

Vz 
We can also eliminate all unknown factors by interchanging y and x 
in (16) and then dividing the equation thus obtained into (16); the 
result is a remarkably simple relation between the reciprocal exciting 
powers for any two frequencies and the corresponding black-body 

intensities, namely : 
Wye _ Pylty 

Vy 7 Vets 


or approximately, if Wien’s formula be used for u, 








, (18) 





4 
a a. “ emh ya) [kT he (18a) 
i 


Let us consider now the extent to which the assumptions underlying 
these results can be generalized. The same equations are easily obtained 
if the quantum state is characterized by three or more quantum numbers 
of which each is of the type either of m or of m as above defined. Eq. 18, 
but not (16), can also be deduced very plausibly without the restrictions 
touching thermal agitation. 

For this purpose we need only draw from the principle of “detailed 
balance” the inference that, under conditions of thermal equilibrium, 
as many excited atoms or molecules are transferred in one direction 
between any two quantum states as are transferred in the opposite 
direction. Let the quantum states, which may be of any sort, be num- 
bered as before from 1 to w and let 7; be the number of particles per 
unit volume that are in the i-state in thermal equilibrium; let p;; de- 
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note the probability per second for the passage of a given particle from 
the i-state to the j-state under the combined influences of thermal 
agitation and thermal radiation. Then by the principle just stated 

Piste = Piet; (19) 
for all i and all 7#z. The assumption of weak excitation will, however, 
be retained, with the added proviso that all changes of density shall be 
small relative to the general density of the particles ; from the assumption 
as thus extended it follows that the values of the p’s themselves are 
little affected by the excitation. 

Now let the material be weakly illuminated from the outside with 
density pas =p. of frequency v.»=v;z. A steady state will be set up, with 
slightly modified densities 7;’=7,;(1+0;), such that “loss equals gain” 
or, for each value of 7, 


DX (pit Beisel +o.) = x (Ps t+ Bjipss)7 (1 +04) 
q 


or, by (19), 
p (pisos +Bij05;77') = x (D 500 7 +B e957 ;') 


where the value j =7 is to be omitted in the sums, and p;;=0 except that 
it equals p, when either i=a and j=b or else i=b and j=a; or, if we 
put py=— ; om Pii- it pi; and replace r’ by 7 in the coefficients 


7 i 
of p because of the assumption of weak excitation, 


D parties = > (Biri — Bystj)piz, (4= 19 2, +++, w). (20) 


j=l j=l 


Solving these equations simultaneously for the o’s, we find 
1 
—— (Maj— Mj)(Bavta— Boat) pz, (21) 


A being the determinant of the coefficients and Mj; the minor of the 
element in the ith row and jth column. 

There will now be a differential or fluorescent emission due to the 
disturbance in the atomic distribution; its amount per unit volume for 
a frequency v,,=v,, divided by p,, is the exciting power for these two 
frequencies, Y,:. Hence 


h 
Vy o [(A ot Byrtty) OsTs— BratyorTe| ~~ 





Ps 
But, since the r’s refer to the equilibrium state, (A.-+B,,u,)7,= By,tyry. 
Hence 


1 
Vys= A Brathyte(M aa— Ma— Moe +M )(Basta— Boat) hry. 
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Similarly, interchanging the roles of v, and vy, 


1 
Va= ry Bavttsta(Mro— Ma— Meat Maa) (Bate— Bests) hy. 


Now because of (19) M;;=M,;; furthermore, 7;=Cwyje-*‘/*?, Hence, 
using (5), we find 
Wye Myty 1—e~C-eg) /*P 
Vey Valeg 1—ee iar 


This equation is more general in form than (18). It should hold for 
instance, for the fluorescence, or increment of emission, excited by 
throwing an additional beam of radiation into a furnace at a high tem- 
perature. We obtain (18) as a first approximation if we now assume 
further that the temperature of the material is low enough so that the 
two higher quantum states, b ands, associated with the two frequencies in 
question are rare in the absence of excitation; for the exponentials are 
then small. This condition is satisfied in all ordinary cases of fluorescence. 

Another restriction to be removed is that all of the results obtained 
so far in this paper have had reference to a line spectrum, y referring to 
the total energy and a@ to the integrated absorption for an entire line 
(i. e. if a’ =absorption per unit of frequency, a=/a’dv). If, however, 
we have an approach to a continuous spectrum in the form of many 
unresolved lines close together,—and it seems probable that any con- 
tinuous spectrum is at least equivalent to such,—then one easily sees 
that the results obtained in Part I of the paper will still hold. Eq. (18) 
and (22), which are linear in the ~’s with coefficients depending only 
on the frequencies, will also hold, yy. denoting now the fluorescent 
emission from unit volume per unit of frequency due to unit density 
of exciting radiation at frequency rz. 

On the other hand, Eqs. (16) or (17) will hold, with a similar change 
in the meaning of y and with a denoting simply the absorption referred 
to energy density, only provided the constant x is the same for all lines. 
This appears to mean that either there must be only one undistributed 
quantum number of the type of m, or, if there are several, then only 
one mode of simultaneous change of them must be involved within the 
spectral region under consideration. Under these conditions it will also 
follow that the shape of the fluorescence band is independent of the fre- 
quency of excitation, for quantities referring to the latter frequency enter 
in (16), relative to y, only in the constant of proportionality. 

For complete accuracy the effect of refractive index ought also to be 
considered, but that will not be done here. 

Referred to wave-length throughout, the final equations read: 





(22) 
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, 


fys=—Vsttsdtyy, fys = —Vzas —eo™T, (16’, 17’) 
v . v r,° 


fen As Tg.» Veo 

SS gr ehh (Ay) | (18’, 18’a) 
Sy Ay Jz r,° 
J denoting spectral black-body intensity, f,., fluorescent emission per 
unit of wave-length at A, due to unit energy density in the neighborhood 
of \., and v, the speed of light. If the shape of the fluorescence band 
is constant, we can write fy, =¢(A,)¢(Az) where ¢ is “the” exciting power; 





‘substituting in (18’) and allowing \, to take on all values while \, is 


held fixed, we have the equivalent equation 


J(d) 
$0) = ke g(r), (23) 





k, being a new constant. 

The appearance of X or y in these equations is a characteristic result 
of quantum theory; except for this factor, (17’) and (23) agree with 
results obtained previously on quite a different basis. The difference 
is due to the fact that here conservation of quanta, instead of energy, 
is assumed during the double process of emission and absorption, the 
energy balance being maintained at the expense of heat energy. 


COMPARISON WITH EXPERIMENT 


The theory here developed ought, if its basis is sound, to apply to 
band spectra such as that of iodine,’ the quantum numbers for both 
intra-molecular vibrations of the atoms and rotation of the molecule 
playing the role of » while the electronic quantum number plays that 
of m. In the case of the rotation number, observation’ suggests that 
thermal agitation is almost completely ineffective before re-emission 
occurs, so that we have case (1). Qualitatively, the increase in the 
number of “anti-Stokes” lines with rise of temperature is in accord with 
the theory, but quantitative observations are lacking. 

Because of the generality of the basis underlying the present theory 
it seems quite possible, also, that it may apply to fluorescent liquids 
and solids. Experimental support from observations on eosin and reso- 
rufin was adduced in a former paper for Eq. (23) (with the factor A 
omitted, which is of little consequence because the spectral range is so 


* Loc. cit., Eqs. (10) and (13). The argument there given can be reconstructed in 
harmony with present assumptions and then yields the results of this paper, but its 
significance remains doubtful because of the impracticability, pointed out above, of 
resolving black-body radiation into thermal and fluorescent components. 

* Cf. W. Lenz, PZS 21, 691-2 (1920). 
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limited). In these cases it has been thought that band shape was in- 

dependent of exciting frequency; if that is true, there is a good chance 

that (16), and (17) will hold for these substances, and evidence that they 

probably do hold is afforded by observations just published in the 

Physical Review by E. Merritt. Additional experiments on fluorescein 
are approaching completion in this laboratory and will be published soon 

by the present author. 

In a qualitative way, it might be said that (16) expresses in mathema- 
tical form an explanation of the universal fact that, where a fluorescence 
band visibly overlaps the associated absorption ‘band, either the former 
descends steeply or the latter rises steeply toward shorter wave-lengths, 
and the maximum fluorescence lies at a lower frequency than the maxi- 
mum absorption. This arises, in the equation, from the extreme steep- 
ness of the black-body curve at ordinary temperatures. The physical 
explanation may be stated as follows. If we fix our attention upon a 
particular wave-length corresponding to a jump between two given 
quantum levels, then absorption of this wave-length is favored by abun- 
dance of particles in the level of lower energy whereas fluorescence is 
favored by abundance in the higher level; hence thermal agitation, by 
favoring abundance in the lower level at the expense of the higher, favors 
absorption rather than fluorescence at this wave-length. As the wave- 
length is decreased the difference in energy between the levels is increased 
and with it the effect of thermal agitation in favoring absorption more 
than it does fluorescence. The relative position of the two curves is 
thus accounted for. 

Eq. (18) similarly throws light on the fact that Stokes’ Law is, prob- 
ably, never strictly true, and yet the exciting light can never be pushed 
to much longer wave-lengths than the fluorescence. The physical reason 
for this, already suggested by other writers, is that at ordinary tempera- 
tures quantum states of energy higher than normal by an amount 
corresponding to a large shift in wave-length very rarely occur as a con- 
sequence of thermal influence alone. 

A special interest attaches to the question whether exact relations 
such as these hold for the fluorescence in liquids and solids because, 
although the breadth of the bands has been vaguely ascribed to the 
combination of thermal with electronic energy, yet no satisfactory start 
has yet been achieved toward a detailed theory. 


CorNELL UNIVERSITY. 
June 25, 1926. 
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THE FORM OF THE ABSORPTION BANDS IN SOLUTIONS OF 
THE ORGANIC DYES, AND A RELATION BETWEEN 
ABSORPTION AND FLUORESCENCE 


By ERNnEsT MERRITT 


ABSTRACT 


To account for the breadth of the absorption and fluorescence bands in 
solutions and for the fact that the absorption and emission bands are not co- 
incident it is assumed that for a given position relative to the solvent molecules 
the potential energy of an excited molecule is different from that of a normal 
molecule, and that the change in the potential energy that occurs during ex- 
citation or emission is to be counted as a part of the energy that determines hy. 
This leads to a general relation between the intensity of fluorescence F for 
the frequency v and the coefficient of absorption for the same frequency, viz. 

F=K've—/'T (1) 
in which K’ is a function of T and probably of v. 

The assumed conditions are met if the active molecule acts as an electric 
doublet whose moment changes from 4; in the normal state to uw: when ex- 
cited. In this case it is shown that on the red side of the absorption band we 
have approximately 

a=agePlkT where p=m/u1—m (2) 

Measurements made with Rhodamine-8 and with Uranine show that Eq. 
(2) holds through a wide range with p nearly equal to unity, i. e. with yu 
small compared with «. 

Eq. (1) has been tested by plotting log F—log a against 1/A. The result 
is in each case a straight line. The slant of the line is found to be 1.49X10-" 
for rhodamine-B and 1.59 X10—" for uranine as compared with 1.64 10-" the 
computed value of h/kT. 

To account for the observed breadth of the fluorescence band of uranine 
it is sufficient to assume that the electric moment of the active molecule is 
of the order 3X10-%e.s.u. This is about one-sixth of the value found by Jona 
for the electric moment of water. 


N THE case of solutions of the fluorescent organic dyes the fluorescence 

band is accompanied on the short wave side by a band of intense ab- 
sorption. If the coefficient of absorption and the fluorescence intensity 
are plotted against wave-numbers the absorption band is always steeper 
on the long wave side, while the fluorescence band is steeper on the short 
wave side. There results from this fact a certain approach to symmetry 
in the appearance of the plot which is characteristic of all of the solutions 
of the organic dyes that have been studied.' It is usual also for the two 
bands to overlap; and in cases where this occurs it is found that Stokes’ 
Law is violated: i.e., fluorescence may be excited by light whose wave- 
length is greater than that of a part of the fluorescence light emitted. 

1 E. L. Nichols, and E. Merritt, Studies in Luminescence, Carnegie Publication No. 
298. 1912. 
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Since these relations are common to all cases of fluorescence in organic 
solutions it seems probable that they depend in some fundamental way 
upon the nature of the processes of absorption and fluorescence emission. 

In attempting to account for these relations it is natural to assume,— 
and this assumption will be made in this discussion—that absorption 
occurs in quanta and that the absorption of a quantum results in an 
electron jump from one energy level to another, while the return of the 
electron to its normal state is accompanied by fluorescence emission. 
But in the case of liquids and solids this view leads to difficulties not met 
with in the case of gases, for the spectrum, instead of consisting of lines, 
is made up of bands, whose width is often as great as several hundred 
Angstrém units. It is possible that the broad absorption band in a case 
like that of fluorescein is in reality a group of relatively narrow bands. 
But even if this is true we must account for the fact that each band has 
been sufficiently broadened to produce overlapping. If the quantum 
theory is to be applied to the absorption and fluorescence of liquids and 
solids there seems to be no escape from the necessity of introducing some 
hypothesis which will account for a continuous variation in the energy 
changes that occur. 

A general explanation that is sometimes offered for the broadening of 
the absorption and emission lines in solutions is that the behavior of a 
given solute molecule is modified by the fact that it is surrounded by the 
solvent, and to a different extent depending on its configuration with 
reference to the solvent molecules. In other words the energy levels of 
the active molecules are altered by the presence of the solvent. In oider 
to make this explanation quantitative I shall assume that for a given 
position relative to the solvent molecules, i.e., for a given electric field, 
the potential energy of an excited molecule is different from that of the 
normal molecule, and that the change in this potential energy which 
occurs during excitation or re-emission is to be counted as a part of the 
energy change that determines the frequency. If the potential energy 


of the normal molecule is u, and that of the excited molecule wu, we have 
therefore 
hy = w2+u2— (wi+t:) 


= hyot+ue— uy, 


(1) 


where vy is the frequency for a molecule that is free from the disturbing 
influence of neighboring molecules. 

The number of molecules, V,, that are so located as to absorb light 
whose frequency lies between v and v+dy is proportional (1) to the 
“a priori probability,”—disregarding the effects of thermal agitation,— 
that the configuration will be such as to give the necessary value to 
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Uu2z—uU,. This may be written P(v)dv; and (2) to the exponential factor 
e~“'/t which determines the manner in which the distribution is modified 
by thermal agitation. Hence 


Ni= K,P(v)dve“1/*T (2) 


The number of excited molecules, N2, which are so located as to emit 
the frequency v is given by a similar expression in which u, takes the 
place of u, 

N2= K2P(v)dve—2!/*? (3) 

It is here assumed that the time elapsing between absorption and 
re-emission is long enough to permit the excited molecules to reach the 
distribution corresponding to “2 before emission occurs. And it is because 
this distribution is different from that of the normal molecules that the 
emission spectrum differs from the absorption spectrum. 

Since the number of quanta absorbed is presumably proportional both 
to the number of quanta present in the incident beam and to the number 
of molecules capable of absorbing the particular frequency in question 


al I 


(4) 
a=A NV, =aoP(v)e—: /*7 

a being the coefficient of absorption. And since each electron returning 
to the w, level causes the emission hy the intensity of the fluorescence 
light lying between v and v+dyp is 


Fdv=A:N2hv=FP(v)vdve-*2/*T (5) 


It should be pointed out that doubt may arise in the case of Eq. (4) 
as to whether the proportionality factor A, is independent of v. The 
probability of the absorption of a quantum may depend not only upon 
N, and I/hv but also upon the frequency. Again, in deriving Eq. (5) it 
is tacitly assumed that the probability of re-emission is independent of v. 
This also is hardly likely to be true. In all probability ao and Fo are both 
functions of pv. 

If Eq. (5) is divided by Eq. (4) the fuction P(y) is eliminated and we 
have 


F 
-_ Kye (e2-4n) [kr . (6) 


Using the value of w2—1, given by (1) 


An Kve*® Go) (kT = K' pe ho /kT (7) 
a 
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where K’ is now a function of T and » and both K and K’ may be 
functions of v. 

It is interesting to note that a relation somewhat similar to that of 
Eq. (7) has been derived by Kennard? by thermodynamic reasoning. 
Kennard finds that “‘the intensity at any point in a homogeneous fluores- 
cence band is proportional to the intensity in the black body spectrum 
at that point multiplied by the power of light of that wave-length to 
excite fluorescence.”’ Since the black body intensity, in the visible 
spectrum, is quite accurately represented by Wien’s equation, we may 
therefore write 


F= Kove? (8) 


where ¢ is the fluorescence exciting power. 
If we put ¢=af, where f is the “specific exciting power,” or the fluores- 
cence produced per unit of absorbed energy, Eq. (8) may be written 


cae Kfv'e—™!*? (9) 
a 

It will be noticed that if f is proportional to 1/v? Eqs. (7) and (9) 
become identical. Unfortunately the few measurements that have been 
made of f have given conflicting results. Nichols and Merritt® find f 
approximately proportional to v~* for eosin, and to v~* for resorufin. 
Vavilov‘ finds f constant throughout the absorption band. The difficulty 
in determining f as a function of v arises not only from the difficulties 
that are inherent in all fluorescence measurements but also from the 
fact that measurements can be made over only a small range of wave- 
lengths. These same difficulties are met with in the experiments described 
later in the present paper, so that it is not possible to determine from these 
experiments what value should be assigned to the exponent of v in 
Eqs. (7) and (9). The experimental results indicate, however, that these 
equations are correct so far as the exponential factor is concerned. 

While Eqs. (7) and (9) indicate an interesting relation between absorp- 
tion and fluorescence, neither equation is sufficient to determine the form 
of either the absorption or emission band unless one of the two is known. 
In order to predict the form of these bands we must go back to Eqs. (4) 
and (5) and make more definite assumptions regarding the dependence 
of u, and “2 upon the configuration. In the discussion that follows I shall 
assume that both the active molecules and solvent molecules may be 


* E. H. Kennard, Phys. Rev. 11, 29-38 (1918). 


* E. L. Nichols, and E. Merritt, Phys. Rev. Series I, 31, 381 (1910). 
*S. I. Vavilov, Phil. Mag. 43, 307 (1922). (Also written Wawilow). 
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treated as electric doublets. In the case of the solvent molecules the 
correctness of such an assumption is made highly probable by the success 
of the Debye theory of dielectric polarization. And the complex structure 
of fluorescent organic compounds makes the assumption at least plausible 
for them. I shall assume also that the electric moment of the excited 
molecule is different from that of the normal molecule. We have there- 

fore 


u,= — EF cosé, U2 >= — pe Eo cos 6 


h(v—vo) = %2— 1 = (ui —p2) Eo cos 0 (10) 


where pw; and pe are the values of the electric moments of the active 
molecule in the normal and excited states respectively, Eo is the electric 
field at the center of the active molecule, and @ the angle between yp, or 
Me and Eo. We may therefore write 


“= a... h(v—vo), U2= inti h(v— vo) (11) 
Mie Mi~ He 


and Eqs. (4) and (5) become 


a= ao P(v)e#t! (ura) ho.) /kT (12) 


F=FoP(v)ve*2! (41-2) *h(v—», kT (13) 


The assumptions involved are subject to so many uncertainties that 
I have not attempted to determine the form of the function P throughout 
the band.. Certain conclusions may be reached very simply, however, 
regarding the long wave side of the absorption band. 
| If an absorbing molecule is to be so located as to make the frequency v 
possible we must have from (10) 


h(v—vo) 


Mi~HMe2 


= E,)cos@=E (14) 


where E is the component of E, in the direction of the doublet. By giving 
a suitable value to @ the molecule may always be brought into a position 
corresponding to a given v, provided only that the required value of E is 
less than Eo. The probability, P, that v will lie between v and »+dy is 
the same as the probability that E lies between E and E+dE, or that 
6 lies between @ and 6—d6, where 


hdv 
dE= =—E,sinédé 





Mime 

















ABSORPTION AND FLUORESCENCE 689 


Since the probability that @ lies between @ and @—d@ is 3} sin 6d@. 


1 hdv 
P(v)dv=-sin 6 d §=——___ (15) 
2 2(u2—s1) Eo 
If therefore the active molecules were all located in a region where the 
field is Ey we should have P proportional to Vo where Vo is the volume 
of this region of constant Eo, and for values of v less than that correspond- 
ing to E=E, the function P(v) would be independent of v. It is hardly 
likely that this condition will be met. But there will be a tendency for 
the active molecules to move into positions where the field is strong, so 
that if Vo is taken for the region in which Ep is at least as great as some 
small value £, it is probable that nearly all the molecules will lie within 
this region. In this case P(v) will be nearly equal to PoVo, where Po is 
the average value of P. As we approach one edge of the absorption band 
the function P therefore approaches a constant value and the expression 
for a (Eq. (4)) approaches the form 


a= K ete! (ui—n2)- ho [kT (15) 


In this expression the constant exponential factor in vo has been 
included in Ks. 

The measurements made with solutions of uranine and rhodamine, 
which are described below, show that it is the long wave side of the 
absorption band for which this simplified expression holds. The coefficient 
H1/(u:1—p2) must therefore be positive in order that the absorption shall 
increase with increasing vy. In other words the electric moment of the 
excited molecule must be less than that of the normal molecule. This 
seems not improbable, since when the electron moves away from the 
center of the molecule it is less firmly bound and therefore less likely to 
contribute to the electric moment. 

In the region for which P(v) is constant, i.e., the red side of the band, 
Eq. (13) takes the form ° 
F=F ve"?! (#1-#2- hv /kT (16) 


where F3 is probably a function of pv. 


EXPERIMENTAL 


In order to test the conclusions reached in the foregoing discussion 
measurements have been made, through as wide a range of wave-lengths 
as was practicable, of the fluorescence and absorption of aqueous solutions 
of rhodamine-B (National Analine Co.) and uranine (Heller and Merz)‘. 


* Uranine is the sodium salt of fluorescen. The dye is made from fluorescein that is 
about 95 % pure, sodium carbonate, and salt. 
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The results are shown in Figs. 1 and 2. Smooth curves have been drawn 
to indicate the form that the curves would probably take if accidental 
errors could be eliminated. The smoothed curves were not used, however, 
in making computations, which were in all cases based solely on the data 
directly observed. In computations involving graphical methods large 
scale plots were used. The width of the spectrophotometer slit was 
approximately 40 A.U. The frequency v may be obtained from 1/A 
(plotted horizontally) by multiplying by 3x10". 
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Rhodamine-B. Observed fluorescence, Fo. Fluorescence after correction for ab- 
sorption, F’. Fluorescence intensity interms of an arbitrary energy unit, F. Coefficient 
of absorption a. In curve AA, y=log F/a—log »v. 


Absorption. The intensity of the light of different wave-lengths trans- 
mitted by glass cells containing the solution was measured with a 
Lummer-Brodhun spectrophotometer, comparison being made with light 
from the same source which had passed through a similar cell containing 
distilled water. Several different cells were used ranging in thickness from 
2 mm to 30 cm. To avoid errors arising from the possible failure of 
Beer’s law the same solution was used throughout. The concentration 
for rhodamine-B was 111 mg per liter; for uranine, 47 mg per liter. The 
values of the coefficient of absorption a computed from these observations 
are shown in Figs. 1 and 2. The variation in a was so great—the largest 
value being more than two thousand times the smallest value—that it 
is quite impossible to show the lower part of the curve on so small a plot, 
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The general trend of the curve in the long wave region can be estimated, 
however, from the plotted values of log a. 















































6 
£ » 
A % 

4 hol 

3 =" 

, 

lo} e- by \\ 
| ea 4 








Fig. 2. 
Uranine. Observed fluorescence, Fo. Fluorescence corrected for absorption, F’. 
Fluorescence intensity in terms of an arbitrary energy unit, F. Coefficient of absorp- 
tion, a. In curve AA, y=log F/a—logy. In curve B, y=log F—log ». 


Test of Eq. (15). It will be seen from Figs. 1 and 2 that on the long 
wave side of the absorption band the relation between log a and 1/) is 
very nearly linear. For extremely small values of a—in a region where 
the solution would ordinarily be called transparent—there is a deviation 
from the linear relation, which may be real but which, because of the 
uncertainty of the experimental results in this region, I am inclined to 
regard as accidental. We may conclude, therefore, that @ is an ex- 
ponential function of v, as predicted in Eq. (15), through a considerable 
range; in fact, the exponential law holds until a has reached about one 
third of its maximum value. The multiplier of vy in the exponential factor 
of Eq. (15), as determined from the slant of the curve for log a, was 
found to be for rhodamine-B 


Ki 
Mime 





s= 


h 
—=1.60X10-* 
RT 
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and for uranine 
Mi 
Mime 

For T=18°C (the temperature of the solution), h=6.5610-?? and 
k=1.37X10-", h/kT =1.644X10-". 

For rhodamine s differs from h/kT by less than 3 percent, while for 
uranine the difference is still smaller. Since experimental errors as great 
as this are to be expected in measurements of this kind we can only 
conclude that the factor u:/(ui—pe) is nearly unity, and that pe is 
therefore small compared to yi. 

Fluorescence. In order to reduce the correction for absorption and to 
be able to extend the measurements as far as possible into the absorption 
band the fluorescence measurements were made with dilute solutions 
(rhodamine-B 0.67 mg per liter; uranine 0.5 mg per liter). The use of 
different concentrations for the absorption and fluorescence measure- 
ments is justified by the fact that in solutions of this type the form of 
the band, whether of absorption or of fluorescence, has been found to be 
independent of concentration.* Fluorescence was excited by a 400 watt 
gas filled lamp at a distance of about 30 cm. Since a small amount of 
scattered and diffusely reflected light was unavoidable, the correction 
to be applied on this account was determined by making measurements 
throughout the spectrum when the cell was filled with distilled water, 
everything else remaining the same. The stray light measured in this 
way was practically constant throughout the spectrum and was of the 
same intensity as the stray observed with the fluorescent solution at 
points outside the fluorescence band. 

Correction for absorption. If the fluorescence excited per unit length 
of path is F’, the intensity of the light emerging from the solution is 





h 
s= == 1.6210" 


Ui 


. F 
Fo= f F'e-**dx =— (1—e7**) 
0 a 


where a is the thickness of the cell. 

a was determined by measurements of transmission made with the 
same cell and the same solution that were used in measuring Fo. The 
observed fluorescence Fy and the corrected value F’ are plotted in Figs. 1 
and 2. 

Energy distribution. In the fluorescence measurements the comparison 
source was a 40 watt tungsten lamp which had been calibrated for color 

* E. L. Nichols, and E. Merritt, Studies in Luminescence, Carnegie Publication, No. 


298, 1912. So far as I am aware, however, the assumed constancy of band form has not 
been tested through as wide a range of concentration as is here used. 
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temperature by the Bureau of Standards and which gave practically the 
same radiation as a black body at 2360°K when the potential difference 
between the terminals was maintained at 97.3 volts. The relative energy 
intensity for different values of 1/A was computed by Wien’s equation 
In the curves shown in Figs. 1 and 2 for the energy distribution in the 
fluorescence spectrum the ordinate is proportional to the value of the 
function F where Fdyr is the energy in that part of the spectrum lying 
between v and v+d?p. 

Test of Eq. (7). The ratio F/a was computed from the experimentally 
determined values of F and a and log (F/a)—log v was plotted against 
1/A (see AA, Figs. 1 and 2). According to the theory here developed, 
assuming that K’ in Eq. (7) is independent of v, the slant of the line 
should be 4/kT =1.644X10-". The value computed from the plot is 
1.49 X 10-8 for rhodamine and 1.59 X 10-" for uranine. Since the fluores- 
cence of uranine is in the yellow and green where spectrophotometric 
measurements are most accurate it is probable that the results obtained 
with uranine are the more reliable. 

If we assume that K’ in Eq. (7) is proportional to v* so that Eq. (7) 
becomes identical with Eq. (9) (with K and f constant) a straight line 
should be obtained by plotting log F/a—3 log v against 1/A. The varia- 
tion in log vy through the small range of frequencies used is so small that 
there is not much difference between these two plots. The slant of the 
line (not shown) for F/a—3 logy is, however, slightly larger than for 
the lines shown in Figs. 1 and 2. The form of Eq. (7) is such as to make 
it difficult to determine the multiplier of the exponential factor. But 
so far as it goes the experimental evidence is in favor of an exponent for 
v considerably larger than unity. 

Form of the fluorescence band. It is clear from the appearance of the 
curves for F that Eq. (16) is qualitatively correct. But it is also clear 
that the experimental errors are large so that a quantitative test cannot 
be expected to be very significant. However, when log F—log v is plotted 
against 1/A the result is roughly indicative of a linear relation (see 
curve B, Fig. 2). In the case of uranine the slant of the line gives 


h 
 ~20.11x10-# 


Mi~ He 
Hi= 16p2 
Because of the small number of observed points such a calculation for 
rhodamine would have no significance. 
Order of magnitude of the electric moments. In the expression h(v—v9) 
=(ui1—p2)Eo cos 8 (Eq. (14)) we may assume that the maximum value 
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of y—vo is determined by the extreme width of the fluorescence band, 
which we may estimate, in the case of uranine, as 600 units. If the 
minimum distance between the centers of the solvent and solute molecules 
is of the order 10-* cm the maximum value of Ey cos @ will be of the 
order 2uo X 10+ where po is the electric moment of the solvent molecule. 
Putting wo=1.9X10-"8, this being the value found for water by Jona’ 
we have 
(15p2)(3.8X 10—"8) K 1074 = (6.56 X 10-27) (600 X 3 x 10") 
ue=2X10-*° 
wi =3.2XK10-" 
An electric moment about one sixth as great as that of water is thus 
sufficient to account for the observed broadening of the fluorescence band. 


DISCUSSION 


The picture of the fluorescence process that is here suggested seems 
likely to prove helpful in overcoming the difficulties that have been met 
with in developing a theory of absorption and emission in liquids and 
solids. If, as has been assumed, one quantum is emitted for each quantum 
absorbed—but in general at a different wave-length—the energy emitted 
cannot in general be equal to the energy absorbed. If the exciting light 
is of short wave-length a considerable fraction of the absorbed energy 
is not reemitted but goes into the form of thermal agitation. On the 
other hand if Stokes’ law is violated and the exciting wave-length is 
greater than the average wave-length of fluorescence, thermal agitation 
furnishes the energy that is necessary to make emission possible. When 
Stokes’ law is violated fluorescence is a cooling process. The assumption 
that excitation changes the electric moment of the active molecule thus 
enables us to form a rough picture of a way in which radiant energy may 
be changed into the energy of thermal agitation, or thermal agitation 
into radiant energy. 

It is clear that the proposed theory will have to be extended and 
modified in several particulars. For example it is not unlikely that more 
than two energy levels are involved in the fluorescence process. And it is 
possible that the excited state does not last long enough to permit a 
condition of thermal equilibrium to be reached. But in view of the 
difficulty of making precise measurements of fluorescence spectra the 
agreement between the simple form of theory here developed and the 
experimental results is not unsatisfactory. 


CorRNELL UNIVERSITY, 
IrHaca, N. Y. 
June 22, 1926. 


7M. Jona, Phys. Zeits. 20, 19 (1919). See also Marx, Handbuch der Radiologie, 
Vol. VI, p. 627. 
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THE STARK EFFECT FROM THE POINT OF VIEW OF 
SCHROEDINGER’S QUANTUM THEORY 


By Paut S. Epstein 


ABSTRACT 

A theory of the Stark effect based on Schroedinger’s ideas is presented. 
(1) Positions of lines practically coincide with those obtained in the writer’s 
old theory which gave an excellent agreement with experiment. (2) Intensity 
expressions are obtained in a simple closed form: (a) Components which, 
in the old theory, had to be ruled out by a special postulate now drop out 
automatically. (b) The computed intensities of the remaining components 
check the observed within the limits of experimental error. 

1. Introductory. In the rapid development of the quantum theory 
during the last year, Schroedinger’s concept of characteristic oscilla- 
tions in the atom! represents the most significant contribution. From 
the formal mathematical point of view it includes the whole of the 
Heisenberg-Born-Dirac matrix theory and gives, moreover, a simplified, 
practically convenient method of finding the matrices. Beyond this, 
it opens new avenues of thought and seems to afford our first glimpse 
of the true nature of the quanta. 

It seemed highly desirable to carry through this ingenious method 
in as many special cases as possible. Accordingly, a complete theory 
of the radiation of a hydrogen-like atom in an electric field (Stark effect) 
has been worked out and is presented in the following sections. After 
a general mathematical exposition of the method (Sections 2,3), the 
positions of the components are determined to terms of the second order 
in the electrical field, (Sections 4, 5), while the rest of the paper is 
devoted to calculating the intensities. The positions of the lines turn 
out to be practically the same as in the writer’s old theory.? The first 
order terms are identical with the old expressions, the second order terms 
show a very slight difference. The main interest of the paper lies, there- 
fore, in the intensity formulas, which are remarkably simple in their 
structure and agree with the observed values better than Kramers’® in- 
tensity expressions derived from Bohr’s correspondence principle. 

2. Outline of the mathematical problem. We have to start from Schroe- 
dinger’s equation 

satast ort Ge U)y=0, (1) 


1 Schroedinger, Ann. d. Physik. 79, 361, 489, 734 (1926). 
? P. S. Epstein, Ann. d. Physik. 50, 489; 51, p. 183 (1926). 
*H. A. Kramers. Roy. Danish Academy, p. 287 (1919). 
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where uw and e denote the mass and charge of an electron and bk is an 
abbreviation for h/27. Moreover, U is the potential energy of the 
dynamical system, and E a constant corresponding to the total energy 
in Bohr’s theory. In the case of the combined action of a nucleus +Ze 
and a homogeneous field of the strength D, which we propose to treat 
in this paper, 

Ze? 


U=— —-+eDz (2) 
r 


if the z-axis is taken in the direction of the field. 

The first question that arises is to find a set of separation coordinates 
for Eq. (1). It is easy to see that this can be accomplished by using the 
same coordinates which brought the solution of the Stark effect in the 
old theory,‘ i. e. parabolical coordinates given by the representation 





_— —., f—7 
x=/tncosy, y=+/énsing, an te (3) 
OSES~, OSnS~, OS GS2r 
This gives 
E+n 
r= ’ 
2 


ds?= +0 (= +) end? 


4 (8 ( ow a%y 
™ nell f= -4 Fed 4 
- E+n 155 ( dé +75, +43 a ae + “) 


and Schroedinger’s equation becomes 


ay um . 
2() #202) #1(¢ Nee samen 











eD(&*—n”) 
= « 
We make the substitution 
y= MON) “(s—t)e, (6) 
and get for the functions M and N the two plain differential equations 
a@M 1dM ‘eE OA (s—1)? 1 
+- —+f—+—- ——. —- st) M= 0, 
dé? — dé 2k? g 4 -# 4k? (7) 
d?N “ dN uE YW’ (s—1)? 1 _ +=) =0 
dn? 9 dy)  \2R og 4 4k" ; 


‘P. S. Epstein, Ann. d Physik. 50, 495 (1916). 
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The two constants %&{ and %’ must satisfy the relation 


uZe* 


+0 = — 





(8) 


The main mathematical problem is to pick the constants E and YU in such 
a way that one of the integrals of either equation becomes finite in the point 
&=0 (resp. n=0) and vanishes forE= © (resp. n=). 

3. Conditions in a vanishing field. If the homogeneous field vanishes, 
it is not hard to satisfy the above condition. Let us simplify our ex- 
pressions by substituting 


M =EO-Y eek X(E), N=? Pea¥(n), 








(9) 
/-= 
- 2k? 
Eqs. (7) then are reduced to 
d*X dX a D 
f i (22+: re 1 ~ + ( tee Mee) x=0, 
nl ‘ 4k? (10) 
6 + (204° s dY a (Hm pn )r=0 
itl n 4k?" 7 





In the will case D=0 these equations are obviously of the hyper- 
geometric type and the functions X and Y can be readily represented 
by power series. We shall write in this case Xo, Yo, Wo, ao. If we denote 
for short 

Aot+sao=—2agm, Ao’ +sao=—2aon, (11) 


the exponents of the first terms of the ascending series are 0 and —(s—1). 
We can, therefore, use only the series with the exponent 0, since the 
second will give values infinite in the point £=0 (s being a positive 
integer) : 


Xo=1 + —— 2ao + Se nt - 
2!s(s+1) a2) 
n n(n—1) 
rent + et aap ot 


These expansions show that our functions can be reduced to ordinary 
hypergeometric functions by the following process: 


Xo=lim F(—m, B, s, —2aox). 


Bz =e 
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That is, we let x decrease and @ increase indefinitely keeping, however, 
the product fx finite. We could, therefore, starting from the representa- 
tion of the hypergeometric function by a definite integral give a similar 
representation for our function Xo. 

The behavior of our functions in the point © follows in the simplest 
way from the original Eqs. (7) with D=0. We may neglect %/£ compared 
with the preceding constant term and the remaining equation is a 
cylindrical one which has for = © the two asymptotic solutions e/+/E 
and e~*/4/E. It is easy to show that the particular solution (12), multi- 
plied by &¢-)/2e*, is equal «yard of these two integrals separately 
but toa linear aggregate of both, so that, in general, it does not vanish for 
= and does not satisfy the requirements of last section. The only 
exception is formed by integral values of m. From our expansion (12) 
it is clear that for 


m,n=0, 1, 2,3,4,-°-:-> 


the series for Xy and Y, are finite and that the corresponding values (9) 
of My and Np vanish for £= © if ap is negative. The integral values of 
m and n are, therefore, the only ones we may use in our theory. The 
values of %o and a» follow, from (11), adding the two equations and 
taking into account relation (8) 








2 1 2 1 
a aad --—.! (16) 
2k? m+n+s 2k? 1 
wZe* s+2m 
%o= (17) 
2k? m+n+s 
Whence 
2k? 2e4 1 
ait te 2 (18) 
m 2k? ]? 


If we recall the relations from the theory of hypergeometric functions 


(y-a—1)F(a, B, y, x) +aF(a+1, B, y, x) =(y—1)F(a, B, y—1, 2), 
(6—y+1)xF(a, B, y, x)=(y—1)(1—x)F(a, B, y—1, x) 
—(y—1)F(a—1, 8, y—1, 2), 
dF(a,B,7,x) a8 


— F(a+1, B+1, y+1) 
dx Y 





we can by means of definition (13) derive from: them 
sXo(m, s)=(s-+m)Xo(m, s+1)—mXo(m—1, s+1), (19) 
ZaokXo(m, s)=(s-+m)Xo(m+1,s) —(s+2m) Xo(m, s)+mXo(m—1, s) , (20) 
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(2eok)*Xo(m , 5) = (s-+-m)(s-+m-+ 1) Xo(m+2,s) 
—2(s+m)(s+2m+1)Xo(m+1,s) 





2 
+ [(s+-m) (m+1)+(s+2m)?+(s+m—1)m]Xo(m,s) 
—2m(s+2m—1)Xo(m—1,s)+-m(m—1)Xo(m—2,3), 
dXo ™m™ 
_* = [Xl 8) — Xelm—1,,5)]. (22) 


These formulas will be used a great deal in the following sections. 

4. First order terms of the Stark effect. If the field does not vanish 
the functions X, Y, as well as the constants a, %, A’ will depend on D. 
We. solve the problem by the method of successive approximations 
putting 
[f — @=ayp+Dey +D%a2 + -- - 

A= %o+DAi +D7°A2+ --- 
9 W=%’—DA, —D?A:+ --- (23) 
X=Xo+DXi4+D°X24+ --- 
L  Y=¥otDYi4+D*¥2+ --- 





Such a method was, to the author’s knowledge, first applied in a similar 
case by Matthieu. Substituting (23) into Eqs. (10) we get the system 





























—+(2 +) anaati 9 (24a) 
a: neonate tite =Q, a 
age Dae 
d?X, § dX, 2aom dXo Wi +say 
dg? + (20 J . << "a2 3 
(24b) 
+——EXx 
4k? QO, 
d?X. d 2 dX PY | 
a4 (20042) 23- coe os a end 
dé? EJ dt g dé g 
(24c) 
4 Me ay ‘ dXo Ust sas 
— oe .. 


The equations for Y result from these if we substitute for m and change 
the sign of %;, %_ and of the term with pe/4k?. 

| The solution of the first equation has been discussed in the preceding 
section. Eqs. (24b, c) are inhomogeneous equations of the same type, 
the right side being known when the preceding equation is solved. To 
accomplish this solution, we will discuss the equation 
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d?u du _ 2am CXo(m’ ,s) 
oe _2n+- = . (25) 
dé? J dg E g 
We try to substitute «=C’X )(m’,s). This function satisfies Eq. (24a) 
with m’ replacing m. The substitution gives, therefore, 


2ao(m’ —m)C’ =C 





or 


Cc 
u = —————-X,(m’,s). (26) 
2ao(m’ —m) al 
This solution obviously satisfies all the requirements of finiteness, but 
it applies only to the case m’=-m. If m’=m, the solution can be found 
by the method of variation of constants and it turns out to be 


u=CXo f ee ZoX dt —CLo f ete *X.tdE. 


where Zp is an abbreviation for the second integral of (24a) mentioned 
in Section 3. As this integral does not satisfy the conditions of finiteness 
and enters as a factor into the second term of our expression, it follows 
that it is not possible to satisfy the conditions of finiteness, if in (25) m’! =m. 
The procedure is now obvious. We transform the right side of (24b) 
with the help of relations (21) (22) into 
2am Wi+sa ay) me 
= _ [Xo(m,s) — Xo(m—1,s)]—- — Xo(m, +2 16kas? 
- {(s+-m)(s-+m+1)Xo(m+2,s)—2(s+m)(s+2m+1) Xo(m+1,5) 
+ [(s++m)(m+1)+(s+2m)?+ (s+m—1)m]Xo(m,s) 
—2m(s+2m—1)Xo(m—1,s)+m(m—1)Xo(m—2,s)} 








From the preceding discussion we know that all terms will give a con- 
tribution of the required properties except those containing Xo(m,s). 
The condition which we have to impose on a, and Y, is therefore, that 
the sum of the coefficients of this term must: vanish: 


Wi +(s+2m)oi= Toho? ————, |(st+-m)(m+1)+(s+2m)?+(s-+m— 1)m]. (27) 


Correspondingly, the solution of (24b) is, according to (26), 


Xi=- —mXo(m— 1,s)+ { (s-+-m)(s-+m-+1) Xo(m+2,5) 





64k2a8 (28) 
ania (s+2m+1) Xo(m+1,s)+4m(s+2m—1)Xo(m—1,5) 
—m(m—1)Xo(m—2,s)}. 
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By analogy the formulas derived from the conditions to which Y is 
subject are: 





— i+ (s+2n)a,= — a [(s+-m)(m+1)+(s+2m)?+(s+n—1)n], (27’) 





Y\;=- — Yon 1,8) kag 3 {(s+n)(st+n+1)Vo(n+2, 5) (28’) 


—A(s+mn)(s+2n+1)Vo(u+1,5)+4n(s+2n—1)V¥o(n—1,s) 
—n(n—1) Y¥o(n—2,s)} ; 
Adding (27) and (27’) we have 


spe ed, (29) 





which gives directly the Stark effect of the first order because of the 
connection (9) between a and the energy. However, we shall postpone 
the discussion of the results until Section 8. 

5. Second order terms of the Stark effect. As in the computation of 
the first order terms, the condition which we have to impose upon YW», ae, 
is the vanishing of the term- proportional to Xo(m,s) on the right side of 
(24c). All we have to do is to write down this part of that expression 
and make it equal to zero: 








(m-+1)(s-+-m)(s-+2m-+1)+— — 2(s-+-m—1)(s+2m—1)m 


* 8k! 16 kao? 

22 . 
pee { (s-+m)(s-+m+1)(m+1)(m+2)+8(s-+m)(s+2m+1)*(m+1) 
1024k4ag5 


—8m(s-+2m—1)2(s++m—1)—m(m—1)(s-+m—2)(s+m—1)} 
—A2—(s+2m)a,=0. 


This can be written in the simpler form 





—— —* [(m+1)(s+m)(s-+m+1) — m(s+-m—1)(s+2m—1)] 


202 


512k*ta9® 





- (s+-2m) [4s°+9s+5+34m(s+m) ]=U2+(s+2m)az, 


and by — 





a <—_ [(n+1)(s+n)(s+-n+1)— n(s-+n—1)(s+2n—1)] 


pe? 


512kta9 


-e 





5 (s+ 2n) [452+ 9s+5+34n(s+n) ]= —Us+(s+2n)az. 
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Adding the two expressions 
pte? 
= —— |17(m+n-+s)?—21(m—n)?—9s?+18s+10 30 
O2dagt Tmt ets)*—21(m—n)*—95-+188+10} (30) 
The consequences of this expression will be discussed in Section 8. 
6. Connection of the intensities with our expressions. It has been shown 
by Schroedinger and independently by Eckart® that the components of 
Heisenberg’s matiix are given by the expressions 


ae 


qz(m,n,s;m’ ,n’,s’)=A(m,n,s)A(m’,n’,s’). 
. ff ap(m,n,s)p(m' ,n’ ,s’)dxdydz, (31) 


(with analogous expressions for y and z), the integration being extended 


over the whole space. 
We introduce our coordinates £, n, ¢, by means of (3) and (4): 


= “A(m,m,$)A(m,n!,3) f f f (g2—n°)M(m,n,s,)M(m’,n’,s',8). 


1) 


cos cos 
: N(m,n,s,n)N(m’ ,n’ ,s’ ,n) si (s— 1)¢ (s’—1) ¢dédndg. 


n sin 
We see that q, is finite only when s’=s: only oscillations corresponding 
to s—s'=0 are pclarized in the direction z. 


qs(m,n,s;m’ ,n’,s’) =~ A(m,m,s)A(m' 1,5). 
(32) 


+f {am 0,,5,)M Co sal ,5,2)N CH e4,5, 0) NCW 5 nbd 
In a similar way 


1 
qey= qAl#, 5) Alm’, #', 8) , 


Sf VEn(E+n)M(m,n,s,t)M(m' ,n’,s’,£) ¥ 


cos cos co 
i N(m,n,s,n)N(m’ ,n’,s’ ,n) . (s—1)¢ ‘ (s’—1)¢ P 
Sl sin $l 


* pdtdndt 


n n 


The integration with respect to ¢ can be carried out immediately, giving 
a finite value (+2/2) only when s’=s+1. Oscillations polarized in the 
plane (x,y) correspond to quantum changes s—s’ = +1. 


* Carl Eckart, Phys. Rev. 28, 711 (1926). 
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| qa,¥| = -A(m,m,3)A (mn! 51) 


J J VEn(G-+n) M(m,cr,5,8)M(m',a! s£1,8) - 


- N(n,a,s,n)N(n’ ,a’,s+1, n)dtdn. (32’) 


As to the coefficients A(m,n,s) they are defined by the requirement 
~AXm,m,5) ff (En) Mma, 5,NAH,a,5,8)dkdn=1. (33) 


It appears from this that the fundamental problem that must be solved, 
in order to find these expressions, is to calculate the integral 
Rim, a;m',a's) = f [Mim, a, 5, M'm',al,s, Bde 34) 
0 


7. Auxiliary mathematical expressions. In the developments of this 
section we shall keep m’ and s constant. Therefore, we can abbreviate 
expression (34) by the symbol R(m). For the computations of intensities 
it is a sufficient approximation to substitute for M and WN the values 
M, and N, corresponding to a vanishing electric field (D=0) which 
differ from the exact values only by minute amounts. For convenience of 
writing, however, we shall drop the subscripts 0. We can obtain a 
recurrent relation for R(m) directly from Eq. (7). If we multiply this 
equation by M’=M(m’',a',s,&) and subtract from the product the 
equation obtained from (7) by the substitution of m’,a’ instead of m, a 
multiplied by M = M(m,a,s,t) the result is with the help of substitution 
(9) and (11) 

df dM d { dM’ 


1 —M— — [(a?-a’? 2 
wk ry rr = [(a?—a’*)E+(s+2m)a 


—(s+2m')a’|MM'=0. 
Integrating with respect to — from 0 to © 


(a?—a’2) f EMM'dt-+[(s+2m)a—(s+2m')a']R(m)=0 (35) 


We transform £M with the help of formula (20) which applies to the 
functions M as well as to the functions X o. 


1 
(s+m)R(m+1)— [ (s+ m+ mut (m—m')- | R(m)-+mR(m—1)=0, (36) 
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(oa - (37) 
a’+a 1+] 

This result is insofar interesting as it shows that all the R(m) can be 
computed from this formula if only R(0,a; 0,a’; s) is known. This last 
function, however, can be obtained directly from the definition (34), 
considering that M(0, a, s) =& @-) /e8, 
(s—1)! 
(a+a’)* 
Apart from this factor the expressions R(m) are, therefore, functions of 
the combination u only. It is natural to introduce new notations: 





R(0,0) = RO, a;0,a’;s)=(—1)* (40) 


R(m) = 





- 41 
apm. (41) 


For the U(m) the same relation must hold 
1 

(s-+m) U(m+ 1) — [ (stmt!) (mm U(m)+mU(m—1)=0. (42) 
u 


A second relation can be obtained by differentiating R(m) with respect 
toa: 


= 





=— £ fe% £ AX (mat) Midge feuarae+ a : oe. 


On the other hand from (41) 
dR(m) 


a 


1 
(ata') 
Comparing these two relations and using (20) and (22) 


(i- us). T= — (stm) Um+1) + sum) +mU (m1). (43) 








=- [ sem +(+4)s a) 





From (42) and (43) we obtain a differential equation determining U(m). 
It is, however, convenient to make the substitution 


U(m) =u™—™'V(m) (44) 


and to use as independent variable the square v= u*. 
The equation then acquires the form 


av — ) a 


init + [(m—m' +1) —(s+m—m' +1)»] 








(45) 


+m'(s+m)V(m)=0, 
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so that 
V(m) =CF(s+-m, —m’' ,m—m'+1,2). 


The third argument of the function must satisfy certain conditions to 
give a finite value and this gives for m’ the restriction m’ Sm. 

It remains to determine the factor C. Its dependence on m can be 
obtained from the recursion (43) which shows that this part of the factor 
is m!/(m—m’)!. The rest follows from the requirement of symmetry 
with respect to m and m’ and the limiting value (40) for m=m’ =0. 

(s—1) '(s—1)!m! 


elie \(m—m’) ! (#6) 





It follows 
(—1)*(s—1) "(s—1)!m! um’ 


(s+m’—1) (m—m’)! (a+a’)* 
-F(s+m,—m’ ,m—m'+1 , U2) ‘ 


R(m,a,m’ a’ ,s)= 





(47) 


The symmetry of this expression becomes apparent when we rearrange 
it in falling powers of u?: 


(s+m-+m’'—1) '(s—1) '((s—1)! um’ (48) 
(s+m—1) !(s+m’—1)! (a+a’)* 





R(m,a;m’ a’ ;s)=(—1)**™" 
1 
P(-m,—m! ,-s—m—m'+1,—) ‘ 
u? 
In the special case m=m’, a=a’ 
(s—1)'(s—1)!m! 1 
(s+m—1)! (2a)* 


R(m ,a;m ,a;s)= (- 1)? 





(49) 


8. Explicit expressions of the intensities. To compute (32) we shall 
need another integral 


T(m,a; na= f 2M M’'dé. 
(m,a;m’ ,a’) _e t (50) 


According to (20) 
T(m ,m’) = —f £{ (s+m)M(m+1)—(s+2m)M(m)+mM(m—1)} M'dé. 
A! 0 


On account of relations (35) and (36) 


i POT techn eth ind (51) 
0 (a+a’)u 














706 P. S. EPSTEIN 


and 


T(m,m’) = ed (=| ttm yu —(m—m) | (52) 


(ata’)?u \ 
+[ (-+m-+m’)u (m—m')— | Rm) —2mR(m—1) 
According to expression (32) | 
gem sn 138) =—| T(m,m')R(n,n')—R(m,m!)T(n,w')}, (53) 


where we use abbreviation 
B= —=A(m,m,s)A (m! ,n',s)/(a-+a’)?. (54) 

This can be transformed into the form 

B , , 

qe=—{ [—(m’—n')(1—u2) 
u 
+(m—n)(1+u?)] - R(m,m’)R(n,n')—2u[mR(m—1,m’)R(n,n’) 
—nR(m,m')R(n—1,n’)]}. 


A further reduction gives 
By mtn-m’—n'—-2 


qe= ; { [(1-+1*) (m—m) —(1—u*)(m'—n’)]V (m,m’) V(n,n’) 
(a+a’)* (55) 


—2[mV(m—1,m')V(n,n’)—nV(m,m')V(n—1,n’)]}. 





It only remains to determine B which is defined by condition (33). 
Eq. (51) remains applicable in the case m=m’, a=a’, u=0 and gives 


- s+2m 
f §M*d§ = ———— R(m,a;m,a). 
0 2a 


With the help of this relation (33) reduces to 








A2 
an (m+n-+s)R(m,m)R(n,n)=1 
a 
and with the aid of (49) and (16) to 
2 =k (2a)*+! (s+m—1)! (s+n—T)! 

A(m ,n ,s)= - . 

T e (s—1) '(s—1)! m'\n! 

k? (a+a’)* 





(1 —?)*+1 ° 


B= 
4uZe? [(s—1) !]* 
fa \(s+-n—1) !(s-+-m’—1) !(s+mn’—1) (56) 








m'in'm''\n'! 
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If we substitute into expression (55) the functions 








}(m ,m') =F (s-+-m, —m’' ,m—m' +1, 4") (57) 
this expression can be reduced to its simplest form (1=m-+-n-+s) 
k? (s+m—1)!(s+n—1)! min! (1—u?)*tty!l-"—2 
4 auze V (s+m'—1)1(stn'—1)Im'in'l (m—m’)\(n—n')1 
- { [(1-+u*)(m—n) —(1—u*)(m’—n') ]&(m,m’) &(n,n’) (58) 


—2[(m—m') &(m—1,m’) &(n,n') —(n—n’') &(m,m’)d(n—1,n’)]}. 
To handle expression (32’), we have to make use of formulas (19) 
and (51). In the case s’=s+1) we obtain 
k? (st+m—1)!(s+n—1)!m!n! ui! —-2(1—42)st? 
“du Ze? V (stm)! (stn’)!m'!n'!  (m—n)!(m'—n’)!_ (59) 
. [(s++-m) (s+) u?S(m ,m’ ,s+1)8(n,n’ ,s+1)—(m—m')(n—n’) - 
- &(m—1,m’ ,s+1).6(n—1,n',s+1)]. 








qs 


In the case s’=s—1 





k? (s+-m—1)!(s+n—1)!m!n! ui —2( 1 — 42) er) 
“4 uZe?® (s+-m’—2) !(s+n’—2) m’ !n! !(m—m'+1) !n—n'+1) 
+ [(m—m'+1)(n—n'+1)®(m,m’ ,s)&(n,n',s) —m'n'u2(m ,m’—1,5) 
- &(n,n'—1,s)]. 





Je 


9. Position of the components. According to definition (9) 


E=—— a’ 
BL 
or expanding in powers of D and denoting the part of E proportional to 
D by AE, that proportional to D*® by A;E: 


2k 
Eot+ A: E+A2,E= —— (aot+a:D+a2D’)? 
mM 


4k? 
A, E= —— aga), 
m 


or 


2k? 
A2E = —— (a;?+ 2apaz)D?. 
mM 
Substituting expressions (16), (29), and (30) and remembering that 
k=h/2r 





A,E= Sa*Ze (m+n-+s)(m—n), (60) 
-3%°0 


ane 
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D? h\& 
A,E=— (—-) (m+n+s)*[17(m+n+s)* 


27e 
—3(m—n)*?—9s?+18s+10]. (61) 


There can be hardly any doubt how to interpret these expressions. 
According to Sections 1 and 2 


s=1,2,3,4,--- m,n=0,1,2,3,---- (62) 
In the old theory we had 
m3=1,2,3,4, sci m,,N2=0,1,2,3, eee 


Therefore, m, n, s must be identified with the quantic numbers m,, m2, m3, 
respectively. It will be remembered that the restriction for the azimuthal 
quantum number ”;>0 was an additional one, not following from the 
dynamical conditions. It was introduced by Bohr for the purpose of 
eliminating plane orbits, moving in which the electrons would sooner or 
later undergo a collusion with the nucleus. In our new theory an addi- 
tional restriction is not necessary: only (s—1)? enters into Eq. (7). The 
case s=0 does not represent, therefore, a new oscillation, it is identical 
with the case s=2, so that by the assignment (62) all possible states 
are taken care of. 

Formula (60) is, therefore, identical with the writer’s old expression 
for the Stark effect whose agreement with the experimentally determined 
positions is all that can be desired. Formula (61) differs slightly from 
the expression of the second order effect given by the author® and by 
M. Mosharrafa’ in that it contains the terms 18s+10 which were absent 
in the old formula. 

The only observation on record of the second order effect is due to 
Takamine ‘and Kokubu.® These authors found a displacement of the 
central perpendicular component of H, in the red direction by an amount 
which they estimate at 1A in a field of 130 kilovolts per cm. As we shall 
see in our next section, we have for this component the following quantic 
numbers of the first term m =n =1, s=3. Because of the factor (m-+-n-+s)*® 
the second term (m’+n’+s'=2) is negligible compared with the first. 
The shift in wave-numbers is given by A;,V=A;E/h, in wave-lengths by 
As\ = —A2E - \?/hc. If we measure \ in A, D in kilovolt/cm, the value 
of the numerical coefficient of the shift corresponding to formula (61) 
becomes 5.21X10-" giving for the above conditions (A=4340.5A) 
4:\=0.42A. This theoretical value lies in the right direction and is of 


* P.S. Epstein (l.c.). By an oversight the sign of the expression was there given as 
positive. 

1 A. M. Mosharrafa Phil. Mag. 44, 371 (1922). 

* Takamine and Kokubu, Proc. Tokyo Math. Phys. Soc. 9, 396 (1919). 
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the right order of magnitude. However, one gets practically the same 
result with the old formula. The positions of the lines are represented 
equally well by both theories. 

10. Numerical values of intensities. Formulas (58), (59), (59’) of 
Section 7 are very convenient for numerical computation. Owing to 
the fact that in the Balmer series m’ and n’ cannot be larger than one, 
the hypergeometric function (57) reduces to one or two terms, and our 
expressions can be evaluated in a few seconds for every combination of 
quantic numbers. In the following tables we abbreviate by Q the ex- 
pression 

QO=(m+n-+s)(m—n) —(m'—n'—s')(m'—n’) 
giving the position of the component according to formula (60). We 
have seen in Section 6 that the electric vector of the emitted light is 
parallel to the applied field (p-components) when s—s’=0, and per- 
pendicular to it (s-components) when s—s’= +1. 


Ha-line. p-components. 


Q : 2 3 4 8 
Calc. Ampl.: 0.8 1.0 1.3 0.03 
Obs. Int. : 1 1.1 1.2 — 

Ha line. s-components. 

Q 0 1 5 6 
Calc. AmpIl.: 28 8.32 O68 9.1 
Obs. Int. : 2.6 1 — — 

H6 line. -components. 

Q 0 2 6 8 10 12 14 
Calc. Ampl.: 0 16 4.8 7.4 10.2 — 0.5 
Obs. Int. : 1.4 2 48 Ft iow ‘3 _ 

H68 line. s-components. 

Q 0 2 4 6 8 10 12 
Calc. Ampl.: — 5.0 12.6 10.2 — 1.4 1.6 
Obs. Int. 14 324 0836 9.7 13 1.8 1 

Hy line. -components. 

Q 2 5 8 12 15 18 22 
Calc. Ampl.: 3.4 2.6 1 3.5 6.5 9.8 0.7 
Obs. Int. : 1.6 1.5 1 20 7.2 068 -1 

Hy line. s-components. 
Q 0 3 7 10 13 17 20 


Calc. Ampl.: 5.4 3.1 3s 42 4a GF Gs 
Obs. Int. : 7.2 3.6 is 43 G2 t2 1 
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Hé6 line. p-components. 


Q 0 4 8 6 16 20 24 28 32 
Calc. Ampl.: 0 1.0 35 16 12 12 2.5 €2 O04 
Obs. Int. : 0 1 52 8.5 O28 §.4 28 73. 3 

H6 line. s-components. 

Q “2 6 10 14 18 22 26 = 330 
Calc. Ampl.: 1.4 3.2 22 0.3 25 25 6.5 @.7 
Obs. Int. 1.3 3.2 7 io? oo oe oe oe 


We have given only the positive values of Q@. From the symmetry of 
our formulas it is evident that we shall have the same intensities for 
the negative Q. Special remarks must be made only with respect to the 
last columns of the ~-components and the last but one of the s-com- 
ponents; here the second argument (m’ or n’) of R is larger than the first, 
so that our formulas cannot be used in the given form but must be slightly 
changed by inverting the hypergeometric functions as in Eq. (48). 

Comparing the calculated values with those observed by Stark® we 
notice the phenomenon stated by H. N. Russel!® in his work on the 
intensities of multiplets. The observed values, estimated by the experi- 
mental physicist from the blackening of the photographic plate, are not 
proportional to the intensities but to their square roots, i.e., to the 
amplitudes of the emitted waves. Therefore, we have tabulated alongside 
with Stark’s observed data the calculated amplitudes. We see that the 
agreement is fair, and decidedly better than that obtained from Bohr’s 
correspondence principle in Kramers’ work. 

On account of our discussion of the second order displacement of the 
central Hy line (Q=0, s-component) in the preceding section, it will be 
well to state the following particulars. This component represents the 
superposition of two different transitions: from m=1, n=1, s=3 to 
m'=n'=2, s’'=2 and from m=n=2, s=1 to m’=n'=0, s’=2. The 
first transition, however, contributes 85 percent of the total intensity 
and the second only 15 percent. Therefore, it is permissible for the 
purpose of the last section to neglect the second origin of this line alto- 
gether, as we have done. 

NorMAN BrinGE LABORATORY OF PHYSICS, 


PASADENA, CALIFORNIA. 
July 29, 1926. 


J. Stark, Ann. d. Phys. 48, 193 (1915). 
10H. N. Russel, Nature 115, 835 (1925). 
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OPERATOR CALCULUS AND THE SOLUTION OF THE 
EQUATIONS OF QUANTUM DYNAMICS 


By Cart EcKart* 


ABSTRACT 
A formal calculus is developed which includes the Born and Jordan matrix 
dynamics, and also the remarkable quantum condition of Schroedinger. A 
method for the calculation of the matrices which is in close analogy to the 
classical Hamilton-Jacobi method of solving dynamical problems is explained. 
These results have been obtained independently by E. Schroedinger [Ann. d. 
Physik. 79, 734 (1926) }. 


HE recent advances in quantum dynamics made by Heisenberg’, 

Born and Jordan,? Dirac,’ and most recently, by Schroedinger,* have 
lead to various mathematical formulations of the various physical 
hypotheses involved. In the present paper it is proposed to give a unified 
mathematical treatment, which, though it cannot pretend to be the final 
form of the theory, leads to methods of solution of the equations of Born 
and Jordan, and Dirac which are much simpler than those previously 
developed. Very little attempt to justify the mathematical steps by 
physical hypothesis will be made. The final achievement will be the 
inclusion of the results of Schroedinger in a single calculus with those of 
the other authors mentioned above. This would seem to be the strongest 
support which either of the two widely dissimilar theories have thus far 
received. 


I. THE OPERATOR CALCULUS IN THE CLASSICAL THEORY 


Let g and f be numerical quantities’ and gf their product. This product 
may be said to result from the action of the operator [gx] on f. For 
simplicity of notation we shall denote [qx] by the single symbol Q. This 
operator is not identical with gq, e.g., the operation of multiplying by two 
is not identical with the integer 2. However, just as the result of multiply- 
ing the integer 1 by two is the integer 2, so in general the result of applying 


* National Research Fellow. 

1 Heisenberg, Zeits. f. Physik. 33, 879 (1925). 

? Born and Jordan, Zeits. f. Physik. 34, 858 (1925). 

* Dirac, Proc. Roy. Soc. A109, 642 (1925); A110, 561 (1926). 

* Schroedinger, Ann. d. Physik. 79, 361 (1926). 

5 Throughout this paper, the term numerical quantity will be used to distinguish 
between the quantities of the classical physical theories, and those appearing in the 
generalized calculus about to be developed. These latter quantities will be called, 
“operators,” The numerical quantities will be denoted by lower case letters, while upper 
case will be used for the operators. 
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the operator Q to the integer 1 will be g; this may be expressed by the 
equation Q1 =q. 

To avoid lengthy explanations of the significance of equations it may 
be remarked that throughout Part I, the sense of any equation will 
become obvious if symbols such as Q,P or X are read as the “‘operation of 
multiplying by the numerical quantity g,p or x.” 

It is possible to define the addition and multiplication of operators. 
The equations 

(QQ+X)1=(X+Q)1=q+x% 
QX1=XQ1= qx 


are sufficient for this. Similarly, the symbolism Q” may be given a 
meaning, and from this a large class of functions of operators may be 
built up. 

Beside the operation of multiplication, the operation of differentiation, 
d/dx, plays an important role in analytic theory. Its relations with the 
operators already defined must be investigated. Let g=gq(x); then the 
operator Q is a function of the operator X:Q=Q(X). This definition is 
identical with the previous definition of a function of an operator, but 
will not as readily permit of generalization. The result of the operation 
of Q on an arbitrary function f(x) is 


Of=af 
If we follow the operation Q by the operation d/dx, the result is 
d dq df [:' | df 
— = = — xX 
dx ey iv “te dx I+@7, 


Since f is entirely arbitrary, it may be omitted from the equations and 
the result, written in operator form, is 


d d@ [dq dQ 
—O- wo | — 1 
dx on [Sx] dX ©) 


The symbol dQ/dX which is defined by this equation is read “‘the opera- 
tion of multiplying by dg/dx.”’ This interpretation makes it unnecessary 


to prove that 
dQP) dQ. @P 


= —~—P+o— 
ax dX | “ax 


though such a proof could readily be constructed, and will be given when 
the present simple interpretation is abandoned in the next section. 
If the 2n quantities g; and ; satisfy the equations 


7 =- <= (2) 


dt aq; dt ap; 
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it is fairly obvious that the corresponding operator equations are 


dP; __ aH (PQ) 4Q;__ aH (PQ) : 

dT a0; ar 3 aP; ” 
Expressed in words, the first equation reads “‘the operation of multiplying 
by dp;/dt is equivalent to the operation of multiplying by —0H/dq;.” 

In translating ordinary equations into operator notation, nothing new 
is introduced. The translation involves merely a change of mental focus. 
Instead of concentrating the attention on the numerical quantities, it is 
directed to the operations of combining them. Since the great problem 
of the quantum theory seems to be to find new methods of computation, 
new operations of combining numerical quantities, it may be supposed 
that this change of view-point will be of value in the development of the 
theory. This value may be purely heuristic, and it may be possible to 
reduce the equations finally obtained to ordinary differential equations, 
or at least, to equations involving only the ordinary mathematical opera- 
tions with which we are already familiar. It is also conceivable, though 
not probable, that this will not be possible. If this should be the case, 
it will not mean that the fundamental entities of the mathematical 
theory will be other than ordinary numbers. The operators (we shall see 
later that matrices may be regarded as operators) will be secondary 
entities in the same sense that the operations of multiplication and 
addition are secondary to the numbers of arithmetic. 

We might now proceed to consider operations of a more general class 
than those considered above. It seems preferable, however, to give a 
short discussion of the methods of solving the operator equations which 
have already been defined. The simplest way, but the least instructive, 
would be to translate them directly into ordinary equations and solve 
these. In order to illustrate the new point of view, the equation 


d*O 
dT? 





+ w9=0 (4) 


will be solved by a less direct method. From Eq. (1) it follows that this 
equation may also be written 
<r - +0" Se 0 (4a) 
— 2— — a 
dt? 5° dt? ball 


The problem is to find a function g(#) such that 


<w- 2° (4 2) + gS + wtf 0 (4b) 
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for any choice of the function f(t). If the operations indicated in (4b) 
are carried out, it reduces to 


1(5 + )- 0 (5) 


which, since f is certainly not always zero, reduces in turn to 
29 
eet 2 
a are wg =0 (6) 
which is the result which would have been obtained if the more direct 
method of solution had been used. 

There is yet anothe: problem related to the previous one, as will pres- 
ently be apparent. In the Eq. (4a), the operator d/dt may be replaced by 
the operator ? =8[q,(d/dq)]. The problem is then to find the operator 3 
such that 


39g — 23q56+ 98°+ wo =0 (7) 

is an identity in ¢(g). Without entering into the general theory, we try 
oS d 
~ og dg 


where S is a function of q which is to be determined so that Eq. (7) is 
satisfied. If this value of 3 is substituted into (7) it becomes on simplifi- 


cation 
dS d*§ 
> - ‘a i +w “= 0 (8) 
which is satisfied for all @ provided that 
1/ds\? — wt 
-( + w*g=W=const. 2 (8a) 


This is none other than the Hamilton-Jacobi equation corresponding to 
Eq. (4), and it is known that the solution of the original problem con- 


nected with (4) can be reduced to the solution of 
dq_ 4s 


dt dq 


when S has been determined. The operator calculus thus leads to a new 
conception of the Hamilton-Jacobi theory of the solution of the equations 
of dynamics. 


II. THE GENERALIZATION OF THE OPERATOR CALCULUS 


The definition of an operator will now be generalized; the notation 
Qf will henceforth be interpreted to represent the result of any general 
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way of combining the numerical quantities g and f, subject only to the 
restriction that Q(f+g) =Qf+Qg. In more usual language, Qf is a function 
of g and f, and perhaps also of their derivatives with respect to any 
independent variable of which they may be functions. Since f is entirely 
arbitrary, it may again be suppressed in the equations to be derived, 
making them operator equations in the sense already explained. 

In the previous section, because of the interpretation given Q as the 
simple operation of multiplication by g, the multiplication of operators 
obeyed the commutative law QP =PQ. In a more general calculus, this 
law will not in general be valid; for Q might be [¢X], while P might be 
d/dq, and these operations are certainly not commutative. 

The operator d/dx loses its utility in the generalized calculus (though 
not its existence nor its significance). It is possible to define another 
operator by the relation 


D,X—XD,=([1X] (9) 


which will replace it. The solution of equations of this type for Dy in 
terms of X must be considered as one of the fundamental problems of 
operator theory. We assume the existence of a solution in all cases, 
though this must be proven. 

If Q is a function of X, in the sense that its operation is the equivalent 
of a series of operations involving the operation X one or more times, 
the operation defined by 


dQ 

—=D.0-QD, 10 

ix 2-2. (10) 
will play a part in the solution of operator equations which is entirely 
analogous to that played by dgq/dx in the solution of ordinary equations.® 
The laws of operation of d/dX are: 


d saith dQ dP 
ax” "x ax 
(11) 
+ er)= Sprig 
dX dX dX 


The proof of the first is obvious. The second also follows from the 

definition: 
. d 

—(QP)= DQP-QPD, 

rr (QP) 0P—Q 

* Cf. the references to Born and Jordan, and Dirac already cited. Also S. Pincherle, 


Funktionaloperationen und -gleichungen Enc, Math. Wiss. II A 11, or Equations et 
opérations fonctionelles, Enc. sciences math., II vol. 5, fasc. 1. 
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= D,.QP—QD,P+QD,P—OPD, 


dQ P+0 dP 
~ dX dX 
In this last equation, the order in which Q and P are written must be 
preserved. From this remark it follows that there will be no rule analo- 
gous to the rule for the differentiation of a function ofa numerical quantity. 
If we are concerned with functions of more than one variable, say 
Q: - - - Qn, the operations analogous to partial differentiation are defined 
by the relations 
DQi—O:D j= [6:5] (12) 
where the numbers 6;; are zero when i+j, and unity when i=j. The 
compound operators 0/0Q; defined by 


ad D,F—FD (13) 
00; 

are then quite analogous to the operations denoted by the same symbol 
in Part I. It must again be remarked that the non-commutativity of 
multiplication prevents the expression of the total derivative in terms 
of the partials. 

Before proceeding to a discussion of the quantum theory, the sig- 
nificance of the modified operation of multiplication must be considered. 
The validity of 2X2=4 can certainly not be called into question. The 
generalized multiplication is perhaps more closely analogous to vector 
than to arithmetic multiplication. The operators are compound, built 
up from the elementary arithmetic operations of multiplication and 
addition in an undetermined manner. In the terminology which has 
been developed above, they are functions of the arithmetic operations. 
The problem of the quantum theory is to determine these functions: of 
the simple operations so that the solution of the Hamiltonian equations 
represents the observed phenomena. 

A special example, having no direct application to the present subject 
will serve to make this clear. The velocities of two bodies relative to an 
observer on a third are readily measured. So is the velocity of one of 
them relative to the other. According to pre-relativity kinematics, the 
three velocities are related (provided they all have the same direction) 
by the formula 


Vj3=Vy2t+V23 (14) 


where 22 is the velocity of the body 1 relative to the body 2, etc. The 
sign + represents the ordinary arithmetic operation of addition. This 
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formula, however, is found to be too simple to represent the observational 


data accurately, and is replaced by a more elaborate one: 
Vi2t+ 023 
13 = 
Viz * Ves 





i+ _ 
This is the usual way of stating the modification which kinematics has 
undergone. An exponent of the operator calculus might prefer to state 
it in another way, saying that the Eq. (14) has not been altered, but that 
the sign + no longer represents the arithmetic operation of addition. 
Fundamentally, neither statement is preferable to the other. Neither 
results in simpler numerical computations than the other, and both would 
lead to the same numbers 23. 

The operator calculus developed above is merely a logical application 
of the same ideas to the operation of multiplication. A special case of it 
might have been developed by changing the significance of the sign X. 
Such a calculus; having a definite geometrical interpretation, is vector 
analysis. By associating with each numerical quantity its own operation 
of multiplication, however, we have obtained a more general calculus. 


III. QUANTUM DyNAMICS 


The equations of the new mechanics have been developed by Born and 
Jordan on a frankly empirical basis. Their discovery was not entirely a 
matter of chance, however, but was accomplished by the aid of a principle 
which has been most clearly stated by Dirac: in seeking for the new 
equations, the classical equations are to be retained formally without 
alteration. Only the operations by which the quantities involved are 
combined are to be altered. In order to obtain the necessary freedom to 
alter the operation of multiplication, the “quantities involved” were 
first interpreted as matrices. Then it was shown by Born and Wiener’ 
that the matrices were closely related to a special form of operator, and 
that the operator calculus furnished a means of calculating the matrices. 
The present paper is the application of a general operator calculus to the 
same problem. The significance of the operators is suggested by the 
remarks at the end of the last section. It does not seem worth the trouble 
to pursue any more detailed speculations at this time. 

Let P; and Q; be the operators which correspond to the classical 
[p;X] and [¢;X], where p; and q; are the momenta and coordinates of a 
dynamical system. The first relation existing between the classical 
analogues to P; and Q; is the commutation law of multiplication. Accord- 


* Born and Wiener, Zeits. f. Physik. 36, 174 (1926). 
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ing to the results of Heisenberg, the corresponding relations in the new 
mechanics are 


PQ;j—Q;iPi= [— biiX ] 


wt 


2:0;-20:=0 . _  @) 
P,P ;—P;P;=0 


which also take the place of the quantum conditions. 
These operators are related by the following Hamiltonian equations: 


dP; d d dH (PQ) 

ae i ey GE pn es 

dT dt dt 80; (II) 
dQ; d d 0H (PQ) 

— —0;-Q2;— _ atin eimias 

aT dt dt 80; 


These two sets of equations are apparently sufficient to determine the 
operators in terms of ¢ and d/dt, except for a certain arbitrariness which 
will be removed later by another postulate. 

In the operator calculus of the classical theory, there is a relation 
between the operators and the numerical quantities, as was pointed out 
in the first part of this paper. It is Q1=gq. In the same way, it is possible 
to define a numerical quantity related to each operator of the new theory 
by a relation which has already been used by Born and Wiener: 


1 
yah: 
1 
yew =i (IIT) 
and in general 
’ 1 
_Fy = 
y f 


where F is any function of P; and Q;. The numerical quantity y in the 
Born and Wiener calculus has the value exp [2riWt/h], where W is 
the energy in the mth quantum state. In the present calculus it will be 
defined by the relation. 


1 
5 TE Rdnn Ws (15) 


It will be seen that this is the equation published by Schroedinger in 
another form, and which in addition to defining W,, serves to distinguish 
a certain discrete sequence of values of W from all others. 
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IV. THE SOLUTION OF THE EQUATIONS 


The first step in the solution of the operator equations of the last 
section is to find an operator #(g,0/0q) such that the equations are 
identities when # is substituted for d/dt, and the operator Q; is assumed 
to be [¢;X]. 

Let F be any function of the operators P; and Q;. Then it may be 
shown that the conditions (I) are entirely equivalent to 


— h oF 
’ Iwi 80; 

(Ia) 
QF — FQ eons 
’ Qwi OP; 


The proof is easily constructed using the method of induction.* Hence 
Eq. (II) may be written 
d d 


_ 2xt 
—P ,—P;— = —(HP;—P;H) 
dt it h 


’ (IIa) 
d d a aia H 
ne! oF — h ( Qj Q; ) 


It is to be noted that this is a direct consequence of Eq. (I) and therefore 
has no analogon in the classical theory. ; 

From the form of (Ila) it is seen that the operator # for which we are 
seeking will be 


2ri 
v= {Fee 


The first part of the problem is thus reduced to finding P; such that it 
satisfies the Eq. (I) when Q;= [g;X]. The solution of this problem is 
not difficult; if P;=(h/2mi)(0/0q;) be substituted into (I) and both sides 
of the equations allowed to act on an arbitrary function of g;, we get 


C) ad) h of h 
amen fits) co cmgpemes ap —mmfigg 
2xi 0g; ad 2x i? 0g; 2nxt 


Remembering the rule for the differentiation of a product, it is readily 
seen that the equations are identities in f. Hence the first part of the 
problem is competely solved: 


_ we “a (= ) (16) 
Qari ? “ 


* Born, Heisenberg, and Jordan, Zeits. f. Physik. 35, 557 (1926). 
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Eg. (15) becomes on pany this value of 3: 





— —» W 17 
“8(555 Oa; u) y= (17) 
which may also be written 
1 2riW 
wy = - (18) 
y h 


In the case of Keplerian motion, where 


2 


1 
H(PQ) = —[P.2+P,?+P,’] — ll 
2u R 
Eq. (17) becomes 





—+W 17 
ony (<+) =0 (17a) 


which is the equation derived by Schroedinger from entirely different 
considerations. It is a linear differential equation of the second order, 
and from the theory of such equations it is known that when W takes on 
a certain sequence of values called the characteristic values of the equa- 
tion, the corresponding solutions for y are especially simple. Schroedinger 
has shown that the characteristic values of (17a) are 





n=1,2,3,--°. (19) 


which are the Bohr energy levels for the hydrogen atom. 

The solution of the problem may now be completed by making use of 
a certain property of the solutions of (17) or (18) which correspond to 
the characteristic values of Wr. Call these solutions y,. Then it is 
possible to choose them so that they have no singularities in the finite 
part of the g; manifold, and vanish on its infinite boundary. Any function 
subject to certain immaterial restrictions can be expanded as an infinite 
series in Y,. Let us expand the function 


Gn(Q) =D. Oi(nk)vi(Q) (20) 
or A 
 ¢ ee LOs(nk) = 


If this expression for g; be substituted into Q;= [g;] and thence into 
the equations (II), they will still be identically satisfied by the operator #. 











OPERATOR CALCULUS 721 


The problem is now that of passing from the operator # to the operator 
d/dt. Evidently the reasoning of the first part of this section is still valid, 
and from (Ila) we deduce that 


tintin h d (21) 
— a. 
so that (15) becomes 
1 h din 
— — —=W, (15a) 
vn 2ni dt 
or 
y 2nt Wt 
e =e 
h 


It will be logical, from our empirical point of view, to admit only those 
values of W, in (15a) which are the characteristic values for (17). 

But now we are no longer free to assume that Q;= [g;X]. It will 
become apparent in the following that Q; is now an operator defined by 
the Born and Jordan-Dirac matrices, provided that one further assump- 
tion is made. Thus far the functions y, have been indeterminate to the 
extent of an arbitrary factor A, which might be a function of the par- 
ticular one of the sequence W,, to which the solution corresponds. It will 
now be shown that the coefficients Q(mk) defined above possess the 
properties of the matrices. To do this, we return to the functions ~, 
defined by (17) and expand g*j, in terms of them: 


Gn = LOmk)qhi = LO mk Qk (22) 
k ki 


which yields the law of the multiplication of matrices. 
Also 


a 
(8qg—q9)vn = LOnk gs -a.-> ~~ (Wi — W2)Q(nk Wr 


k 

so that the operator }Q—Qd may be represented by the matrix 27i/h 
(Wi— W,)Q(nk) and therefore the operator 3 by the matrix 

2ni (23) 

ae WwW, Snk 

h 

It must also be shown how the result of the action of the operators 
previously defined on an arbitrary function can be calculated from a 
knowledge of the matrices. Let f=2,F,~, be an arbitrary function, 
subject only to the restriction that it may be expanded in such a series. 


Then | 
Of=af = DoF gn - DF .O(nk)We 


nk 
and 


On 
ij@ mc fe laa ee LF. — = LF.P(nk)ye 
mt Og 2ri » oq nk 
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provided that 





= > Pinky. (24) 
k 


The matrices of the earlier calculus were defined to have one property 
which those obtained in this way do not in general possess: they were 
defined to be Hermitian, which is to say that X(mm) is the conjugate 
complex quantity to X(mn). Since in the preceding, Q(nm) is a real 
quantity, while P(mm) is a pure imaginary, they should satisfy the 
conditions 

Q(nm) =Q (mn) 


(25) 
P (nm) = — P (mn) 


in order to be identical with the earlier matrices. I1 will shortly be shown 
that this condition serves to determine the functions y, uniquely. The 
physical significance of this condition will probably become evident only 
when the theory has been placed on a more physical basis than the 
present, and at the moment it need not be discussed further than to say 
that it must be related in some way with the equality of the probability 
of emission and absorption (Stefan’s Law). 

In order to show how the condition (25) serves to determine the 


‘constants A,, it is necessary to consider the process of expanding a 


function in a series of the form 2 F,y,. Without serious loss of generality, 
we may limit ourselves to the case of a single mass moving under the 
action of a force which possesses the potential V(xyz). Then 


1 
H= 8 (P2+Py7+P.2)+ V(X Y Z) 
m 
and Eq. (17) becomes 
(xyz)— W ly=0 (26) 





If the potential V vanish on the infinite sphere, and W have one of the 
characteristic values of the equation, it may be shown that there are 
solutions of this equation which vanish exponentially on the infinite 
sphere. Let y, be a sequence of such solutions, each corresponding to a 
certain value of W,. By Green’s theorem we have 





SJ rf fev —ba0addo = J f (v= ) as 


The right side of this vanishes from what has just been said, and on 
substituting the value of Vy from Eq. (26) it reduces to 
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Wa Wed fff patado=o 


whence it may be concluded that 


+o 
ff Vn¥,dv=0 nm 


=C, n=m 
This gives the formal method of expanding a function in a series of Wp. 


For, if 
(xyz) = OF wn 


+o. 
SJ fbndv=CnF m 


The matrices can now be calculated from (22) and (23), and it is found 


that Pa 
CnO(nm) = f f f WV nibndv=Ca0(mn) 


where g ——— either x, y or z. 


h 
CG. wPom= ff —- Wo, v= fff ihe pode —C, P(mn) 
2ri Og 2ri 


The condition (25) will then be satisfied if and only if 

Cn=Cr 
which can alwavs be attained if we replace the functions y, by the 
functions y,/+/C, which are also solutions of (26). 

The method of obtaining the matrices which has just been outlined 
differs very little from Lanczos’ interpretation of the matrix calculus® 
which is thus also included in the present calculus. 

Before solving a special example with,these methods, some discussion 
of the possible physical significance of the functions y, may not be out 
of place. If the independent variable in (26) be changed by the substitu- 
tion S=h/27i log y it becomes 


1 h 1 aS as\? as 
Eanes f=) er omer 
2u 2ni 2u dy dz 


* Lanczos, Zeits. f. Physik. 35, 812 (1926). In a preliminary paper, (Proc. Natl. 
Acad. 12, 473 (1926) the present author has given the solution of the simple oscillator on 
Lanczos theory, as modified by some of the results of the present paper. These are 
used without explanation in that place. 


(27) 


then by (27), 











ij 

ia 
i 
B 
4 
I 
is 
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and this reduces to the classical Hamilton-Jacobi equation when h& 

approaches zero. The presumption is that the function S thus defined 

has no other significance than the classical Hamilton-Jacobi function. 
V. SOLUTION OF THE EQUATIONS FOR THE SIMPLE OSCILLATOR 


In the case of the simple harmonic oscillator, the Hamiltonian function 
has the form 


1 1 
H= —P? + -pw? X? 
2u v , 








whence 
= ed (1 i 
21 a 8r2u an ’ 
and Eq. (26) is 
«se Oe {stat w\y=0 (28) 
822n dx? 2 


The solution of this equation has been discussed by P. S. Epstein.!® 
If we write x=(h/4ryw)*u, it becomes 


a 


du? 4 hw (29) 


This equation possesses solutions of the forms f(u)exp(—u?/4) and 
F(u)exp(+?/4) where the functions f and F satisfy 


She Pf 


Uu 
du? du h 
(30) 
és dF {= by 9 
—— Ye — eee = > 
du? du h 2 


The solution of these equations leads in general to infinite series in u, 
but if W has such a value that (27W/n—$) is a positive integer, then 
both f and F are finite polynomials. Hence the sequence of characteristic 
values is 


W ( + *) hw 
=tt{n -—-}—. 
2/7 24 
10 P. S. Epstein, Dissertation: Ueber die Beugung an einem ebenem Schirm, etc., 
Munich, 1914. 
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The corresponding solutions of (30) are polynomials given by the re- 
cursion formulae 


Sn—2—Uf n-i tf, =0 
F,-2+uF,1—nF,=0 
where the arbitrary constants are to be determined by the conditions 


fo=Fo=1 fi=Fi=u 


(31) 


As has been shown in the previous section, if we wish to obtain the 
Born-Jordan matrices, the functions y, must be chosen so that they 
satisfy the conditions. 

+o 


J VnVmdx =0 meznN 


=1 m=n 
The first of these is satisfied by all solutions of (28) which vanish for 


x= + @ and the second can be satisfied by a proper choice of the arbitrary 
constant with which each solution may be multiplied. The solution 


4 — . 
_ u 
Vn(x) = fn! yf fa exp. |-= (32) 


satisfies both conditions. 

The matrix for X is to be obtained by expanding xj, in terms of Wz. 
This may be accomplished by the general method given in the previous 
section, but it may be done in a simpler manner by using the recursion 
formula (31) for f,: 


h _ a 
wn (x) =4/— { /n Wn-1 + J/n+1 asi} 
Aru 





= > X(nkyyr 
k 
whence 
X(nk) =0 kA~n+1 
hn h(n+1) 
X(n,n—1) = —_ X(n, 1 -4/ - 
(n, n—1) sae (n, n+1) on 


This is precisely the matrix which Born and Jordan give as the solution 
of this problem. 
The matrix P can most readily be obtained from the relation 


P(nk) = rat (W.—W,)X(nk) 
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which gives 
P(nk)=0 k¥n+1 


P(n, n—1) = ipwX(n, n—1) 
P(n, n+1) = —ipwX(n, n+1) 


CONCLUSION 

1. It has been shown that the classical equations of dynamics can be 
written in operator form. 

2. The operator calculus of the classical theory has been generalized 
and applied to the solution of the equations of quantum dynamics. The 
remarkable results of Schroedinger have been included in the same 
calculus as those of Born and Jordan, and a method of calculating the 
matrices of the last named authors has been developed. 

The author is glad to have this opportunity to acknowledge his in- 
debtedness to Professor M. Born, whose excellent lectures at this Institute 
formed his introduction to this subject; to Professor P. S. Epstein, and 
to Doctor F. Zwicky, whose helpful discussion and criticism have con- 
tributed much to this paper; and to his colleagues in the Seminar on 
Theoretical Physics, who have reported on the various papers related 
to this subject as they appeared. 


CALIFORNIA INSTITUTE OF TECHNOLOGY 
June 7, 1926 


Note added with proof, September 2, 1926.—In an article dated March 
18, 1926 [Ann. d. Physik, 79 734, (1926)], but which did not reach this 
Institute until after the above was in course of publication, Schroedinger 
has published all the essential results contained in the above paper. Since 
Schroedinger’s presentation is based on his wave-mechanics, while this 
is based on the matrix-mechanics, it seems not without interest to publish 
this even now. The author agrees, however, that the wave-mechanics 
is more fundamental than the matrix mechanics, and holds out more hope 
for an eventual physical interpretation of the results obtained. The con- 
clusion of this paper may be stated, with Schroedinger, to be “‘that the 
wave-mechanics and the matrix-mechanics are mathematically iden- 
tical’’. 
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THE THEORY OF COLLECTORS IN GASEOUS DISCHARGES 


By H. M. Mortt-SmitH AND IRvinG LANGMUIR 


ABSTRACT 


When a cylindrical or spherical electrode (collector) immersed in an ionized 
gas is brought to a suitable potential, it becomes surrounded by a symmetrical 
space-charge region or ‘‘sheath’’ of positive or of negative ions (or electrons). 
Assuming that the gas pressure is so low that the proportion of ions which 
collide with gas molecules in the sheath is negligibly small, the current taken 
by the collector can be calculated in terms of the radii of the collector or sheath, 
the distribution of velocities among the ions arriving at the sheath boundary 
and the total drop of potential in the sheath. The current is independent of the 
actual distribution of potential in the sheath provided this distribution satisfies 
certain conditions. 

“Orbital Motion” equations for spherical and cylindrical collectors —General 
formulas for the current are derived and the calculations are then carried out 
for collectors in a group of ions having velocities which are (A) equal and 
parallel; (B) equal in magnitude but of random direction; (C) Maxwellian; 
(D) Maxwellian with a drift velocity superimposed. In all cases the collector 
current becomes practically independent of the sheath radius when this 
radius is large compared with that of the collector. Thus the volt-ampere 
characteristics of a collector of sufficiently small radius can be used to dis- 
tinguish between the different types of velocity distribution. General equations 
are also given by means of which the velocity distribution can be calculated 
directly from the volt-ampere characteristics of a sphere or cylinder. 

Special properties of the Maxwellian distribution—For a collector of any 
shape having a convex surface, the logarithm of the current taken from a 
Maxwellian distribution is a linear function of the voltage difference between 
the collector and the gas when the collector potential is such as to retard 
arriving ions, but not when this potential is accelerating. This is a consequence 
of the following general theorem: Supposing for simplicity of statement that 
the surface of an electrode of any shape immersed in a Maxwellian distribution 
is perfectly reflecting, then the ions in the surrounding sheath will have 
a distribution (called Dy) of velocities and densities given by Maxwell's and 
Boltzmann’s equations, even in the absence of collisions between the ions, 
provided that there are in the sheath no possible orbits in which an ion can 
circulate without reaching the boundary; but if such orbits exist, the distribu- 
tion will be Dy except for the absence of such ions as would describe the circu- 
lating orbits. As another corollary of this theorem there is deduced an equation . 
relating the solution of problems having inverse geometry. Finally it is indi- 
cated how the theorem can be applied to calculate the volt-ampere char- 
acteristic of A. F. Dittmer’s ‘“‘pierced collector’’ when placed in a Maxwellian 
distribution. 

The effect of reflection of ions at the collector surface in modifying currents 
calculated by the preceding equations is discussed. 
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N A series' of articles the authors have given an account of a new 

method of studying electrical discharges through gases at rather 
low pressures. The method consists in the determination of the com- 
plete volt-ampere characteristic of a small auxiliary electrode or collector 
of standard shape placed in the path of the discharge, and in the inter- 
pretation of this characteristic according to a new theory. In this way 
it is found possible to obtain an accurate value for the potential of the 
space near the collector, and much information concerning the nature, 
velocity and space density of the ions. This method has already been 
applied extensively by us in an investigation of the mercury-vapor arc,! 
and it has also been used by Compton, Turner and McCurdy in a 
study of the striated discharges.’ 

The idea of using a sounding electrode or “probe” is, of course, not 
new, but has been applied by Stark and others* in an attempt to measure 
space potentials and cathode drop in an arc. The measurements made 
were in most cases confined to a determination of the potential assumed 
by the probe when it was “floating,” i. e., taking no current. As has 
been pointed out by one of us,‘ the conclusions drawn from these, and 
from similar measurements, are mostly in error because of neglect to 
take into account the effect of the proper motions of the ions striking 
the probe, and of space charge effects in the neighborhood of the col- 
lector. An exposition of the new theory, together with a condensed 
derivation of some of the formulas used, was given in the first of the 
series of articles already mentioned. This article will be referred to as 
“Part I” throughout the rest of the present paper, whose purpose is 
to complete the derivation of the equations and to extend the application 
of the theory to some new cases. 

In many types of discharges, we observe regions where a very uniform 
state of ionization seems to exist. It is apparent that the densities of the 
different kinds of ions remain sensibly the same from point to point, 
and that their velocities can be described in terms of distribution func- 
tions which are independent of the space coordinates. In a region of 
this kind we imagine to be situated a small electrode whose potential 
is varied. Our problem is to calculate the current to the electrode 
contributed by each kind of ion as a function of the applied potential, 
in ‘terms of the assumed velocity distribution functions. 


1 Langmuir and Mott-Smith, G. E. Rev. 27, 449, 538, 616, 762, 810 (1924). See also 
Langmuir, G. E. Rev. 26, 731 (1923); Science 58, 290 (1923); J. Frank. Inst. 196, 751 
(1923). 

? Compton, Turner and McCurdy, Phys. Rev. 24, 597 (1924). 

* Stark, Ann. d. Physik 18, 212 (1905). 

* Langmuir, J. Frank. Inst. 196, 751 (1923). 
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For example, let us consider the collector to be a wire of small diameter, 
whose potential is made negative with respect to the region about it. 
The wire then repels negative ions and electrons, but attracts positive 
ions, and so becomes surrounded by a cylindrical positive “sheath” 
or region of positive space charge. This sheath is of such dimensions 
that the total positive charge in it equals the negative charge on the 
wire, so that the field of the wire does not extend beyond the edge of 
the sheath. The current taken by the wire therefore cannot exceed 
the rate at which ions arrive at the sheath edge in consequence of their 
proper motions. 

If we suppose the negative potential of the collector to be large com- 
pared with the voltage equivalent of the ion velocities, then the sheath 
may be divided roughly into two parts. In the center will be a region 
in which is concentrated most of the drop of potential between the gas 
and the collector, so that in this region there will be present only positive 
ions and possibly a few electrons or negative ions which had exceptionally 
high velocity. Outside of this is a region in which both negative and posi- 
tive ions are present in comparable quantities, but in which the normal 
conditions existing in the discharge are modified through the withdrawal 
of positive ions by the collector. The two regions merge into each other 
more or less gradually in a way depending upon the distribution of 
velocities among the ions. In the outer region, as a rough calculation 
shows, the potential approaches the space value asymptotically but 
never reaches it in finite distance. Actually, therefore, the sheath does 
not have a sharply defined edge. Since, however, the whole drop of 
potential in the outer region is small compared with the total, it will 
be convenient to take as sheath boundary the surface at which the sharp 
drop of potential begins, and to regard the distribution of density and 
of velocity of the ions as known at this surface. This convention sim- 
plifies the discussion, and as we shall see, does not restrict the validity 
of the equations derived in the present article. Accordingly, we shall 
speak of the sheath as though it had a sharp edge; the potential at this 
boundary we shall speak of as the space potential. 

We shall further assume that the gas pressure is so low that there are 
only a negligible number of collisions in the sheath between ions or 
electrons and gas molecules. The ions in the sheath then describe free 
orbits, some of which end on the surface of the collector. Now if the 
sheath has axial symmetry so that the equipotentials are coaxial circular 
cylinders, it is found from simple mechanical principles that the con- 
dition for a positive or a negative ion to reach the collector depends not 
upon the nature of the field of force along the whole orbit, but only 
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upon the initial and final potentials and the initial velocity of the ion 
on entering the sheath. The total current to the collector can thus be 
found by summing the contributions of the ions of different signs and 
initial velocities, and this current will be a function of the drop of 
potential in the sheath and of the sheath radius only. Another relation 
between these three variables can only be found by actually calculating 
the distribution of potential in the sheath through the use of Poisson’s 
equation. It is thus seen that the problem of calculating the volt- 
ampere characteristic of the collector in general divides itself into two 
parts, the first of which is the purely “mechanical” problem outlined 
above, while the second is a “space charge” problem. From the solution 
of these two problems there are obtained two independent equations re- 
lating to the three variables just mentioned, and by elimination of the 
sheath radius between these two equations a single equation can be 
found expressing the current in terms of the potential. 

On account of its great difficulty, the second or “space charge” part 
of the problem has been solved for only a few cases, so that in general 
we are not yet in a position to calculate the volt-ampere characteristic 
of a collector, unless we use experimentally determined values of the 
sheath size. On the other hand, the solution of the “mechanical” or 
“orbital motion” problem is relatively easy, and it is with this side of the 
question that we shall deal in the rest of the present paper. Under 
certain conditions, as we shall see, the current is independent of the 
sheath size so that the “orbital motion” equation actually gives the 
volt-ampere characteristic of the collector. 

So far we have taken as example illustrative of the general theory, 
the case of a small wire charged to a negative potential. If we imagine 
the wire now to be charged positively there will be formed about it 
a sheath of negative ions and electrons moving toward the wire. The 
discussion of the two cases is exactly similar except for reversal of the 
sign of the charges and of the potential involved, and this reversal does 
not change the form of the “orbital motion” equations. Throughout 
the remainder of the paper, we therefore shall not specify the sign of the 
ions involved, and the term “ion” is to be taken as applying indis- 
criminately to positive ions, negative ions and electrons.* 

The difficulties involved in the calculation of the current makes it 
necessary for us to restrict ourselves to cases where the geometry is 


* It is assumed in the foregoing discussion that every ion which reaches the collector 
gives up its charge to it, i.e., that there is no reflection of either positive ions or electrons. 
Later in the paper we shall consider how the equations which will be derived may need to 
be modified to take into account the effect of reflection. 
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simple. The three cases which can be treated by comparatively ele- 
mentary means are those of a plane collector in which edge effects are 
neglected, of a cylindrical collector in which the end effects are neg- 
lected, and of a spherical collector in which the disturbing effect of the 
corinecting lead is neglected ; the approximations made in neglecting these 
corrections amount to assuming that the current per unit area is uni- 
form over the surface of the collector. It is seen, therefore, that we can 
not realize any of the theoretical cases in practice (except by the use of 
guard rings), although we can approximate quite closely to them by 
choosing proper conditions. On the whole, the cylindrical collector is the 
most satisfactory in that the end corrections can be made comparatively 
small, and the total current taken by the collector can be kept low, so as 
to disturb as little as possible the normal condition of the discharge. We 
shall treat in detail the cases of the cylindrical and the spherical collecter, 
and for comparison, we shall also give the equations for a plane collector 
receiving current on one side only for the case of a retarding potential. 


I. GENERAL EQUATIONS FOR CYLINDRICAL AND SPHERICAL COLLECTORS 


Taking up first the case of the cylinder, we may assume this to be 
represented by a wire whose length / is large compared with its radius 
r so that end corrections can be neglected. The wire is assumed to be 
straight, or at least such that the radius of curvature of the axis is 
everywhere large compared with r. Under these conditions the current 
per unit length z// is sensibly the same for all parts of the wire. For 
the present we are also assuming that the composition of the ienized ga: 
is uniform about the collector, and that the ion velocities are random, 
so that the sheath will be a circular cylinder of radius a concentric with 
the collector. 

Considering the ions of one particular sign only, let NV be the number 
per unit volume in a small element of volume dr bordering the sheath. 
In a plane normal to the axis let u be the radial and v the tangential 
component of velocity of an ion, u being counted positive when directed 
toward the center. Then if 

Nf(u,v)du dv 
is the number of ions in dr which have their velocity components u 
and v lying in specified ranges du and dv, the total number of ions which 
in unit time cross the sheath edge with velocities within the given limits 


will be 2xaN uf(u,v)du do. (1) 


Let u,, v, be the radial and tangential velocity components of an 
ion arriving at the surface of the collector, and V the potential of the 
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latter with respect to the sheath edge, to be taken positive when the 
collector attracts the ions. Then if ¢ is the charge and m the mass of 
an ion, we have from the laws of conservation of energy and of angular 
momentum the equations 


}m(u,?+0,") = }m(u?+0*) ™) (2) 
1U,= av 
which solved for u, and v, become 
a? € 
utaut—({-1)o2 7 (3) 
r? m 
a 
0, =—V. (4) 
r 
Only those ions will be able to reach the collector for which 
u>0, u2>0 (S)* 


If we plot u, v as rectangular coordinates of a point and take V to 
be positive, then the curve u,?=0 will be a hyperbola whose semi- 


axes are 
€ a? € 
yf rv f —-—1, 4/2 
m r? m 


on the v and wu axes respectively. 

.. The region for which conditions (5) are satisfied is that lying between 
the branches of the hyperbola and to the right of the v axis, and is shown 
shaded in Fig. 1. The total number of ions reaching the collector per 
second per unit length will be found by integrating expression (1) over 
this region. The figure shows that for a given value of u, v must lie be- 
tween limits —v, and v, which are found by solving the equation u,?=0 
for v, namely 





9? = he (w+24 v). : (6) 
m 


a?—r? 


For V negative the curve u,2=0 becomes a hyperbola with the same 
axes as the previous one, but with its branches lying in the other two 


* This last condition must be satisfied not only at the surface of the collector but al- 
so on any intermediate surface lying between the collector and the sheath edge; in other 
words the field of force must be such that the radial component of velocity does not 
become imaginary at any point on the orbit of an ion which satisfied condition (5). We 
shall tacitly assume this to be true throughout the following work, leaving the discussion 
of this condition to a later part of the,paper. 
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quadrants. The region for which conditions (5) are satisfied is shown 
shaded in Fig. 2. 








\ Fig. 1. Fig. 2. 


It appears that u cannot be less than a certain value u, given by the 
equation 


€ 
u;? =—2—V (7) 
™m 


while for any value of u greater than this, wv lies between the limits 
—v, and v, defined by Eq. (6). 

On multiplying expression (1) by the ionic charge ¢ and the length / of 
the collector and integrating over the regions indicated, we find for the 
total current 7 taken by the collector 


im 2ralNe { (fu dv du (8) 
0,u, —v 
where the lower limit of u is to be taken 0 for V>0O and u, for V<0. 
It is often convenient to replace N by an equivalent expression involving 
the total current crossing a unit of area at the edge of the sheath. This 
current J will be given by 


I=Ne f i uf(u,v)dodu- (9) 


As the radius a of the sheath becomes infinite it is found that the 
expression (8) approaches a limiting form, which can be obtained by the 
application of the rule of d’Hopital. If i, is used to denote this limiting 
value of the current, then \rovs 


4 : 
fami 2aygnve|—208 [ us(u,0) da . 
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On substituting the value of dv,/da calculated from Eq. (6) into this 
expression and proceeding to the limit, we find 


i= 4arlNe f i u4/ af 2—V f(e,0)du. (10) 


Turning now to the case of a spherical collector, let r be the radius 
of the collector and a that of the sheath, whose boundary is assumed to 
be a concentric sphere. Let u, v, w be as before rectangular components 
of velocity of an ion at the sheath edge, u being the radial component, 
and let f(u, v, w) be the distribution function for the three components. 


We replace v, w by polar coordinates g, y so that if g is a new function 
defined by 


gq,u)= | f(u, qsiny, q cos p)dy (11) 
0 


then gg(g, u) is the distribution function for the velocity components 
q and u, g being the resultant of »v and w. If g,, u, are the values of the 
quantities indicated at the surface of the collector, then the mechanical 
relations give us equations of exactly the same form as (2), v being re- 
placed by g and »v, by g,. We therefore obtain for the current to the 
collector at potential V the expression 


ad q 
i=4rNea? f f ‘ugg (q , u)dq du (12) 
0,u, 40 


q: being defined by Eq. (6) in which 2, is to be replaced by q:. The limit: 
ing value of the current for a/r increasing is found as before to be 


i= 2artNe f u(u2+ 2—V)g(0, u)du - (13) 
0,uy ™m 


Finally, for the plane collector with retarding potential the condition 
for an ion to reach the collector is evidently that the energy component 
in the direction normal to the plane exceed a fixed value determined by 
the retarding potential. The general formulas are derived in an obvious 
manner, and we shall content ourselves with giving the final result for 
each type of velocity distribution taken up. 

We proceed now to apply these general formulas to some specific 
examples. 


I]. COLLECTOR CHARACTERISTICS FOR PARTICULAR 
TYPEs OF VELOCITY DISTRIBUTIONS 


(A) Velocities equal in magnitude and parallel in direction. This 
case, which corresponds to that of a “beam” of ions falling on the col- 
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lector, strictly does not come under the scope of our general formulas, 
because the sheath formed will not be symmetrical. The results in 
this case can be obtained by the simpler method used in “Part I,” 
and are given here for the sake of completeness. If Vo is the voltage 
equivalent of the ion velocities, we have for a cylindrical collector placed 
with its axis normal to the path of the ions 


i= 2rlI,/1+V/Vo, for V>—Vo (14a) 
=0 , for V<—Vo (14b) 


I being the current per unit area conveyed by the ions outside the sheath. 
For the spherical collector 


V 
ixrri(i+—), for V>—Vo (15a) 


0 


=0 , for V <—Vo. (15b) 


In each case the current is independent of the size of the sheath. This 
ceases to be true, however, when the collector potential is so strongly 
accelerating that the collector receives the entire current entering the 
sheath. As the voltage increases the current increases according to the 
above formulas until it reaches this saturation value, after which it 
remains constant unless the sheath changes in size. 

For the plane collector the current evidently remains zero until the 
retarding potential — ) becomes less than the energy component of an 
ion in the direction of the normal to the surface. This energy com- 
ponent is Vocos*a where is angle between the normal and the path of the 
ions outside the sheath. 

(B) Velocities of uniform magnitude but with directions distributed 
at random in space. If c is the common magnitude of the velocities, 
the velocities of ions in an element of volume will be represented in the 
u,v, w diagram by points uniformly distributed over the surface of a 
sphere of radius c. By considering the projections of these points on the 
plane it is readily seen that the distribution function for the components 
u,v is given by 





1/2mc%/1—(u2+0?)/c?, for u?+0?<c? (16) 


fu, ={) , for u?+v?>c?. 


On substituting this in the general formula (9) we find for the current 


density 
I=Nec/4 (17) 








® 
yy 
t 
i 

nif 
} 
- 

















736 H. M. MOTT-SMITH AND I. LANGMUIR 


while from (8) the current to a cylindrical collector is 


i=0 , forV<—Vpo (18a) 
go (18c) 
Aol sin at “ (14—)sinr 
iit  VetF 
for 0< vs(=-1) Vo (18d) 
r 

a? 
= 2rall , forV> (<-1) Vo (18e) 

r 


where V, is the voltage equivalent of c. We may describe these results 
briefly by saying that for retarding voltages the current is independent 
of the sheath radius and isa linear function of the voltage ; for accelerating 
voltages it is expressed by a function which gradually changes from one 
nearly linear in V to one nearly linear in JV as V increases; while for 
a certain value of V it reaches the saturation value (last equation). 
The limiting value of the current for a very large sheath is found by 
(10) to be in the case of an accelerating potential 


1 en sitly/ = 4 (14.2) sity/ (19) 


while for retarding potentials the current has the same value as that 
given by (18b), since this is independent of the sheath radius. If we put 





V 
x? = 1+4+— (20) 





: 1 1 1 
ig= 8s (1-— _ - mses ) (21) 
6x? 40x* 116x* 


which for x sufficiently large reduces to 


. V | 
i=8rllx= srity/ + : (22) 


a 
Thus for large accelerating voltages and wires of small diameter, the 
square of the current is a linear function of the voltage. 
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With the spherical collector it is evident from considerations of sym- 
metry that the formulas for the current will be the same as those (15) 
given for the velocity distribution of type (A), except that the projected 
area mr? of the collector must be replaced by its superficial area 47r?. 

For a plane collector of area A the current is 


V 
i=Al (14+), for Vo<V<0O ° (23) 
0 


Fig. 3 illustrates the characteristics for the present kind of velocity 
distribution of a plane electrode, a cylinder of small radius and a sphere 
of small radius. In the last two cases the values plotted are those of i,./i., 
where 7, is the current taken by the collector for V = 0. The abscissa 
is the potential of the collector with respect to the space, counted posi- 
tive when the collector attracts the ions; the ordinate is the value of the 
current at the given voltage, divided by the value of the current taken 
by the collector when it is at space potential. 
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(C) Maxwellian distribution of velocities. If T is the temperature of 
the distribution anc k is Boltzmann’s constant, then the distribution 
function for the velow‘ty components, 4, v is 





f(u, v)= en ( m/2kT) (ut+e2) , (24) 


T 


On substituting in (9) we obtain the well known formula of the kinetic 
theory for the drift curreut J of the ions 


kT 
I=Ne4/ —: (25) 


2am 
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In evaluating the integrals for the current i taken by a cylindrical 
collector, we make the substitution 


eV (26) 
iT 


which defines a new variable replacing the voltage. Further we use 
new variables of integration defined by 
m m (27) 
“4 / — ; —_ = 
2kT 2kT 7 


Substituting the value of f(u, v) in formula (8) and making these sub- 
stitutions, we find 


eV ity /Vervs 
i=84/x all __f xe (P+?) dydx 


OV 
An integration by parts reduces this to 
_ gt prvtivaan z= 
i= 8yrall} ~< f «vay | 
0 


z=0 


i wwe x 
dee f e— ata? /(a2—r2) ax\ ‘ 
g Var? Jo Vx? +n 


In the second integral make the substitution 








then 


a V29/(at—r) 0 : r - 
i=4/r ait} f eV dy+ “er f e~¥2d y\ 
0 a Va2y/(a2—r2) 


or making use of the error function defined by 


erf x=—- f e~“*dy, 
mantle EJ ED 


for »>0 (28a) 








=2nrll - e%, for n<0- (28b) 


Thus, for retarding potentials the current to the cylinder is independent 
of the sheath radius and its logarithm is a linear function of the collector 
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voltage, the slope of this linear function being ¢/kT as seen from (26). 
For accelerating yoltages the curves expressing i as a function of 7 for 
a given value of a/r are roughly parabolic in shape for small values of 
n, but have an asymptote which they approach as 7 becomes large, 
the ordinate of this asymptote being the total current which enters the 
sheath. The larger the value of a/r, the greater is the value of 9 re- 
quired to bring the current up to a given fraction of the saturation value. 
The limiting value approached by the current as a/r becomes infinite 
is by formula (10) 


i= dent Vat eerfvat ; (29) 


For values of » greater than 2 it is found that this formula can be re- 
placed with good approximation by the following 


2 — 
i= 2xril - va J/1+7 (30) 


which after substituting from (26) takes the following form 


(=) - ; (+5) " (31) 


If therefore we plot the square of the current per unit area to a wire of 
small radius against the applied voltage, we obtain in the case where the 
distribution of velocities among the ions is Maxwellian a straight line, 
provided the voltage is accelerating and not too small. The intercept 
- of this line on the voltage axis is 


Vi=—kT/e (32) 


so that from it we can deduce the origin of potentials, i. e., the space po- 
tential. The slope of the line is 





4€ 
S=- —/? 


which in virtue of (2) can be written 
9 ) 
S=— —(No?. (33) 
x? m 


Since the constants ¢, m are known, this equation enables us to calculate 
N, the number_of ions per unit volume in the ionized gas. 


5 A figure showing the actual form of this graph over the entire voltage range together 
with a table [calculated f:om Eq. (29)] which can be used to construct the graph in the 
lower range of voltages is given in Part III of the authors’ original article [G. E. Rev. 
27, 617 (1924)]. 
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It is interesting to compare these results with those obtained under 
case (B), as given by Eq. (22). There we also found that the square of 
the current to a small cylindrical collector is a linear function of the 
applied voltage for sufficiently large accelerating potentials. If from 
Eq. (22) we calculate the slope of this linear function and insert the 
expression for J from (17), we obtain precisely the result given by (33). 
We would therefore be unable to distinguish between a Maxwellian 
distribution and distribution (B) or (A) by studying the characteristic 
of a small wire with accelerating potentials. On the other hand, for 
retarding potentials the characteristics are entirely different, the cur- 
rent being in one case an exponential and in the other a linear function 
of the voltage. 

In the case of the spherical collector, we start with the Maxwellian 
distribution function for the three components u, v, w which is 


f(u,v,w) = ( 





3/2 3 
) en ( m/2kT) “(wt v24 u2) (34) 
2rkT 


from which we find according to (11) 
1 m \3/2 
g(q, u) o—_— (~.) e~( m/2kT) (u*+¢2) s (35) 
/2e \kT 


Substituting in (12) and making use of the variable 7 defined by (26), 
we obtain on evaluating the integrals. 
gis? 


—e-7n! (@*—r*) \, forn>0 (36a) 





i=4ra*] {1 _ 
a? 


=4rr] - e", for 7<0. (36b) 


As in the case of a cylindrical collector, the current for retarding 
potential is independent of the sheath radius and its logarithm is a 
linear function of the voltage. For accelerating potentials the difference 
between the current and its saturation value 4ma?J decreases expo- 
nentially with the voltage. The limiting form of Eq. (36a) as 7 ap- 
proaches infinity can be found directly or by the use of Eq.. (13). It is 


i= 4er*I(1-+n) . (37) 


For very small spheres the current is therefore a linear function of the 
voltage when the latter is accelerating. Thus the form of the character- 
istic is identical in this region with that obtained for spheres under case 
(B), in contradistinction to the characteristic of a cylinder for a Max- 
wellian distribution, which as we have seen merely approaches asymp- 
totically the characteristic for distribution (B) as the accelerating 
voltage is increased. 
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The volt ampere characteristic of a plane electrode of area A with a 
Maxwellian distribution is 


i=JAe", for <0. (38) 


Thus the cylinder, the sphere and the plane all have the same charac- 7 
teristic for retarding voltage in a Maxwellian distribution of ions. As 
we shall see later, this same characteristic is in fact possessed by a 
collector of any shape whatever. 

The curves of Fig. 4 illustrate the characteristics of the three forms 
of collectors with a Maxwellian distribution. 
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(D) Distribution which is Maxwellian with superimposed drift. In 
certain types of discharge there are groups of ions which presumably 
have the velocity distribution of a gas with “mass-motion.” For in- 
stance, in the case of a mercury-vapor arc passing through a tube of 
uniform diameter, collectors are found to have characteristics which if 
interpreted according to the results of the last section would indicate 
that the free electrons has a nearly perfect Maxwellian distribution of 
velocities. This would imply that there was no net transport of electrons 
in any direction, but actually the electrons must be drifting steadily 
toward the anode. It becomes important therefore to find what inter- 
pretation should be put upon the collector characteristics in view of this 
fact. 

In the case just cited the drift velocity is usually small or at any rate 
of the same order of magnitude as the average absolute velocity of the 
Maxwellian distribution. In other cases there exist in discharges beams 
of electrons which have a common high drift velocity on which is super- 
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imposed a Maxwellian distribution of relatively low temperature. Both 
of these cases will be treated in the following. 

If the drift velocity is wo, then the distribution in question is Maxwellian 
when referred to a set of coordinate axes moving with the velocity um. 
Let u’, v’ be rectangular velocity components with respect to a set of 
axes fixed in space, u’ being taken in the direction of u. Then the dis- 
tribution function for the components u’, v’ is 


e—( m/2kT) [ (ul—uuy)*+ 0/2) (39) 


fw) = 2akT 





We assume that a cylindrical collector is placed with its axis perpendi- 
cular to the direction of u and choose the direction of v’ to be also 
perpendicular to the axis. The radial and tangential velocity components 
u and v of an ion at the edge of the sheath are now functions of its posi- 
tion on the circumference. Let an ion be situated at a point on the cir- 
cumference such that the directions of u and uw» make an angle @ with 
each other, then 

u' =u cos 0+-0 sin 0 

v’ =—usind+vco0s0 >. (40) 


du'dv' =du dv 


In terms of the new coordinates the distribution function becomes 





m m 
= os ~ oa 2 : : 
f(u, v, 9) oar a 9 +0?+ uo?— 2uo(u cosd-+-osing)] (41) 


Since conditions are now not symmetrical about the collector, the general 
formulas (8), (9) and (10) need to be somewhat modified. It is clear 
that the sheath itself will be no.longer symmetrical and concentric 
with the collector, so that the exact solution would be very difficult 
if not impossible. Fortunately the case of most interest is that of sheaths 
whose dimensions are large compared with r and for such sheaths ‘the 
actual shape can have, but little influence on the current taken by the 
collector.* We can therefore in the case of a large sheath consider it 
to be circular, and the current to the collector will be found by averaging 
over the circumference the current given by Eq. (10), i. e. 


2r ed ‘eet 
i= rie [ f ug/ w+ 2— V f(u, 0, 0) dudé 
0 Ojuy F 


which on substitution of the value of f becomes 


* This point will be more fully discussed in Section III. 
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m crc € 2 8 
f f ug/ w+ Quo gt m/2kT) (u*+ug*—2ugu* \dudé. (42) 
ark T. 0 O;u1 ™m 


It is convenient to introduce here the random current I, which is de- 
fined as the current per-unit area transported in one direction through 
a plane moving with the velocity m. This current will therefore be 
given by Eq. (25). 


i,, = 2rlNe 





kT 
I= Neg / —- (43) 
2am 
The drift current J is the total current per cm? carried by the ions 


through a fixed plane perpendicular to the direction of u and is given by 
Ta=Neuo. (44) 


We will also define a parameter a as follows 


m 1 Ta 3 uo 
nl eect, Bin fh as 
2kT 2/r I, 2C 
where in the last expression C is the root-mean-square velocity of the 


Maxwellian distribution. In terms of these quantities and of the vari- 
ables defined by Eqs. (26) and (27), Eq. (42) may be written 


i, = Sie f f x a/ x27 e~ (2 -2az0088) J dp (46) 
Vr 0 0, v=a 
The integral on the right cannot be expressed in finite terms, but 
for negative values of 7 (when the right hand lower limit for x is taken) 
it can be evaluated as an infinite series convergent for all a and 7 as 
follows 


© (2p+1)! 
i,=2nrlI,e-< > @p+1) 


p=o0 27?( pl)? 
Here i-*J,(xi) is the Bessel function of the first kind and pth order 
with a pure imaginary argument, and is itself a real and increasing 
function of x resembling the exponential. The series converges very 
rapidly for small values of a; for instance, when a=0.3, corresponding 
to I4/I,=1 approximately, the first three terms of the series give the 
result correct to within four parts in ten thousand. 
In the previous case of a Maxwellian distribution the current J 
crossing a unit area of the sheath was identical with J,, the random cur- 
rent in the gas. In the present case however, J is not the same for differ- 


* Cf. Jahnke u. Emde “Funktionentafeln” 





( Se) ry QaV= ) (47) 
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ferent parts of the sheath circumference, and must be replaced by an 
average J which is different from J,. This average value is found by 
putting 7=0 in (47) or (46) and dividing by the area of the collector. 
We thus find 


- a® at af 
Ta1(145-4=—...). (48) 


which for small values of a can be reduced to 
T=1,(1+a*/2) =I,[1+0.040(I4/I,)?] . (49) 


Thus when J,/J, does not exceed 1, as is usually true in the case men- 
tioned above of the mercury-vapor arcs, the difference between 7 and 
I, is not over four percent. 

If we plot the logarithm of 7,, calculated from (47) against 7 we obtain 
for different values of the parameter a a series of curves such as is shown 
in Fig. 5. For a=0 we obtain the straight line corresponding to a 





-6 -5 _ 
Nn _ 
Fic. 5. 


pure Maxwellian distribution. For values of a? between 0 and .2 the 
cutves are still sensibly straight lines over a range of about ten thousand 
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fold change in the current, but the slopes of these lines decrease uniformly 
asa increases. This range corresponds to values of the ratio of drift to 
random current from zero to about 1.6, so that even with these rel- 
atively large drift currents the characteristic of the collector will in- 
dicate a Maxwellian velocity distribution for the ions. The temperature 
determined from the characteristic will however differ from that of 
the existing Maxwellian distribution, and the difference can be roughly 
calculated from the slopes of the theoretical characteristics at the origin 
n=0. From the preceding equations we can deduce the following formula 


5 d — | 1 I, (1 3a* Sat ) (50) 
= t. =|-—-=Ta 4+— +- — a ee ‘ 
. dn ~ : I 4 32 


Since according to (48) the ratio J,/Z7 does not differ much from unity 
for a<1, we can reduce (50) to the following for small values of a: 


So=1—a?=1 © t/t.) (51) 
io ges tin djtr} « 


The temperature of the distribution is proportional to the reciprocal 
of the slope, hence we can summarize the above results in the following 
statement : (when the temperature of the Maxwellian velocity distribu- 
tion of the ions is determined from the characteristics of a small cylin- 
drical collector for retarding voltages, the result, in case a drift-current 
exists, will be too large by a fractional amount which is approximately 
1/4r(Ia/I,)?. . 

For larger values of a it can be seen that the curve of log 7 vs 7 is not 
quite straight, but becomes concave toward the potential axis. As a 
becomes increasingly large, the expression for the current approaches 
a limiting form which corresponds to the case of ions having a large 
drift velocity on which is superimposed a small “temperature” motion. 
There are two cases. On the one hand, if —7 is less than a’, the re- 
tarding voltage is small compared to the voltage equivalent of the drift 
velocity, and in the limit as the temperature decreases the expression 
for the current approaches that given by Eq. (14) for the case of a 
unidirectional stream of ions of equal velocities. On the other hand, 
when —7 is nearly equal to or greater than a a different limiting form 
will be reached, because in this case the temperature motion although 
small is nevertheless of importance when the retarding voltage is com- 
parable with the voltage equivalent of the drift velocity. It will be 
found convenient to replace 7 by a new variable \ defined by 


h=a-V—=a (52) 
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which in view of Eqs. (45) and (26) defining a and 7 can also be written 
Wega = 

A=4A/ —(VV0 -—VV 53 

(/ : 7hv o—-VV) (53) 


where V, is the voltage equivalent of to. 

In terms of this variable it is found that the equation for the current 
can be written as a series of powers of the reciprocal of a whose first 
two terms only are retained in the following equation 


t-) 


- = 3 2 
i, =4\/a rt f e~ MP A/x dx+ — { corde . 
, a (54) 


For large values of a and small values of \ the expression for the current 
therefore approaches the limiting form 





i a 
i,= —=rlla —-- f e~@-"",/x dx. 
VT . €Vo Jo (55) 
When \=0 we get 
é 2 ‘TkT 1_ (3 
Ltace © —etieas =~ = 8 :) 
/r eVo 2 4 
If then we put 
F(A) = f eM Az dex (56) 
(7) 
4 
the equation for the current i,, can be written 
Om 
kT 
in = Soe Mila 4/ FO) 
eVo 
(57) 


kT 
= 0.34A,la 4/ —F(A) 
eV o 
where A, is the projected area of the collector. 
The function F(A) can be evaluated’ by expansion in various series, 
of which the most convenient appear to be the following. 


T(}) ee (" ‘) 
—F(N)=e*  — ——-T(-+-)a*, for |a]| <1 58 
eo loa 2+ 4) or ” 


’ The integral defining F(A) can be reduced to a contour integral which is expressible 
in terms of a certain type of the confluent hypergeometric function. Cf. Whittaker & 
Watson, “Modern Analysis,” 3rd ed., p. 349 (1920). 
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+lagt si |: —? ~ 
- - (4n+1)! 

- Ws = r(- 1) Seeaminth efor A<—1 - (60) 


The first series is convergent for all values of \ but is only useful in the 
range indicated. The last two are asymptotic expansions. From these 
series the approximate values given in Table I were calculated. 


TABLE I 

» F(A) x F(A) » F(A) 
—3 1.072X10-5 —0.2 .730 1.0 2.685 
—2 .00264 0 1.000 1.4 3.31 
—1.5 .0200 0.2 1.312 1.8 3.86 
—1.0 1094 0.4 1.655 2.2 4.33 
—0.6 .338 0.6 2.018 2.6 4.71 
—0.4 .501 0.8 2.353 3.0 4.98 


The’graph of the function is shown in Fig. 6. It can be seen from Eq. (59) 
that when d is large and positive F(A) becomes nearly proportional to 
Vi. e Now \ is approximately proportional to the difference between 
5 
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the potential of the « collector and "the voltage equivalent of the drift 
velocity of the ions. 1 In this region, therefore, the current is approxi- 
mately a parabolic function of this voltage difference. But we found 
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[(cf. Eq. (30)] that in the case of a pure Maxwellian distribution the 
same relation held between the current and the potential of the collector 
with respect to the space, when this potential was an accelerating one. 
We see therefore that in the present case when the retarding voltage 
on the collector is less than Vo the current is nearly the same, except 
for a constant factor, as though the drift velocity were annihilated and 
the collector voltage raised by the corresponding amount. On the other 
hand when J is negative Eq. (60) shows that the current decreases very 
rapidly as —A increases, but the logarithm of the current is roughly 
a linear function of the square of the voltage difference A, while with 
a Maxwellian distribution log 7 is a linear function of the first power of 
the corresponding voltage. 

For comparison there is plotted in Fig. 6 the graph of the function 
erf(—X). This is approximately the volt-ampere characteristic of a 
plane collector placed perpendicular to the direction of the drift velo- 
city when this velocity is large compared with the Maxwellian motion. 
It will be seen that for negative \ the currents to the two kinds of col- 
lectors stand in a nearly constant ratio, but for positive \ the current 
to the plane reaches a saturation value while that to the cylinder con- 
tinued to increase parabolically. The size of the error made in using 
formula (57) to calculate the current when the ratio of the drift to the 
random current is not very large can be seen from Eq. (54). The second 
integral in formula (54) is approximately equal to the first one for 
|\| <1 so that the percentage error caused by omitting the second in- 
tegral is of the order of 100/a. 

For the spherical collector with the present velocity distribution 
function there can be obtained similar equations which, however, for 
the sake of brevity we shall omit. We will give only the results cor- 
responding to Eqs. (51) and (55). In the case of the spherical collector 
the error made in determining the temperature of a Maxwellian dis- 
tribution which is modified by a small drift velocity is only two thirds 
as much as for the cylindrical collector. When the potential of the 
spherical collector is retarding and greater in absolute magnitude than 
the voltage equivalent Vo of the drift velocity, the current to the col- 
lector is approximately the same as though the drift velocity were 
removed and the collector voltage raised by Vo (the two currents speci- 
fied being here equal instead of merely proportional as with the cylindri- 
cal collector). 
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III. Discussion oF EQuaTiIons; GENERAL THEOREMS; EFFECT OF 
REFLECTION AT THE COLLECTOR SURFACE 


In deriving the foregoing equations we have ignored the distribution 
of potential within the sheath, and have assumed that the current taken 
by a collector from a sheath of given dimensions depends only on the 
total difference of potential between the collector and the sheath 
boundary. But this certainly cannot be true without some restrictions 
on the nature of the field in the sheath. For instance, there is the obvious 
qualification that the potential of any point within the sheath must 
lie between the extreme values of the potential of the collector and of 
the sheath boundary. This condition is sufficient in the case of the 
plane collector, and of the cylindrical and spherical collectors where the 
ions considered are moving in a retarding field. If however ions are 
moving in an accelerating field toward a cylindrical or spherical col- 
lector some further condition must be added, as can be seen for example 
from the fact that whereas our equations for this case give a value for 
the current greater than i the current taken at the space potential, the 
current for any accelerating potential would actually be reduced to % 
if the whole voltage drop in the sheath were concentrated in a thin layer 
covering the collector. 

Let us consider in more detail the case of the cylindrical collector at an 
accelerating potential. It has already been pointed out [(cf.footnote to (5)] 
that the conditions expressed by (5) which are satisfied by the initial 
velocity components of an ion reaching the collector must be supple- 
mented by the assumption that the radial velocity component does not 
become imaginary at any point on the orbit of such an ion. The as- 
sumption implies some property of the field of force which we proceed 
to investigate. The initial velocity-components u, v satisfying condi- 
tions (5) are represented by points lying in the shaded region of Fig. 1. 
Now if an ion with certain values of u and v is able to reach the collector, 
it is clear that any ion with the same value of u but a smaller value of v 
will also be able to do so. It is sufficient therefore to discuss the condi- 
tions relative to the points on the hyperbolic boundary of the region in 
question. 

If u,, v, are the radial and tangential velocity components of an ion 
at a distance s from the center, then the relation between u,, v, and u, v 
must be given by Eq. (3) when s is substituted for r, and V, the poten- 
tial at the distance s for V,. That is 


2 
u~2=u?— (<- 1) v?+2 i. (61) 
s? m 
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aes (62) 
s 
The relation between the initial velocity components of an ion cor- 
responding to a point on the hyperbola in Fig. 1 is given by Eq. (6). 
Such an ion in order to reach the collector, must satisfy for every value 
of s between a and r the condition 


u,?>0 (63) 


On substituting from Eq. (6) into (61) and transposing, etc., we find 
that this inequality can be written 


g*—s* 78 a?—s? 127 m 
V.> —V,-—u? [1- 7] — (64) 
a*—r? s? a*—r? s? ] 2 


The quantity in brackets is always positive when s lies between a and 
r, so that if (64) is to be satisfied for every value of u between zero and 
infinity we must have 











gi—s? 2 
V.> —V, (65) 
a2—r2 52 
which can be written 
a? 
V.>M (<-1) (66) 
s? 


where M is a constant independent of s. This inequality therefore ex- 
presses the property which must be possessed by the field of force in 
the sheath in order that the equations which we have developed for the 
volt-ampere characteristic of a cylinder may apply. 

In the case of the spherical collector the discussion is the same except 
that v must be replaced by g, the resultant tangential component (re- 
gardless of direction). The conclusion reached is therefore that the 
equations which we have developed for the sphere will only hold if 
condition (65) or (66) is satisfied. 

From another point of view these conditions define more exactly 
what we have called a “sheath-edge”; for it can easily be seen that if 
we assume any distribution of potential we like between a and r we 
can always find a cylinder (or sphere) of radius a’ intermediate be- 
tween a and r such that for this cylinder (sphere) or any other of smaller 
radius, condition (65) is satisfied when a’ is substituted for a. In other 
words such a surface can be taken to be the edge of the sheath if the 
distribution function for the velocities of the ions crossing it is known. 
As far as the equations of orbital motion determine it, the sheath edge 
is therefore simply a surface on which we know the velocities of the ions 
and within which the condition (65) is satisfied. 
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Additional light is thrown upon this point by an alternative method 
of calculating the current to a cylindrical or spherical collector. In- 
stead of considering the distribution of velocity components among the 
ions in an element of volume, we can resolve the whole of the ions out- 
side the sheath into a number of swarms consisting of ions moving in 
parallel lines with equal velocities (i. e. the direction and magnitude 
of the velocities in each swarm fall within small ranges centering about 
given mean values), that is, into distributions each of which is of the type 
considered under II (A). For each swarm the collector will possess an 
effective target area such that every ion will be collected whose rectilinear 
path outside the sheath when prolonged falls on the target. The total 
current is then found by multiplying this target area by the current 
density of the-swarm and adding the products for all the swarms. 

The target area of the collector in general depends only upon the 
collector potential and the velocity of the ions in the corresponding 
swarm, and not upon the nature of the orbits described by the ions in 
the field of force of the collector. In fact, Eq. (14a) shows that the 
width of the target is 2i,\/1+V/V >. But when this quantity exceeds the 
width of the force field, it is evident that the latter width must be sub- 
stituted for the former in computing the current contribution of the 
corresponding swarm of ions. Even before the ultimate limit is reached 
the width of the target may be restricted to a smaller limit if condition 
(65) is not satisfied everywhere in the field of force. In this way the 
radius of the force-field or some related quantity enters into the cal- 
culation, so that the total current to the collector depends upon the 
“sheath-radius.” 

It is to be noted however that for retarding potentials on the collector 
the calculated target width is less than the diameter of the collector. 
In this case, therefore, the current to the collector is independent not 
only of the distribution of potential in the sheath but also of the actual 
dimensions of the sheath. This has already been found true for all the 
cases treated in this article, as will be confirmed by examining Eqs. 
(14a), (15a), (18b), (28b), (36b). 

Again in the case of accelerating potentials, for which the calculated 
target width is greater than the collector diameter, simple conditions must 
be reached when the radius of the sheath is made sufficiently large com- 
pared with that of the collector. In such case the sheath diameter 
will eventually become greater than the target widths calculated for all 
the different swarms, so that the total current to the collector once more 
becomes independent of the sheath radius. This explains the result 
already found that the current to a cylindrical or spherical collector 
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at accelerating potential reaches a limit as the sheath radius is indefi- 
nitely increased. By the same argument the current for very large sheaths 
must be independent of the actual shape of the sheath, which justifies 
the assumption of this kind which we made in treating the cases where 
unsymmetrical sheaths are formed about the collector. 

The equations derived in Section II hold for ions of either sign, sub- 
ject to the conventions already made that the potential of the collector 
with respect to the space is to be counted positive when the collector 
attracts the ions. When ions of both signs are being collected, the 
contribution from the ions of each sign are simply added, in doing this 
we may need to use a different size of sheath for the positive current 
and for the negative current. The calculation of the current assumes 
that the sheath sizes and velocity distributions are known, but of 
course, the real use of the equations lies in the determination of the 
velocity and density distribution of the ions from the observed char- 
acteristics. This is possible when conditions are such that practically 
all the current comés from one group of ions, as for instance the electrons. 
Unless the sheath sizes are measured directly, it will further be ne- 
cessary to use collectors of each shape and size that the current does 
not depend upon the sheath size. 

With these conditions it will be possible by examination of the volt- 
ampere characteristic to determine whether the velocity distribution 
of the ions considered is one of the types treated above. But it is also 
interesting to consider the inverse problem of calculating directly the 
velocity distribution function from the volt-ampere characteristic. 

For the plane electrode with retarding voltages this calculation is 
simple, since the slope of the curve of current vs. voltage at any point 
is proportional to the number of ions having a velocity component 
normal to the plane which lies within a chosen fixed small range center- 
ing about the value corresponding to the collector voltage. In practice 
however the large size of the electrode necessary to realize the conditions 
of the plane electrodes sometimes disturb the normal conditions of the 
discharge so much as to vitiate the results. It is better then to use a 
spherical or cylindrical collector, chosen so small that the current to it 
will be independent of the size and shape of the sheath. 

The current taken by a spherical collector with retarding potentials 
when. the, sheath} is very, large is given by Eqs. (13) and (7). 


i=2nr*Ne u (w+ 2<v) g(0, u)du. 
m 


Vv—2ey/m 
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This equation can only be applied if the ions have no drift motion 
so that the distribution function involves the velocities components only 
in the form of their resultant ./u?+v?+w*. By two successive differen- 
tiations the above equation is reduced to 


foa(Jondy/S) 


Thus an analysis of the volt-ampere characteristic of the collector enables 
us to determine the distribution function g(0, c) where c is the velocity 
equivalent to the potential V of the collector. This function actually 
involves only one variable, so that we may call it G(c). Then c*G(c)dc 
is the fraction of the number of ions in a given volume for which the 
resultant velocity c falls within the range from c to c+de. 

For the cylindrical collector under the same conditions of large 
sheaths and a retarding potential we have from Eq. (10) 

i(V) =4arlNe f u4/ u2+2—V flu, o)du 
Vt ™ 

On introducing a new variable of integration y given by 


y 1m , 
=- —4u 
- 2 


sete (=). f (4/2+.0) =F(y) 


this becomes 


and putting 


1 ren ae 
sivy= { VeFV Pwd 
A -v 

which on differentiation gives 


2d. * FW) 
oe 


If we regard i(V) as a known function, this constitutes an integral 
equation for F(W), of a type which has been treated by Liouville. The 
solution can be written® 


4 “” , 
nae 00/4 69 
FY) =f (cea (69) 





where according to the usual notation the prime denotes differentiation 
of 4 with respect to its argument. It is to be noted that this formula 


* See for example Volterra “Les Equations Integrales, etc.” 
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involves only the values of i corresponding to negative potentials on 
the collector. Other formulas equivalent to (69) can easily be derived, 
which are more convenient in special cases. 

This equation then enables us to calculate the distribution function 
F(W) from the observed characteristic of a cylindrical collector. The 
derivation of the original Eq. (10) assumes only that the distribution 
function is symmetrical in u and v. Thus 2mgF(W)dq is the fraction 
of the ions for which the resultant g of the velocity components u and v 
falls in a specified range dg, y being the voltage equivalent of gq. 

_ Special properties of the Maxwellian distribution. The equations 
which have been given show that when a plane, cylindrical or spherical 
collector is placed in a Maxwellian field of ions, the current for retarding 
potentials is given by the same simple formula; namely, 


i= igetv/#? (70) 


where i) is the current taken by the collector when it is at the same 
potential as the surrounding space. 

Although we have assumed that the ions describe free orbits in the 
sheath, Eq. (70) is the same as would be derived on the assumption 
that the ions made collisions with each other and reached a state of 
statistical equilibrium, for in such a distribution the law of distribution 
of velocities at every point is Maxwellian, while the distribution of 
density is given by Boltzmann’s law.® That is, Eq. (70) indicates that 
in the sheaths of the three collectors mentioned, the ions retain the 
distribution of velocities and of densities proper to a state of statistical 
equilibrium, even though they make no collisions with each other. 

That this is so is well known for the plane case, and it can also be shown 
directly to be true for the cylindrical and spherical cases. Taking the 
cylindrical case first and considering only the inward-moving ions, let 
I,(u, v)dudv stand for the current carried across a unit area of the 
sheath boundary by ions having velocity components in the specified 
range du dv, and I,(u,, v.) du,dv, for the corresponding quantity at some 
intermediate distance s where the velocity components are u,, v,. For 
a Maxwellian distribution at the boundary we have according to Eq. (24) 


Tq(u,v)dudv= A e~(™!/2kT) +2") ydudy (71) 


where A is a constant. Since the total currents carried by the ions in 
question across the sheath boundary and the intermediate cylinder are 
the same, we have 

$1 ,(t,,0,)du,dv,= al ,(u,v)dudv + (72) 


* Compare “Part I,” p. 450. 

















COLLECTORS IN GASEOUS DISCHARGES 755 


The relations between the quantities u,v, u,,v, are given by Egs. 
(61), (62) from which we obtain the further result 














Ou Ou 
OU, OU, S ts 
dudv= du,dv,=—- —du,dv, (73) 
Ov Ov au 
Ot, OU, 


On substituting from (71), (61), (73), in (72) we find 
I, (tt, , V,) dU,dv, = Aewe m/2kT) (ud+o?)y du.dv, (74) 


An examination of Eq. (61) of transformation shows that the values 
of v, range from — © to © and of u, from 0 to © since we are assuming 
that V, is negative. Bearing this fact in mind and comparing (74) 
with (71) we see that the ions at s have the same velocity distribution 
which they had at g, while the number of ions in a given velocity range 
stand at the ratio et”*/*7 at the two places. The first part of this result 
shows that the velocity distribution at s is still Maxwellian, while the 
second part shows that the variation of density from point to point is 
governed by Boltzmann’s equation; excepting of course for the fact 
that only one-half the ions of a complete Maxwellian distribution 
are included, i. e. those having a positive radial velocity component. 

It is interesting to see how these results must be modified for the 
case when VJ, is positive, so that the ions are accelerated as they move 
into the sheath. Eq. (74) still holds, but a consideration of the trans- 
formation Eq. (61) shows that certain values of u, and v, are excluded. 
In fact the only points in the w,,v, plane which correspond to real 
values of u and to positive values of u, are those lying to the right of 
the v, axis and outside of the ellipse 


s? € 
a? m 


constituting the region shown shaded in Fig. 7. We see then that even 
with an accelerating potential on the collector the Maxwellian nature 
of the distribution is not completely obliterated as the ions move into the 
sheath. At any point certain whole groups of ions proper to a Maxwellian 
distribution are absent, but the remaining ions have precisely the distri- 
bution according to velocity-coordinates which is characteristic of 
a complete Maxwellian distribution having the same temperature as that 
of the ions at the sheath boundary. Furthermore, the space density of 
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ions in each velocity-class outside the excluded ones satisfies Boltzmann’s 
equation. 

The argument for the spherical case 
is the same, except that the tangential 
component q, replaces v,. With a retard- 
ing potential on the collector the ions in 
the sheath will have a distribution of 
velocities and densities given by Max- 
well’s and Boltzmann’s equations. With 
an accelerating potential, the distribu- 





tion will be the same except that at any 
radial distance s no ions will be present 





for which the velocity points, having 
coordinates u,, vs, Ws, fall within an oblate 
ellipsoid which can be generated by re- 





volving the ellipse of Fig. 7 about the 
Fic. 7. u axis. 


In view of the similarity of these results for the sheaths about the plane, 
the cylindrical and the spherical collector, it seems reasonable to infer 
that they hold for force-fields of any shape under the conditions as- 
sumed, and in fact we can state a general theorem concerning such 
fields of force which may be formulated in the following way. Let us 
consider a conservative system consisting of a large number of particles 
moving in an enclosed space and continually exchanging energy and 
momentum with each other so that a state of statistical equilibrium 
is reached in which there is a law of distribution of positional and velo- 
city components which we shall, for brevity, denote by Dy (Dw being 
then the distribution defined by Maxwell’s and Boltzmann’s equations). 
In this space we imagine to exist a region A in which there is no inter- 
action by collision or otherwise between the particles, and in which 
there is a field of force acting on the particles. Any interior boundary 
surfaces of A (such as the surfaces of collectors) we shall assume to be 
perfectly reflecting. The particles penetrating into A will then describe 
“orbits” under the influence of the force field and eventually return 
to the exterior boundary of A. If we consider not merely the orbits 
actually described by particles but the totality of orbits which may be 
followed by a particle in A with all possible modes of starting from in- 
terior points, there may be some of these paths which never carry the 
particles outside of A. These we will call “interior orbits.” Our theorem 
is then as follows: if the field A has no interior orbits, the distribution of 
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particles throughout it will be Dy; if interior orbits exist, the distribu- 
tion will be Dy except for an excluded class of particles, these being 
the ones which would describe the interior orbits if they were present. 

To prove the theorem, let us imagine that after a steady state has 
been reached we introduce temporarily some mechanism allowing the 
particles in A to interchange momenta. For instance we can introduce 
a sufficient number of particles which are not acted upon by the field 
in A, and which are initially given the distribution Dy in A and outside 
of A. Through collisions with these “neutral” particles the original 
particles, without loss of energy of momentum as a whole, will acquire 
a distribution which is Dy in A if it was not such before. This distribu- 
tion in A will persist if the neutral particles are removed, and will re- 
main in equilibrium with the distribution outside of A.'® 

Now it is a characteristic of Dy that it includes particles moving along 
every possible orbit" in A. If there are no interior orbits, all the orbits 
in A eventually return to the exterior boundary. Since in the new state of 
equilibrium the particles are once more moving freely in A, the new 
state cannot differ from the old one, so that even before the introduction 
of the “catalyzing” agent the distribution in A must have been Dy. 
If there are interior orbits, then in the new state of equilibrium there 
must be present circulating particles which describe these orbits. But 
there orbits never intersect those of the other particles in A, so thatif 
‘we imagine the circulating particles to be removed, the resulting dis- 
tribution must be the same as that which existed before the introduction 
of the catalyst. The original distribution is then seen to differ from 
Dy only in the way stated in the theorem. 

We have so far assumed all “collectors” in to be perfectly reflecting. 
In this state, the current of particles moving toward a given collector P 
is equal to that moving away from it. Considering only the ingoing 
current, this may be composed of a current Jp consisting of particles 
which move directly from the exterior boundary of A to P, and of a 
current Jpg of particles which reach P after having previously touched 
anotker collector or collectors Q. If we now assume that the collectors 

10 The proof of this statement may be based upon thermodynamic grounds: for 
according to the Second Law the system cannot depart from the state of statistical 
equilibrium once this has been reached through the temporary introduction of the 
“catalyzing” mechanism. In the usual treatment of such problems from the standpoint 
of statistical mechanics, the assumption that the system remains in a state of equilibrium 
is equivalent to the assumption that the system is “quasi-ergodig.” 

11 Since the number of particles in not infinite, it is understood of course that this 


statement is not to be taken literally, but in the sense that a particle can be found which 
describes a path which differs but little from a previously chosen path. 
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absorb all the particles which reach them, it is seen that the current Jp 
will remain unchanged, while the current Jpg will vanish. This indi- 
cates the way in which the results given by our theorem must be modi- 
fied when they are applied to the calculation of the current to a col- 
lector in an actual case. ; 

An interesting and important application of this theorem is the fol- 
lowing. We consider two closed surfaces S and R, (S enclosing R), which 
are equipotentials in a field of force, and we imagine that particles pass 
in both directions through S with a Maxwellian distribution of velocities 
and describe free orbits in the interior. By the above theorem we know 
that the distribution of velocity and density of particles throughout 
the interior of S will be given by Maxwell’s and Boltzmann’s laws except 
for the absence of certain numbers of particles which would describe 
interior orbits. If we now imagine these circulating particles to be sup- 
plied. the distribution will be Dy throughout. In this distribution let 
ig be the total current leaving S and reaching R, i§ the total current 
leaving R and reaching S, and Js, Jp the currents per unit area crossing 
S and R respectively. Then since we are assuming that conditions are 
steady and that the particles meet with no obstacle within S, 


R= if (76) 


Further, the space densities of the particles is uniform over S and uni- 
form over R and the ratio of these densities is given by Boltzmann’s 
equation. Since the average velocities of the particles are also equal 
at the two surfaces, the currents Js and Jz must be related by the Boltz- 
mann equation, i. e. 


Ig=Ipe‘*r—¢s)!*T (77) 


where ¢pr, ¢s are the potentials of R and of S, and T is the temperature 
of the Maxwell distribution of velocities. On dividing the first of these 
equations by the second we obtain * 


i2/Ig=e¢R—#s) "778 /Tp (78) 


The current Js can be divided into two equal parts, of which one is 
composed of outwardly and the other of inwardly moving particles, 
and similarly with Jr. The above equation therefore is still valid if 
we take Js to mean the current traversing S from the exterior to the 
interior, and Jz the current traversing R in the contrary sense. Finally 
we can remove the particles which describe closed orbits not cutting S 
or R since they contribute nothing to any of the currents considered. 
Eq. (78) now gives a relation between the solution of two problems, in 
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the first of which the surface S emits particles with a Maxwellian dis- 
tribution of velocities and a current density Js toward an interior surface 
R which collects a total current if ; while in the second problem the 
surface R emits particles with a Maxwellian distribution and current 
density Jp toward an exterior surface S which receives the total cur- 
rent ip. It is to be noted that Js, Ip are currents per unit area while 
é iZ are total currents. If we let As, Ar stand for the areas of S 
and of R, fa for the fraction of the total current leaving S that reaches 
R in the first problem, and fe for the fraction of the total current leav- 
ing R that reaches S in the second problem, then Eq. (78) can be written 


fhm Beton-es) let f5 (79) 
As 

By means of Eq. (79) we can deduce our Eq. (28a) relating to the case 
of concentric cylinders from an equation previously deduced by Schottky” 
who considered the problem, inverse to ours, of a cylinder emitting ions 
having a Maxwellian distribution of velocities toward an outer con- 
centric cylinder. For a retarding potential of V volts applied between 
the cylinders Schottky found the result which in our notation is 


an. ee A. i? 
ro ie r [1 ey | tes = r? (80) 


Here 7 is the current collected by the outer cylinder, ip the saturation 
current from the inner cylinder, a and r the radii of the outer and inner 
cylinders respectively. Now a retarding potential in this problem is an 
accelerating one in the converse problem where the two cylinders keep 
their potentials but the ions are emitted by the outer one and collected 
by the inner one. Using Eq. (79) and letting S stand for the outer and 
R the inner cylinder, we find for the solution of the converse problem 
a result which is easily seen to be identical with Eq. (80). It is to be 
noted that in Schottky’s problem the distribution of velocities in the 
space between the cylinders is not Maxwellian even though the field 
retards the outward moving ions. This is in agreement with our general 
theorem since obviously there exist interior orbits in this field. 

As another example of the application of the general theorem, we may 
consider the characteristic of a collector which has been used by A. F. 
Dittmer. This consists of a plane, electrode A placed behind and close 
to a parallel electrode B which is pierced by a small circular hole, the 
front plate B shielding the back one A from the discharge so that the 


Schottky, Ann. d. Physik, 44 1011 (1914). 
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ions reaching the latter must pass through the hole. Let us suppose 
that the space in front of B is filled with ions of which those of one sign, 
say for definiteness the electrons, have a Maxwellian distribution of 
velocities and a density uniform in space. If now we make the potential 
of B sufficiently negative, a positive ion sheath will be formed in front 
of B, and the surface C bounding the sheath may be taken to be a 
plane parallel to B if the sheath thickness is not too small compared with 
the diameter of the hole. Taking the potential of C to be zero, we bring 
A to a positive potential sufficient to repel positive ions and allow only 
electrons to reach it. The electrons leaving the sheath edge C move 
into a retarding field, but there will be a certain surface S capping the 
hole, such that the component of electric force normal to the planes 
A, B, C vanishes at each point of S. Every electron which is able to 
reach this surface S finds itself in a field accelerating it toward A, as soon 














Fic. 8 


as it crosses S. Most of the electrons crossing S consequently reach A, 
these being the ones moving along some such path as P, in Fig. 8. 
A few electrons having very high transverse velocities on reaching S 
will move along paths like P2 and so fail to reach A after crossing S. 
But these latter electrons have such high transverse velocity on leaving 
C that their number, according to the Maxwellian law, is very small. 
Thus we may take the surface S as being effectively the “collector” 
determining the current to A. 

The potential of this collector varies from point to point, being the 
same as that of B at the edge, but more positive in the middle on account 
of the influence of the positive potential on A. If the potentials of B 
and A are so adjusted that the center of S is negative, the entire surface 
will constitute a collector, which repels electrons. A little consideration 
shows that in this case there are practically no interior orbits, in the 
space included between C and S+8;; that is, there are no paths leading 
to A and crossing S which do not originate from C. Therefore according 
to the general theorem the distribution of velocities among the electrons 
crossing S must be Maxwellian, and the distribution of space density 
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must be governed by Boltzmann’s law. This result enables us to cal- 
culate very simply the current to A if we know the shape of the surface S 
and the potential at each point of it. A particularly simple case occurs 
when the field strengths at the plate B on each side are equal in magni- 
tude, for in this case S is plane. 

Effect of reflection and of secondary electron emission on the character- 
istics of collectors. \We come now to the consideration of the question 
as to how the equations of Section II relating to the characteristics 
of collectors must be modified when either reflection or secondary 
electron emission occurs at the collector. In the first place, when the 
potential of the collector is such as to accelerate ions of a particular 
class, any of these ions which may be reflected at the collector surface will 
eventually be drawn back to the surface, since they leave it with less 
velocity than they had on striking it.*. Thus the volt ampere character- 
istic of a collector can only be affected by reflection when the field 
at the collector surface is such as to repel the ions considered. In accordance 
with cur convention with regard to the sign of voltages, this means 
that the equations of Section II will be in er1or on account of reflection 
only in case V is negative. 

Although the reflection coefficient of a surface for electrons is usually 
assumed to be a function of the angle of incidence of the electrons at 
the surface, theie is reason to believe that for a surface carefully cleaned 
by heating or ion bombardment the dependence upon the angle of 
incidence disappears.'* Even with this simplification the calculation 
of the characteristics of a collector on which reflection takes place will be 
in general very complicated, since the reflection coefficient still depends 
upon the veiccity with which the electrons reach the collector. The 
carrying out of the calculation is scarcely justified, since the form of the 
reflection function is known only approximately and for a few different 
materials, and since in any event it is known that a collector may change 
its reflection coefficient for electrons very greatly in the course of a 
single series of experiments through the deposition of a film on its sur- 

* Exceptions to this statement may occur in certain cases which are illustrated by the 
following example. Let a plane collector be divided into two parts A and B placed close 
together, the current to each part being measured separately. Suppose that ions are 
being drawn to the collectors by a rather large accelerating voltage, so that they arrive 
at A or B in a direction practically normal to the surface. If an ion is reflected from a 
point near the edge of A, whether it returns to A or to B depends largely on the trans- 
verse component of velocity which it has after reflection so that a certain fraction only 
of the current reflected from A will return to A, the rest going to B. Thus the ratio of 
the currents to A and to B will depend to a certain extent upon their relative reflecting 


powers. 
% Cf. C. Tingwalt, Zeits. f. Physik 34, 280 (1925). 
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face. We shall content ourselves with pointing out ina general way the 
effect of reflection in the cases which we have treated. 

The effect of electron reflection on the collector characteristic depends 
upon the velocity distribution of the electrons. In certain cases the 
result of the reflection can be found quite simply. For instance, in case 
the distribution is of type A or B (where the electrons all have equal 
energies) the electrons arriving at the collector surface will all have equal 
velocities. If now the reflection coefficient is independent of the angle 
of incidence but is known as a function of the velocity, it is plain that 
the actual characteristics of the collector can be found by multiplying 
the current calculated on the basis of no reflection by 1—R(v), where 
v is the velocity with which electrons arrive at the collector as_ deter- 
mined by its potential and R(v) is the corresponding reflection coefficient. 

Another distribution giving simple results is the Maxwellian one. 
We have seen that in this kind of distribution a collector of any shape 
whatever gives a characteristic for retarding potential which is such 
that if the logarithm of the current is plotted against the voltage a 
straight line is obtained. Furthermore the distribution of velocities 
among the electrons arriving at the collector is the same whatever the 
collector potential may be. Thus the percentage reflection is the same 
for every value of the collector voltage, and consequently the effect of 
reflection will be simply to displace downward the: straight line of the 
semilogarithmic plot. The slope of this line will however still correspond 
to the temperature of the distribution. The effect of the reflection will 
only become apparent when the collector passes through the space po- 
tential when there should be a sudden increase of the current due to 
the recapture of the reflected electrons. 

Secondary emission of electrons due to electron bombardment is in 
general indistinguishable from electron reflection, and its effects upon 
the characteristics of a collector will be the same as those of reflection. 
Emission of electrons due to the bombardment of positive ions however 
would have the effect of increasing the total current to a collector whose 
potential is such as to attract positive ions and keep off all electrons 
from the discharge (i. e. a highly negative potential). This increase 
would be very noticeable, since the positive ion current to the collector 
in this range usually increases only very slowly as the collector is made 
more negative. Thus the study of the characteristics of a collector under 
these conditions would show immediately whether or not the emission 
of electrons occur. We may note for instance that the characteristics 
of a large plane collector in a mercury arc discharge at low pressure 
(8 bars) show that the current of secondary electrons due to the bombard- 
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ment of mercury positive ions of 1000 volts velocity cannot be greater 
than 5 percent of the total current to the collector," this being ap- 
proximately the experimental error in determining the current. 

We have said that the equations developed in this article are valid 
even when reflection occurs in the cases where the ions are being ac- 
celerated toward the collector. This is true in the sense that the equa- 
tions give the correct yalue of the current as a function of the voltage 
and of the dimensions of the sheath, when these dimensions are a factor. 
But the effect of reflection will be to make the dimensions of the sheath 
different from what they would be in the absence of reflections, so that 
in this manner the value of the current may be affected indirectly. 
If an accurate theory giving the dimensions of the sheath calculated 
from the space charge equation were available, a comparison between 
the calculated and observed dimensions would show whether or not 
reflection was taking place. 

RESEARCH LABORATORY, 


GENERAL ELECTRIC COMPANY, SCHENECTADY, N. Y. 
July 6, 1926. 


4 Langmuir and Mott-Smith, G. E. Rev. 27, 545 (1924). 
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NORMAL ARC CHARACTERISTIC CURVES: DEPENDENCE 
ON ABSOLUTE TEMPERATURE OF ANODE 


By W. B. NotTrincHAM 


ABSTRACT 


The equation V=A+(B/J") for normal arc characteristic curves has 
been verified and the temperature range over which m has been found to be 
proportional to the absolute temperature of the boiling point of the anode 
material has been extended to include the zinc arc in argon at 1180°K with 
0.345 for m and the tungsten arc in air at approximately 5100°K with n =1.38. 


HE static characteristic curves of the normal electric arc can be 

measured with the simple circuit shown in schematic in Fig. 1. 
After the electrodes have been brought into contact and separated a 
given distance, the current J flowing through the arc and the voltage V 
across the arc can be measured at a number of different current in- 
tensities. The graphical representation of such a series of measurements 
is usually called the “characteristic curve’”’ of the electric arc. Four 
typical curves are shown in Fig. 2. The top-most curve shows measure- 
ments taken by Mrs. Ayrton on the carbon arc, the next two are from 
measurements on tungsten and zinc arcs in air and the lowest shows the 
zinc arc in argon. 
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Fig. 1. Circuit for measuring arc characteristics. 


It is obvious that these curves are hyperbolic in form and are ap- 
parently asymptotic to zero current on the left hand and to some value 
of voltage other than zero, below. The most natural assumption there- 
fore is that these data can be represented by a simple empirical equation! 

V=A+(B/I*). 
A and B are constants dependent on the length of the arc, the electrode 


1 Nottingham, J. Am. Inst. Elec. Eng. 42, 12 (1923). 
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Fig. 2. Characteristic curves of arcs; 6.0 mm constant length. 
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Fig. 3. Test of the equation V=A+(B/J") for copper electrodes in air. 
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materials and the atmosphere surrounding the arc while the constant n 
is dependent upon the anode material. Fig. 3 serves to illustrate graphic- 
ally the accuracy with which the equation V=A+(B/I*) represents 
the observations made on a copper arc in air since if we subtract A from 


both sides of the equation and take the logarithm we have 
log (V-A) = log B-n log I 


The average value of m is 0.67. 
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Fig. 4. Test of the equation V=A+(B/J") 
for tungsten electrodes in air. 


which is simply the equation of a straight line with a slope of (—n). 


The results of measurements on an arc between tungsten electrodes 
in air are shown in Fig. 4. The same general characteristics of point 


distribution and parallelism of 
the lines for different arc lengths 
are again obvious. 

The striking feature of these 
lines when compared with those 
for copper is that the slope is 
over two times as great. The 
average value of m in this case 
is 1.38 for all of the arc lengths 
and 1.34 if we average the six 
longest curves. 

Fig. 5 illustrates an extra- 
ordinary and simple relationship 
between the value of m for a 
number of different arcs and the 
boiling temperature of the anode 
material. Tungsten heads the list 
with 1.38 for m and 5100°K for 
a boiling point; then platinum 
as calculated by Anderson and 
Kretchmar;? then carbon agree- 
ing with the exhaustive work 
of Mrs. Ayrton* and others who 
determined the value of m as 
unity. At 0.57 we have the 
value of m for zinc in air which 
undoubtedly is an arc whose 
temperature is limited by the 
sublimation of zinc oxide. The 


* Anderson and Kretchmar, Phy. Rev. 26, 33 (1925). 
* Heartha Ayrton, The Electric’ Arc: “Electrician” Printing & Publishing Co., 
London. 
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value of 0.345 has been determined for zinc from a few preliminary 
measurements in argon and fits fairly well on the curve with a boiling 
temperature of 1180°K. 


EXPONENT fn 
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Fig. 5. Illustrating the variation with anode temperature of the exponent n 
in the equation V=A+(B/I") 


TABLE I 
The exponent n depends on the anode temperature. 











Anode Cathode n > iad 4 Authority 
Tungsten Tungsten 1.380 5100 Langmuir 
Platinum? Platinum 1.150 4180 Langmuir 
Carbon* Carbon 1.000 3770 Van der Waals 
Carbon! Copper 0.985 3770 Van der Waals 
Copper! Copper 0.670 2580 Greenwood 
Aluminum! Carbon 0.650 2480 Ruff-Schmidt 
Nickel! Carbon 0.640 2450 Hagenbach-Langbein 
Nickel Nickel 0.640 2450 aes 
Silver? Carbon 0.624 2370 v. Wartenberg 
Zinc(air)! Carbon 0.570 
Zinc(air) Zinc 0.570 
Lead! Carbon 0.480 1850 v. Wartenberg 
Antimony! Carbon 0.460 1710 Greenwood 
Bismuth! Carbon 0.445 1690 Greenwood 
Zinc(argon) Zinc 0.345 1180 Braune 








This relationship = 2.62 (10)-*T, where T is the temperature of the 
anode is so simple and thus seems to be so well borne out by these points, 
eleven in all, that it should be recognized as one of the observed facts 
of the electric arc. It unifies certain divergences of opinion as to the 
true form of the characteristic curves and may possibly point the way, 
or serve as a test for a comprehensive theory of the arc. In 1907 Malcom 
and Simon‘ pointed out that the power curves, that is, curves plotted 


* Malcom and Simon, Phys. Zeits. 8, 471 (1907). 
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with power as the ordinate and current as the abscissa for all arcs 
measured by them were concave toward the current axis, with the ex- 
ception of carbon which was straight. Steinmetz® stated as a result of 
his observations that the characteristic curves are certainly hyperbolic 
in form but the current enters with a power much less than unity. 

The question may arise, is the anode always boiling? The first measure- 
ments made on tungsten showed slopes much less than that of 1.34 
required by the theory. The surface of the electrodes did not show signs 
of having even melted and the slopes of the lines were different for 
every arc length, progressively increasing with arc length. The heat 
lost by conduction through the electrodes was reduced by using “collar 
button” electrodes made by cutting away the material so as to leave a 
disk 1/2 in. in diameter and 3/16 in. in thickness supported on a neck 
3/32 in. in diameter and 3/8 in. long. After this change, the log J versus 
log (V—A) line was obtained which was straight and showed a slope 
of about 1.34 from 10 amps. down to 4 amps., but deviated noticeably 


’ from the straight line for currents below 4 amps. It was necessary to 


reduce the heat lost by conduction even more before the data shown by 
Fig. 4 were taken which shows the lines to continue straight even for 
currents as low as 1 amp. All of these measurements prove that the 
characteristic curves can be represented by V=A+(B/J") only when 
the temperature is stabilized at some point throughout the series of 
measurements. The boiling or sublimation of the anode performs this 
function in the normal arc, and Fig. 5 illustrates in a very convincing 
manner the universality of the relationship »=2.62(10)-*T where T 
is the stabilized temperature of the anode. 

To the New Jersey Zinc Company, The Driver Harris Company, and 
the Research Department of the General Electric Company, I am in- 
debted for supplying some of the materials used, while to the Depart- 
ment of Physics of Princeton University, and in particular to Professor 
K. T. Compton, I am grateful for the privilege of carrying on this 
research. 

Palmer Physical Laboratory 

Princeton University, 


Princeton, New Jersey. 
June 12, 1926. 


5 Steinmetz, Chem. and Met. Eng. 22, 455 (1920). 
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THE EFFECT OF A HYDROGEN ATMOSPHERE ON THE VELO- 
CITY DISTRIBUTION AMONG THERMIONIC ELECTRONS 


By C. pet Rosario 
ABSTRACT 


The thermionic current from a tungsten or platinum filament to a coaxial 
cylindrical electrode was measured for different retarding potentials first in 
vacuum and then in hydrogen keeping the temperature of the filament con- 
stant. The heating current was made intermittent to eliminate the magnetic 
field and the potential drop along the filament when the thermionic current 
was being measured. The filament temperature was kept constant to 1/10 
percent by a Wheatstone bridge arrangement of which the filament was made 
onearm. Filament temperatures ranging from 1520°K to 1990°K, and pressures 
of hydrogen from 0 to 0.25 mm Hg were used. The distribution of velocities 
among the electrons in vacuum and in hydrogen was found to follow Maxwell's 
law; and contrary to the experience of former observers the temperature 
calculated from the Maxwellian distribution was found to be the same for the 
case of a vacuum as for that where hydrogen was present to an accuracy higher 
than 0.7 percent which is within the accuracy of the experimental data. 
Moreover, the temperature so calculated was for all cases in close agreement 
with the filament temperature estimated from data of Forsythe and Worthing 
for tungsten and those of Pirrani for platinum. The maintenance of thermal 
equilibrium between the electrons and the filament in hydrogen suggests the 
elastic nature of the collisions between the electronsand the hydrogen molecules. 


INTRODUCTION 


HE velocities of electrons emitted by hot bodies in high vacuum were 
shown by Richardson and Brown! in 1908 to be distributed in the 
manner predicted by Maxwell’s law for a gas of molecular weight equal 
to that of the electrons in thermal equilibrium with the hot source. The 
same conclusion was later arrived at by several observers among whom 
Germer? made perhaps the most extensive and accurate measurements. 
The effect of hydrogen on this velocity distribution was also investi- 
gated by Richardson and Brown, but they thought their results were too 
irregular to warrant any definite conclusion. This investigation was 
recently taken up again by Potter* who used a platinum filament and by 
Congdon‘ who used a tungsten filament. They found that while the 
velocity distribution in hydrogen atmosphere followed Maxwell’s law, 
the mean kinetic energy of the electrons was in most cases greater than 
? Richardson and Brown, Phil. Mag., 16, 353 (1908). 
* Germer, Phys. Rev. 25, 795 (1925). 


* Potter, Phil. Mag., 46, 768 (1923). 
* Congdon, Phil. Mag., 47, 458 (1924). 
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that which corresponded to the temperature’of the hot source. They 
however could not find any relation between this mean kinetic energy and 
the pressure of the hydrogen. The present work was undertaken with 
hopes of throwing more light on this apparently peculiar thermionic 
phenomenon. 


THEORETICAL RELATIONS INVOLVED IN THE EXPERIMENTS 
| The main part of the experiments was to obtain a series of values for 
) the thermionic current flowing from a hot filament to a coaxial cylindrical 
electrode against different retarding electric fields. It has been shown by 
Schottky® from kinetic theory considerations that if the distribution of 
electron velocities is strictly Maxwellian and if the ratio of the radius of 
the filament to that of the cylinder is less than 1/30, the thermionic 
current can be expressed to within one half of one percent by_the 


relation 
juste 2 {evanny / VE + f = ask (1) 
We kT a: 


VVe/kT 


where i is the thermionic current when the retarding potential is V; 1, 
the value for this current when V =o; e the electronic charge; k, Boltz- 
mann’s gas constant; and 7, the absolute temperature. 

Taking the logarithms and differentiating Eq. (1) we get 


d(logi/io) 1 — d(i/io) 
d(Ve/kT)  i/iy d(Ve/kT) 
—eVelkt/ Ve] kT eV elt? i 1(Ve/kT)-3—eVelt? 


eVelkT Vitf dx 
ard 


Ve/kT 








For large values of 


Ve/kT, f ods 
VWe/kT 
is negligible compared with 


e VelkT VVe/kT, 
d(log i/ to) 
d(Ve/kT) 


5 Schottky, Ann. der Physik 46, 1011 (1914). 
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or the slope of the log i/io, Ve/kT curve approaches —1 for large values 
of Ve/kT 

For values of Ve/kT used in the experiments however this slope 
differed from —-1 by as much as 5%. The smallest values used in a single 
set of observations ranged from 5 to 10 and the corresponding calculated 
slopes at these extreme points 
varied by one percent from the 
mean. 

Complications arising from 
space charge effects for large 
thermionic currents were avoided 
by either using low filament tem- 
peratures or using such values of 
retarding potentials as would 
limit the magnitude of the ther- 
mionic current to the order of 10-° 
amp., at which value the mutual 
repulsion between the electrons 
was negligible compared to the 
force due to the retarding electric 
field. 








EXPERIMENTAL METHODS 


The source of the thermionic 
electrons was a filament (1) (see 
Fig. 1) of tungsten or platinum, 
fixed to slits in nickel rods (2) and 
(3) by small nickel nuts. It was 
kept taut by a slight and adjust- 
able tension in a nickel helical 
spring (4) whose position along a threaded nickel rod (5) could be 
changed by turning a pair of small nuts. Rod (5) is rigidly connected 
to rod (2) by a tungsten rod (6) cased in a small glass tube as shown. 
The filament was surrounded by a cylindrical nickel anode (7) which 
was held in place by two collars (8) and (9). The lower one was rigidly 
fixed to a tungsten lead, and the upper one whose position on the cylinder 
was adjustable, was fastened by two short tungsten rods to a ground 
glass stopper (10). The two short vertical tubes on the ends of this 
glass stopper served as guides to keep the upper end of the filament 
concentric with the cylinder. It should be noted that the ground glass 
stopper was used merely as a support and of course contained no grease 




















Fig. 1. Diagram of thermionic tube. 
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or cement of any kind; the holes at the top and bottom facilitated the 
evacuation of the space above. The umbrella-shaped glass plate (11) 
around the lower heating current lead served to prevent the possibility 
of nickel sputtering on the lower portion of the Pyrex glass containing 
tube and thus kept the thermionic current circuit insulated from the 
heating current circuit. It may be noticed that the removal of a filament 
could be easily accomplished by the use of a small screw (12) just above 
the lower heating current lead and another (13) holding the upper end fo 
the helical spring (4). They could be reached after blowing out the end of 
the side tube (14) and that of tube (15) above the ground glass stopper. 
The insertion of a new filament was carried out in the same simple man- 
ner. 
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Fig. 2. Diagram of pump and gas connections. 


The experimental tube was connected to a high vacuum system (see 
Fig. 2) in which a double stage Kurth mercury diffusion pump (1) backed 
by a Cenco Hyvac oil pump was used. The two mercury seals (2) and (3) 
between the pump and the liquid air trap (4) were operated by iron plun- 
gers, one of which is marked (P), cased in glass tubes which floated in 
mercury. These plungers could be pulled down by a solenoid (S), raising 
the level of the mercury and thus producing a mercury cut-off. The 
plunger could be kept down by a small horizontal lock (ZL) also cased in 
glass and operated by a small solenoid. For experiments in vacuum these 
seals were kept open and the pumps were kept in continuous operation. 
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For experiments in hydrogen atmosphere however, seal (2) was first 
closed to prevent hydrogen from reaching the diffusion pump and raising 
the pressure of the mixed gases which might then diffuse into the ex- 
perimental tube. A quantity of hydrogen previously dried by P20s was 
admitted into the experimental tube thru the liquid air trap. Then the 
other seal (3) was also closed cutting off the connection with the hydrogen 
supply. 

The short tube (5) between the mercury seals and the liquid air trap 
was used to trap mercury in case the mercury seal was broken by over- 
night leakage through the stopcocks beyond the diffusion pump or by un- 
avoidable occasional carelessness in the use of these stop-cocks. The 
mercury could be easily removed by breaking the end of the small tube 
at the bottom. This tube was also used to ascertain whether or not the 
mercury vapor was all condensed in the liquid air trap. Liquid air was 
also put around this tube but no increase in the thermionic emission was 
observed. 

The experimental tube was baked in an electric oven at a temperature 
of about 720°K for eight hours. It was then heated by electronic bom- 
bardment for 5 hours using as the source of electrons an auxiliary tung- 
sten filament in the place of the experimental filament. The temperature 
of the nickel cylinder did not reach that of red heat although in the latter 
part of the heating it seemed to 
emit a faint dull glow. The second 
filament soon fused after this stage, 
having been heated near the fusing 
point to increase the number of the 


bombarding electrons to the prac- 
ticable maximum. Every new fila- ¥ | C 
ment was gradually heated in - wan 
vacuum to a temperature of about | 
2900°K for tungsten and about “—4I|t-4)| 
1750°K for platinum and kept at e 
these temperatures for 5 hours. Fig. 3. Diagram of electrical connections. 
It was again heated to the same temperatures for 30 minutes before 
making a new set of measurements following one in hydrogen. 

Fig. 3 shows the electrical connections. The filament R was heated by a 
current supplied by a battery B, of storage cells. This current was made 
intermittent by a carefully made commutator C which was given finishing 


cuts after it was mounted to its motor. Different forms of brushes were 
tested. The average value of the heating current was found to be constant 
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as was desired, for commutation frequencies between 150 and 250 per 
second, and this was 0.493 of the continuous current. For frequencies 
above 200 per second the measured thermionic saturation current for an 
intermittent heating current was found within the limits of experimental 
error to be constant and exactly 0.493 of that for a continuous heating 
current which was adjusted to give the same average temperature as 
shown by the resistance of the filament. Since the thermionic current in 
the former case flowed only when the heating current was off, while the 
thermionic current in the latter case occurred continuously, the con- 
clusion is that the cooling of the filament during the periods when the 
heating current was zero was too small to have any measurable effect on 
the thermionic current. The frequency used in the experiments was 
about 240 per second. 

Since the thermionic emission is very sensitive to changes in tempera- 
ture, it was very necessary to keep the temperature as nearly constant as 
possible. This condition was satisfactorily obtained by the use of a 
Wheatstone bridge arrangement of which the filament R was one arm. 
The resistances P and Q were about 3000 ohms, and that of S was 
nearly equal to that of the filament. A slight change in the temperature 
of the filament brought a corresponding change in its resistance which 
disturbed the balance of the bridge; this disturbance was detected by the 
galvanometer G;. Small variation in a non-inductive resistance D in 
series with the whole bridge brought back the state of balance, and in 
this way the filament temperature was maintained constant to within 
one tenth of one percent. 

The variable retarding potential read from the voltmeter V was de- 
rived from a potentiometer device consisting of battery B, and two re- 
sistances in series. One of these had a small value’ which made it conveni- 
ent for fine adjustment. The heating current was measured by ammeter 
A and the thermionic current by sensitive galvanometer G; of which three 
types were used in the experiments. 

The thermionic current circuit was kept closed all the time, but while 
the heating current was flowing the non-inductive resistance D and the 
heating current flowing in the direction indicated in Fig. 3, set up such a 
high retarding potential (at least 4 volts at the negative end of the fila- 
ment) that the thermionic current during this interval was entirely 
negligible compared to the minimum limit of measurable current. When 
the heating current was off however, the retarding potential was that 
supplied by the potentiometer and measured by the voltmeter V plus the 
contact difference of potential between the filament and the cylinder. 
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While the main object of the research required the constancy of the 
temperature during corresponding series of measurements in vacuum and 
in hydrogen, knowledge of its exact value was not necessary. It was 
deemed useful, however, to estimate this in order to verify the existence 
of thermal equilibrium between the thermionic electrons and the hot 
filament. For tungsten filaments this estimation was carried out with the 
aid of data of Forsythe and Worthing. For the platinum the resistivity 
was actually measured and the temperature calculated from it. 

To make the comparison between the law of velocity-distribution in 
vacuum and that in hydrogen and also between these and Maxwell’s 
law (log (z/i,),V)) curves were drawn in this manner. First a theoretical 
(log (7/i.),V) curve was drawn using the estimated filament temperature 
and the range of values of retarding potentials used in the experiment. 
This curve was used only as a preliminary test for the agreement with 
Maxwell’s law—the estimated value for the filament temperature being 
uncertain. After the agreement was found to be close, the same theoreti- 
cal curve was finally drawn using a value for the temperature JT in the 
theoretical equation, not the estimated filament temperature, but one 
which would best fit the experimental (log (/7,),V) points. This might be 
called the thermionic temperature. Thus the curves given below repre- 
sent more than a mere construction of a graph to pass through the given 
experimental points. They represent the agreement of the experimental 
points with a curve which was drawn on a theoretical basis with only 
one constant adjusted. 


EXPERIMENTAL RESULTS 


In Figs. 4 and 5, curves are given for two typical series of observations, 
one in vacuum and the other in hydrogen. Condensed forms of the results 
of 21 series of observations with two tungsten and one platinum filament 
are presented in Figs. 6, 7 and 8. In plotting the thermionic currents 
galvanometer deflections were used, the shape of the log (i/i,), V curve 
being independent of the units in which these currents might be ex- 
pressed. Voltmeter readings were plotted instead of the real retarding 
potentials since the contact difference of potentials were not known; but 
this did not affect the shape appreciably for conditions actually existing 
in the experiments. It simply shifted the curves bodily in the horizontal 
direction. A summary of the results is presented in Tables I, II and III. 
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Fig. 6. Variation of logarithm of thermionic current with potential ; 
tungsten filament. 
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Fig. 7. Variation of logarithm of thermionic current with potential ; 
tungsten filament. 
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Fig. 8. Variation of logarithm of thermionic current with potential ; 
platinum filament. 























TABLE I 
Series I. Tungsten filament. 

Length —6.68 cm Diameter —0.0076 cm 
| Pressure of Thermionic Filament 
hydrogen temperature temperature 

® 0.00 mm Hg 1960°K 1950°K 
2. 0.018 1980 1950 
2. 0.00 1970 1950 
= * 0.055 1975 1950 
5. 0.00 2045 1990 
} TABLE II 
Series I]. Tungsten filament. 
; Length —7.15 cm Diameter —0.0076 cm 
Pressure of Thermionic Filament 
hydrogen temperature temperature 
6. 0.00 mm Hg 1935°K 1930°K 
as 0.123 1915 1930 
8. 0.00 1910 1930 
9. 0.220 1935 1930 
) 10. 0.00 1950 1930 
11. 0.071 1955 . 1930 
ii 12. 0.00 1955 1930 
| F 13. 0.00 1835 1800 
14. 0.029 1835 1800 
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TABLE III 
Series I11. Platinum filament. 
Length —7 .08 cm Diameter —0.0104 cm 
Pressure of Thermionic Filament 
hydrogen temperature temperature 

15. 0.00 mm Hg 1530°K 1520°K 
16. 0.00 1525 1520 
‘7. 0.082 1535 1520 
18. 0.00 1520 1520 
19. 0.250 1515 1520 
20. 0.00 1535 1520 
21. 0.017 1525 1520 





DISCUSSION OF RESULTS AND CONCLUSION 


From the experimental (log (i/i,), V) points it can readily be seen that 
the law of distribution of electron velocities in vacuum is the same as that 
in hydrogen to a degree of exactness at least as high as the experimental 
precision. These experimental (log (i/7,), V) points all lie in or close to the 
theoretical curves, showing the accuracy with which the electron velo- 
cities follow Maxwell’s law in velocity intervals corresponding to re- 
tarding potentials lying between 0.5 and 2.0 volts. Furthermore, the 
values of the thermionic temperatures confirm the hypothesis that the 
thermionic electrons are in thermal equilibrium with the hot source. The 
small difference in the filament and thermionic temperatures in the case of 
tungsten increased with the length of time the filaments were used. This 
fact may be explained, partly at least, by the slight decrease in the cross- 
section at some point along the filament due to evaporation during the 
repeated intense heating in the process of outgassing. Such decrease in 
cross-section would raise the temperature at the constriction, then the 
main source of the electrons, higher than the estimated value. 

It is deemed interesting to state here that although the total emission 
was found to be unaffected by a hydrogen atmosphere, it required a 
greater applied retarding potential, given by the voltmeter, to obtain a 
given thermionic current in hydrogen than that required in vacuum. This 
might probably be due to a slight change in the contact potentials caused 
by the presence of hydrogen. 

Using Townsend’s* experimental free path, velocity curves, the cal- 
culated mean free path of an electron that reached the cylinder against 
the existing retarding potentials was 0.11 centimeter for the case where 
the highest pressure of hydrogen (0.25 mm Hg) was used. Now the radius 
of the cylinder was 0.7 cm; taking into consideration the random direc- 


* Townsend, J. of Franklin Inst. 200, 563 (1925). 
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tion of electron emission, each electron must have made, on the average, 
at least six collisionswith hydrogen molecules before reaching the cylinder. 
The temperature of the hydrogen atmosphere was much lower than the 
thermionic temperature; hence if these collisions were inelastic the con- 
sequent loss of energy of the electrons would have caused an easily de- 
tectable decrease in the thermionic temperature when the hot filament 
was in hydrogen. The decrease observed was only about 10°K or 0.7 per- 
cent of the thermionic temperature, which is within experimental error. 
This fact leads to the belief that the collisions between the thermionic 
electrons and the comparatively cool hydrogen molecules are highly 
elastic. 

In view of the above experimental data it seems justifiable to conclude: 
(1) that the hydrogen atmosphere at pressures ranging up to .25 mm of 
mercury does not have any effect on the velocity distribution among 
thermionic electrons; (2) that this distribution follows Maxwell’s law 
for a gas of molecular weight equal to that of the electrons and in thermal 
equilibrium with the hot source; and (3) that the collisions between the 
thermionic electrons and the hydrogen molecules are highly elastic. 

The writer wishes to express his gratitude to Professor W. F. G. Swann 
for the assignment of the problem and for his criticisms, suggestions and 
encouragement during the course of the research. 


SLOANE LABORATORY, 
YALE UNIVERSITY. 
June 10, 1926. 
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THE BLACKENING OF PHOTOGRAPHIC EMULSIONS 
BY LOW SPEED ELECTRONS* 


By KENNETH COLE 


ABSTRACT 

New type of electron spectrograph.—Electrons from an oxide coated 
filament are accelerated to a cylindrical anode, coaxial with the filament, 
having a narrow slit for one of its elements. The whole system is placed in a 
uniform magnetic field parallel to the filament. Those electrons which pass 
through the slit focus in the plane normal to that containing the filament and 
the slit. 22 volt electrons have been focused sharply. An extremely accurate 
direct determination of e/m should be possible with this arrangement. 

The results indicate that the blackening of photographic emulsions by low 
speed electrons is due to radiation produced by electron impact on the surface 
of the emulsion and is a discontinuous function of the electron speed. For 
electrons with speeds below 100 volts, the blackening apparently depends upon 
the grain size and gelatine thickness of the emulsion. A thin film of fluorescent 
lubricating oil on the emulsion greatly increases its sensitivity. Schumann 
plates have an enormous sensitivity. 


I. INTRODUCTION 


HOTOGRAPHIC plates have long been used to record the point of 

impact of electrons and ions.' In recent years, they have been used 
to a certain extent to measure the number of charged particles,” since 
for high velocities it has been found that the blackening of the plate is 
proportional to the number of electrons striking it.’ Little, however, 
seems to be known about the sensitivity of a photographic emulsion as a 
function of either the energy or the velocity of the charged particles.‘ 
So far as has been found, no work has been done on the sensitivity to 
electrons with velocities corresponding to one hundred volts or less. 

In the present work it was planned to investigate the mechanism of 
the blackening of a photographic emulsion by electrons. There seemed 
previously to be little evidence t to show whether the sensitive crystal 

* Presented at the Washington meeting of the American Physical Society, April, 1926. 

1 See for example, J. J. Thomson, Rays of Positive Electricity ; F. W. Aston, Isotopes. 

* See for example, C. D. Ellis, Proc. Roy. Soc. (A) 99, 261 (1921); H. Robinson, Proc. 
Roy. Soc. (A) 104, 455 (1925). 

* W. Bothe, Zeits. f. Physik 8, 243 (1922). 

‘0. H. Smith, Phys. Rev. 7, 625 (1916) ;O. Klemperer, Zeits. f. Physik 34, 532 (1925). 

1 After the present work was begun, Rollefson and Poth (Science 62, 497, 1925) pub- 
lished a preliminary report on work of a similar nature in which critical potentials of the 
elements contained in the emulsion were investigated to as low as 173 volts. This in- 


dicated that the process was essentially one which involved radiation as an interme- 
diate step. 
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was rendered developable by the direct impact of the electrons on it, or 
whether the process was essentially photographic: i.e., the electrons 
producing upon impact a radiation which in turn affected the plate. 
In either case, it would seem that there should be a limiting value of 
electron velocity below which there should be no effect. Accordingly, 
the present work is concerned with the effect of low speed electrons, i.e., 
below one hundred volts. 

Preliminary experiments, made in this department in the spring of 
1925 by H. A. Smith, indicated that there is a lower limit to the velocity 
of electrons which would produce perceptible blackening upon impact. 
It was thought that the difference in the average depth of the sensitive 
material beneath the surface of the gelatine might account for the fact 
that this threshold was different for different emulsions, since the penetra- 
tion of low velocity electrons into gelatine is very small.® 


II. APPARATUS 


Electrons from an oxide coated filament F, Fig. 1, were accelerated to 
the anode A, in which a narrow slit was cut. Those electrons which 
passed through the slit then moved in circular paths under the action of 
a uniform magnetic field normal to the plane of the figure. When the 
had traversed a semi-circumference, they fell on the photographic plate. 

The magnetic field was produced by a pair of Helmholtz coils. Each 
coil had an average radius of 31.4 cm and consisted of 142 turns of two 
No. 18 D.C.C. copper wires wound parallel. These could be connected 
in series or in multiple. When they were in series, the magnetic field 
produced at the center of the pair was 8.14 gauss per ampere. At a 
distance of 8 cm from the axis, the computed value of the field differed 
from that on the axis by less than .2 percent. The axis of the pair was 
placed in the direction of the earth’s field (approximately 75° dip) as 
determined by dip needle and flop coil. The magnetic field at the center 
of the pair was then entirely along the axis, and consisted of two parts: 
(a) that due to the current in the coils, and (b) that due to the earth’s 
field. These were in the same direction for this work. 

It was obviously necessary to eliminate the field due to the heating 
current of the filament. This was accomplished by means of a motor 
driven commutator which alternately applied the heating current and 
the accelerating potential. The heating current was only applied about 
one tenth of the total time. This arrangement also eliminated the poten- 


5 A. B. Wood, Jour. Inst. E. E. (English ) 63, 1046 (1925). 
* A. Gray, Absolute Measurements in Electricity and Magnetism. 
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tial drop along the filament and made it an equipotential source of 
electrons. 

The current for the Helmholtz pair was furnished by four sets of 
fifteen storage cells each, connected in multiple, and was measured by 
means of a Leeds and Northrup potentiometer connected across a 
standard one ohm resistance in series with the coils. The current could 
easily be measured and kept constant to less than .001 ampere. 
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Fig. 1. Diagram of electron spectrograph. 


The electron camera proper, as shown in Fig. 1, was constructed from 
3/16 in. brass with all joints carefully soldered. The interior of the 
camera was covered with lampblack in order to reduce the scattering 
and reflection of stray electrons and light.. The two brass plugs PP which 
carried the plate holder H and the filament F with the slit system were 
sealed to the outer ends of the tubes in the camera with hard grease so 
that any vapor had to diffuse through a long narrow path in order to 
reach the interior of the camera. The leads to the filament F and the 
plate holder H were sealed into glass tubes GG which in turn were sealed 
to the plugs PP with DeKhotinsky cement. The plate holder H was 
insulated from the plug P by the hard rubber plug R. The electrons 
which hit the plate were conducted through the emulsion to H, and 
then through a galvanometer having a sensitivity of 12,000 megohms 
which thus measured the number of electrons actually striking the 
emulsion. 
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‘Oxide coated filaments were used exclusively. The most satisfactory 
filaments were made by dipping the thoroughly cleaned platinum wire, 
about .25 mm in diameter, in a solution of 1 gram of barium nitrate and 
1.5 gram of strontium nitrate in 100 cc of water, and then heating to a 
dull red in an atmosphere of carbon dioxide. When this process was 
repeated thirty or forty times, the filament had a very uniform and 
quite adherent white coating. Filaments of this type seem to be in- 
herently unsteady, but the added heat capacity of the large diameter 
filament aided materially in reducing both the magnitude and the 
abruptness of the variations. 

The vacuum system consisted of a rotary oil pump, a specially designed 
mercury vapor pump, McLeod gauge, and liquid air trap. The connection 
to the camera at G was made with DeKhotinsky cement. On the basis 
of kinetic theory, there was no need to keep the pressure below .1 micron, 
but it was usually kept below .01 micron. It was found, however, that 
when the pressure rose to such a value that about 40 percent of the 
electrons accelerated by 80 volts suffered impact before reaching the 
plate, there was a general fog over the entire plate. This may have been 
due to the production of radiation by the collision of the electrons with 
the gas molecules. 

In the first slit system, the electrons were accelerated to a narrow slit 
and then allowed to pass through a wide slit . Later, the electrons were 
accelerated between the filament and a wide slit about a centimeter from 
the filament. The next trial was a portion of a cylinder having a very . 
narrow slit for one of its elements with the filament on its axis. This was 
very satisfactory for electrons having velocities corresponding to 50 volts 
or more. This led to the final form in which the filament F is mounted 
on the axis of the complete cylindrical anode A which contains the slit 
as is shown in Fig. 1. The shield S was used to cut off both stray light 
and electrons. All of the plates shown in Fig. 5 were taken with a filament 
.25 mm in diameter and an anode of .79 cm radius containing a slit 
.09 mm wide. 

Theory of the anode slit. This was suggested by Hull’s magnetron’ and 
is as follows: Suppose an electron is moving in a uniform magnetic field 
H which is normal to the plane of Fig. 2, and that the only electric field 
is radial from the origin of coordinates. Then the angular momentum 
G of an electron, about the origin, at a distance r is given by 


dG/dt = Herv, = Her « dr/dt. 


"A. W. Hull, Phys. Rev. 18, 31 (1921). 
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Integrating, G=4Her*. But since G=mrv,, 
ve=e/2m - Hr. (1) 


If we consider the electron to 
start from the origin with zero vel- 
ocity then calling the potential zero 
at the origin and V at 7, we have 
from the conservation of energy, 


v=/2e/m - JV. (2) 
The angle @ between the tangent 
to the path and the radius vector - 
is given by Fig. 2. 


sing= v9/v = »/e/8m - Hr/./V. (3) 
(It is interesting to note that when ¢=7/2, we have Hull’s equation for 
the magnetron, H=V8m/e , VV /r maz-) 
When the electron moves with a velocity v under the action of the 
uniform magnetic field alone, 














v=e/m-HR 
where R is the radius of the circular path. Then by substitution in Eq. (1) 
sing=1r/2R. (4) 


The condition for the focusing of the electrons is that they shall 
traverse a semi-circumference after leaving the narrowest aperture in 
their path. It is obvious from Fig. 2 that this condition is satisfied on 
the line through the origin perpendicular to the radius through the slit.* 


* There should be no great difficulty in using this arrangement for the direct deter- 
mination of e/m with a high degree of precision. It has not been possible to make more 
than a very rough check with the present apparatus due to errors in the alignment of the 
filament and slit. There is some doubt as to the exact portion of the line that should be 
measured. The theory of the focusing makes it obvious that the edge of the line away 
from the slit is the point to be considered, as it probably would be if the electrons were 
being caught in a Faraday cylinder. However, in the blackening of the plate, the width 
of the line seems to be due to a lateral spreading of the photographic image for it de- 
pends more upon the exposure than upon the error in the focusing or the mutual repul- 
sion of the electrons constituting the beam. With increasing exposure it was found that 
the line broadened out by about the same amount on each side of the narrowest line 
that was visible. The narrowest line that could be easily found under a comparator was 
less than .1 mm wide and it was possible to set on an edge to within .01 mm. The only 
lower limit to the width of the line seems to be one of visibility. In this work the fila- 
ment did not remain perfectly straight and it is fairly certain that this is the explana- 
tion of most of the bent and tilted lines which appear on some of the plates. It should 
be noted however that all of the lines, particularly those having small radius of curva- 
ture of the electron path, are concave towards the slit due to the “crossfiring” of the 
electrons. 
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This means that the electrons, accelerated by a potential difference V, 
which emerge from the slit will focus on this line according to the relation, 


HR=\/2m/e-/V (S) 
or 
HR=3.36 -VV_ . (6) 


when /H/ is in gauss, R in cm, and V in volts. 

The nomogram shown in Fig. 3+ has been found extremely useful in 
making approximate computations from Eq. (6). By setting a straight 
edge on the values of two of the variables, the value of the third may be 
read on its scale. 
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Fig. 3. Nomogram for approximate calculation of H, V, or R. 


In the above theory, no account has been taken of space charge or of 
the finite size of the filament. The effect of space charge can probably 
be ignored entirely for this work as the electron current to the anode 
was only a few micro-amperes. In discussing space charge in the mag- 
netron, Hull states that it does not cause an appreciable effect as long 
as r is less than about .97mez. In this work, r was always less than 


an 


t Photographic reproductions (6 by 9 in.) of the carefully ruled original of this 
figure are available for anyone interested in this field. 
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As noted above, there is a decided advantage in having a heavy 
filament from the standpoint of steadiness. If the radius of the filament 
is 7,, then from Fig. 4 


6<r,/r. 
The width of the line 6 is approximately 
56=2R(1—cos 8), 


and so when r,/r is .28 or less, 6 should be less than one percent of the 
diameter of the path. Since the electrons acquire almost all of their 
final velocity within a very short 
distance from the filament, because 
of the intense electric field in its 
vicinity, it is all the more impor- 
tant that this field be strictly 
radial. With the larger filament, 
the surface intensity is decreased 
and the effect of such irregularities 
as are always present on the surface 
of an oxide coated filament is 
lessened. From Hull’s general 
equation for the angle between the tangent to the path of the electron 
and the radius vector from the filament it is seen, however, that when 
r,/r is greater than about .1, the error in tan @ will be about one percent, 
so that this is the real limitation on the filament size. In this work the 
filament was small enough to make 7,/r only about .016. 

The accelerating potential was supplied by forty-eight radio B storage 
cells connected to a high resistance slide wire rheostat which served as 
a potentiometer. The potential across 1000 ohms of a 100,000 ohm 
resistance connected across the accelerating voltage was measured by a 
Leeds and Northrup potentiometer. It was possible to measure the 
accelerating potential and keep it constant to about .02 volt. The 
potentiometer slider was designed to make continuous velocity spectra, 
as shown in plate JN, Fig. 5, for all of the work. When the point of 
impact of the electrons on the photographic plate moves at a uniform 
rate and the electron current to the plate is kept constant, the density 
of the incident charge will be the same over the whole plate. Then any 
variations in blackening will be due to the variations of the sensitivity 
with electron velocity. Accordingly, the potentiometer slider was 
operated by a cam (driven at very low speed) such that the accelerating 
potential was varied as the square of tle time. Then R varied directly 








Fig. 4. 
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Fig. 5. Electronic spectrograms (full size). See Table I for explanation. 
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as the time and the point of impact moved across the plate with approxi- 
mately constant speed. The current to the plate was maintained constant 
by adjusting the filament current. Only a few plates were taken by this 
method because of the difficulty of maintaining the plate current con- 
stant with the varying potential and also because of the length of ex- 
posure required for the unoiled* plates. 


III. EXPLANATION OF PLATES 


The plates in Fig. 5 show the sharpness of the focusing of the electrons 
by the anode slit and illustrate the dispersion which can be obtained 
with the apparatus. Plates A and B were taken when the alignment of 
the filament and slit was fairly good. There is no fog on these plates, the 
lines are sharp and straight, and they have about the same density 
throughout their length. They also show to a certain extent the effect 
of exposure on the width of the lines for it was difficult to measure the 
charge accurately with the present apparatus before the electron emission 
of the filament had steadied down. Plate C illustrates the effect of the 
strength of the magnetic field upon the position of the line. 


TABLE I 
Data explanatory of Fig. 5. 








H V Charge Plate 
gauss volts e€.s.u. 
A 6.5 — 240 approx. Com. oiled 
B 4.46 _— 90 approx. Com. oiled 
C — 50 60 Com. oiled 
D 7.3 90 to 30 by 10 volt steps. 2400. L.S. unoiled 
E 7.3 90 to 30 by 10 volt steps. 2400. Com. unoiled 
F LE 40 to 28 by 2 volt steps. 1800. approx. Com. unoiled 
G 7.3 90 to 30 by 10 volt steps. ¥ Sch. A unoiled 
H 7.3 50 to 25 by 1 volt steps. S, Sch. B unoiled 
I 4.8 90 to 30 by 10 volt steps. 2400. Com. unoiled 
J von 90 to 30 by 10 volt steps. yo Com. oiled 
K vom 90 to 30 by 10 volt steps. 45. L.S. oiled 
L 7.3 90 to 30 by 5 volt steps. 30. Com. oiled 
M 7.3 60 to 40 by 1 volt steps. 30. L.S. oiled 
N 5.7 96 to 15 continuous 35 per mm Com. oiled 











Abbreviations: L.S, Eastman lantern slide (slow); Com. Eastman commercial plate 
emulsion No. 1834; Sch. A Hilger Schumann plate; Sch. B Hilger Schumann plate 
(another plate from same box). 

The rest of the plates in Fig. 5, with the exception of N, were taken 
with rather small dispersion in order that all of the lines should fall on 
all of the plates, some of which were available in short lengths only. 
Plates D, E, and G, show the relative sensitivities of three different 


* See below. 
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emulsions. From the table, it seems that greater charge is required to 
give plates of lower light sensitivity the same blackening as those of 
higher sensitivity. With the exception of the Schumann plates, it was 
found that those plates having the higher electron and light sensitivities 
were also blackened by lower velocity electrons. D shows a distinct 
difference in blackening between 60 and 50 volts and again between 
50 and 40 volts. On E, the difference between 60 and 50 volts is very 
little, while the 40 volt electrons produced a very decided line and nothing 
could be found at 30 volts. The sharpness of this discontinuity is shown 
in F. The Schumann plates, G and H, showed enormous sensitivity 
to electrons accelerated by more than 40 and 45 volts, respectively. 
No trace of lines below 40 volts could be found on G even though it was 
very much over-exposed, while H which was cut from another plate 
in the same box showed a sharp discontinuity at 45 volts and also showed 
very faint lines down to 25 volts which show clearly on the original 
plate but did not reproduce in the illustration. This difference in the 
sensitivity is quite often found in different parts of the same plate 
as can be seen in D and F. 

The effect of applying a thin film of oil to different emulsions is shown 
in plates J and J and those which follow. Extremely black finger prints 
were sometimes found on the early plates, but the reason for them was 
assumed to be entirely chemical until it was found that oiled plates 
have been used extensively in the spectroscopy of the ultra-violet. 
For spectroscopic work, the difference in sensitivity between the oiled 
and unoiled plates is not great, while a comparison of plates J and J 
shows the great increase in sensitivity to electron bombardment due to 
the oiling. These plates also show that the oiled plate is blackened by 
lower velocity electrons than the unoiled. Many different types of oils 
were tried, but the best found were ordinary lubricating oils which showed 
a green fluorescence in the visible spectrum. Only enough oil was used 
to give the emulsion a shiny surface. This was accomplished by rubbing 
the emulsion with a piece of absorbent cotton which had a very small 
drop of oil on it. Usually the surface was then rubbed with a clean 
piece of cotton to remove any surplus oil. The oil caused a slight dark- 
ening of the emulsion. It was not found necessary to remove the oil 
from the plate before development. J and K are two different plates 
oiled as nearly alike as possible, while the smaller steps of L and M- 
show the gradual diminution in blackening as the lower voltages are 
reached. Plate N was an attempt at a continuous velocity spectra. 
The control of the electron emission was rather poor and accounts 
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for the high velocity fine structure. The oil was thicker at the edges of 
the plates than at the center. 

One concludes, therefore, that: 

A. For unoiled plates 

1. The electron sensitivity is roughly proportional to the light 
sensitivity. 

2. The discontinuities in the velocity sensitivity are quite sharp 
for any one point in a plate, but may vary from point to point and plate 
to plate. 

3. The velocities at which the discontinuities in the sensitivity occur 
decrease as the electron sensitivities increase, except for the Schumann 
plates. 

B. For oiled plates 

1. The electron sensitivity is 50 to 100 times as great as for the 
unoiled plates. 

2. The electron sensitivity is still roughly proportional to the light 
sensitivity. 

3. The discontinuities in the velocity sensitivity are usually much 
less abrupt than for the unoiled plates. 

4. The velocities at which the discontinuities in the sensitivity occur 
decrease as the electron sensitivity and the oil thickness increase. 


IV. Discussion 


That the blackening of the unoiled emulsion is due to the production 
of radiation at the surface where the charged particles strike seems very 
probable. Otherwise we might expect that the bombardment of the 
neutral air molecules would make the emulsion developable, as of course 
is not observed. The fact that the lines broaden as the exposure is 
increased may then be explained by assuming that the radiation pro- 
duced along a narrow line on the surface of the gelatine is strongly 
absorbed by the gelatine. Then as the exposure is increased, crystals 
at greater and greater distances from this line are rendered developable. 
It was found that when electrons were allowed to strike the back glass 
surface of the plate, a broad and fuzzy band was produced on the 
emulsion—yet no electrons had struck it. This blackening was of the 
same order of magnitude as for the direct impact on the emulsion. 
This shows that it was radiation not too far in the ultra-violet which 
produced the blackening. It was interesting to notice that the emulsion 
was blackened on the glass side only, when the electrons fell on the 
back side of the plate. This seems to indicate that the gelatine absorbed 
the radiation somewhat more strongly than the glass. On this basis, 
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we should expect plates having comparatively little gelatine to be very 
sensitive and this expectation is amply justified in the tremendous 
sensitivity of the Schumann plate. The variations from plate to plate 
of the discontinuity in the velocity sensitivity are then probably due to 
the absorption of the gelatine. This would make it seem inadvisable 
to attempt to extend the determination of critical potentials by the 
method of Rollefson and Poth below 100 volts until more is known of the 
mechanism of the process and the exact role played by the gelatine. 

With the oiled emulsions, we are apparently dealing almost entirely 
with fluorescence excited by electron impact. It was found that there 
was little difference in the blackening of an oiled and unoiled emulsion, 
when the electrons hit the clean glass back surface of the plate. But 
when this surface was oiled and the emulsion unoiled, the speed of the 
arrangement was nearly as great as for the direct impact of the electrons 
on the oiled emulsion. 


V. SUGGESTIONS FOR FURTHER WoRK 


The field which may be called either the extreme ultra-violet or the 
long x-ray region should yield many interesting and important results 
when attacked by this method. 

The most important problems in the method itself are those of the 
effect of the grain size and the gelatine thickness of the emulsion. One 
of the most promising methods of attack on the latter is suggested by 
the work of Duclaux and Jeantet* who made extremely sensitive plates 
for the ultra-violet by dissolving off the greater part of the gelatine of 
an ordinary plate. The radiation and fluorescence of materials, solid, 
liquid, or colloidal, may be investigated by placing them in, or on the 
surface of, the emulsion. . 

This line of investigation was suggested by Professor F. K. Richt- 
myer, and this step is due to his enthusiastic interest. The author wishes 
to express his appreciation of the suggestions and assistance of the many 
people who interested themselves in the problem. The work is being 
continued. 

ROCKEFELLER HALL, 


ITHaca, N. Y. 
te June 1926. 


Note added with proof, September 3, 1926.—A “‘Note on the Photo- 
graphic Effect of Slow Electrons,” by G. F. Brett, Proc. Leeds Phil. 
Soc., Vol. I, Part I, Page 1, October, 1925 (Sci. Abs. 29, 1564 (1926)) 


* Duclaux and Jeantet, J. de Physique et Rad. 2, 156 (1921). 
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escaped notice until pointed out to the author after this article was 
submitted for publication. Stop-cock grease in ether was applied to 
kodak duplitized x-ray film, “the effect of the grease layer being to 
increase the sensitivity to 100 volt electrons several times. At the lowest 
voltage so far tried, viz., 65 volts, the sensitivity of the treated film was 
still maintained, although not to the same degree as with 100 volts.” 
Grease was used because of its low vapor pressure. The “magnetic spec- 
trum” method was used and the vacuum was tested by spark discharge. 

As mentioned above, H. A. Smith in his senior thesis (unpublished), 
submitted in June, 1925, found that Eastman Portrait film was sensitive 
to electrons above a certain critical velocity (between 30 and 40 volts) 
but was not affected at lower velocities. 

Although the data is not presented in this article, both oiled and unoiled 
duplitized films have been used. They were found somewhat more 
sensitive than the Eastman commercial emulsion 1834 and had about 
the same increase of sensitivity due to oiling. The “cut-off” was about 
28 volts for the unoiled and 22 volts for the oiled emulsions. No difficulty 


was experienced from the vapor pressure of the oil or the curling of the 
film. 
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A FURTHER STUDY OF THE INERTIA OF THE 
ELECTRIC CARRIER IN COPPER 


By Ricuarp C. ToLMANn AND Lewis M. Mortt-SmitH 


ABSTRACT 

Nature of the experiments—An apparatus similar to that of Tolman, 
Karrer and Guernsey, in which a copper cylinder is oscillated around its 
axis and the current due to the lag of the electrons in the cylinder detected 
by means of a secondary of many turns of fine wire connected through an 
amplifier with a tuned vibration galvanometer, has been used for a further 
study of the inertia of the electric carrier in metals. The method has been 
improved, among other ways by arranging to measure the direction, phase, and 
magnitude of the alternating current produced by the acceleration instead of 
merely determining the amplitude of the effect, as was done in the earlier 
experiments. The null method of balancing out the electromotive force of 
interest, introduced for this purpose, also had the advantage of eliminating 
the previous uncertain correction for the “‘zero effect.” A thorough study of 
the effect of the earth’s field on the moving cylinder was also made, which had 
not been previously done. 

Results.—The effect of the earth’s field in inducing currents in the moving 
apparatus was found to be in accord with that theoretically predicted, and 
it was satisfactorily demonstrated that this effect is eliminated when the 
cylinder is set parallel to the field and the coil set parallel to the cylinder. 
The final best value for the electromotive force produced by the acceleration 
was found to have an amplitude 19 % less and a phase lagging 10° behind that 
predicted on the basis of an elementary theory which assumes a perfectly 
rigid conductor with “‘free’’ conducting electrons having the same mass as 
electrons in free space. It is not certain whether this discrepancy is due to 
errors still present in the experimental work, or due to the over simplification 
introduced in the deduction of the elementary theory. The results are pre- 
sumably more reliable than those of Tolman, Karrer and Guernsey which gave 
an amplitude 8 % lower than the predicted, using the same apparatus in a less 
satisfactory form. The results should also be compared with those of Tolman 
and Stewart who measured the pulse of current produced by suddenly stopping 
a coil of wire rotating around its axis, and found values about 15 % greater 
than the predicted. A possible source of error in their experiments, due to 
interaction between metal and insulation, was discovered in the present work, 
but it may be that there is a real difference in the effective mass of the carrier 
in the two kinds of experiment. It is believed that the present work demon- 
strates more satisfactorily than ever before the actual existence of an electro- 
motive force due to the inertia of the electrons in an accelerated metallic 
conductor. 


I. INTRODUCTION 


1. The Berkeley experiments. The production of an electromotive force 


in an accelerated metallic conductor, due to the inertia of the electrons 
in the conductor, was first demonstrated by the work of Tolman and 
Stewart! at Berkeley, who measured the pulse of electric current produced 


1 Tolman and Stewart, Phys. Rev. 8, 97 (1916); 9, 164 (1917). 
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by suddenly stopping a coil of wire rotating around its axis. Their experi- 
ments included work on a number of different coils of copper, silver and 
aluminum wire. The pulse of current was always found to be in the 
direction which would be predicted on the basis of a mobile negative 
electron for the carrier of electricity in these metals, and the mass of the 
carrier as calculated from the magnitude of the pulse came out for the 
three metals tested about 15 percent higher than the known mass of an 
electron in free space. 

The most serious chance of error in the Berkeley experiments would 
seem to be the possbility of electromotive forces produced in some 
manner not thoroughly understood by the buckling of the wire or the 
forces between the wire and its insulation at the time of stopping of the 
coil. Some evidence of such disturbing effects would seem to be given 
by the work of Tolman and Stewart, since they found that their results 
were more concordant the more carefully they wound their coils and the 
more care they gave to the impregnation of the coil with paraffin or 
shelac. Further evidence as to such possible misbehavior of the insulating 
material will be given in the present article. 

2. The Washington experiments. The above chance of error was 
eliminated in the later experiments of Tolman, Karrer, and Guernsey? 
made at Washington, who oscillated a cylinder of copper around its axis 
and determined the electromotive forces produced in it by surrounding it 
with a secondary coil of many turns of fine wire which was connected 
through an amplifier with a vibration galvanometer. These experiments 
also seemed to demonstrate an electromotive force due to the inertia of 
the electrons, and the average value for the mass of the carrier came out 
from these measurements about 8 percent lower than the mass of the 
electron in free space. 

In these Washington experiments only the effective amplitude of the 
alternating current produced in the secondary was measured and this 
compared with the current produced in the secondary by a suitable 
method of calibration. Hence since the phase of the current was not 
known, it was impossible to conclude from these experiments, as from the 
Berkeley work, that the direction of the effect is necessarily that which 
would be predicted on the basis of a negative charge for the mobile carrier. 

The Washington experiments also suffered from an uncertainty as to 
the best method of correcting for the accidental electromotive forces 
always present in the coil, which produced at all times a varying deflection 
of the galvanometer beam, even though the apparatus was not running. 


* Tolman, Karrer and Guernsey, Phys. Rev. 21, 525 (1923). 
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The method adopted was to measure the width of the galvanometer beam 
when the apparatus was stationary (zero effect) just before or after a 
series of measurements and then correct simply by subtraction. It is 
evident, however, that a method of balancing out that part of the 
electromotive force of real interest would be superior. 

Finally the time available for the Washington experiments made it 
impossible to carry out a complete study of the effect of the earth’s 
magnetic field. To eliminate effects from this source, the oscillating 
cylinder was set with its axis as nearly parallel as possible to the direction 
of the earth’s field, and the axis of the coil was then aligned parallel with 
the axis of the cylinder. It was believed that this arrangement would 
elminate accidental effects due to motion in the earth’s field, provided 
exact parallelism could be attained, and indeed the work to be described 
in the present article substantiates this point of view. Time did not 
permit, however, a satisfactory determination of the magnitude of the 
error actually introduced by the impossibility of obtaining absolute 
parallelism. Preliminary attempts were made to neutralize the earth’s 
field with large Helmholtz coils, and changes in the magnitude of the 
effect were observed to accompany changes of the D.C. current in these 
coils. At the time this effect was ascribed to eddy currents in the cylinder 
produced by lack of homogeneity in the field introduced by the com- 
pensating coils. The true nature of this effect, however, has now been 
found, and will be made apparent in the present article. 

3. The general nature of the Pasadena experiments. In the present 
experiments, which were made at Pasadena, we have again oscillated the 
copper cylinder parallel to its axis and surrounded it by a secondary coil 
of many turns of fine wire, but have overcome the above three difficulties 
encountered in the work at Washington by methods that will be described 
below. 

In order to determine the phase of the effect we have balanced the 
alternating electromotive force in the coil against an alternating electro- 
motive force produced by an earth inductor rotating in synchronism 
with the oscillation of the cylinder, arrangements being made so that we 
could adjust the amplitude and phase of the balancing electromotive 
force. 


This method of measuring the effect also eliminates uncertainty as 
to the right way of correcting for the “zero effect’? which keeps the 
galvanometer oscillating to some extent all the time, even when the 
apparatus is not running, since we only balance out the electromotive 
force of actual interest. Under favorable conditions there was almost 
no difference between the widening and “kicks” in the band of light 
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from the galvanometer when the balance had been made with the 
apparatus running and the behavior of the band when the apparatus was 
stationary. 

Finally, we have made an elaborate study of the effect of the earth’s 
field on the magnitude and phase of the effect, by changing the alignment 
of the cylinder with respect to the earth’s field and the alignment of the 
coil with respect to the cylinder, and by rotating the coil around its axis. 
Indeed, the investigation of such effects forms a considerable portion of 
the work to be described in this article. In a general way it may be said 
that the correct magnitude of the effect will be obtained provided the 
cylinder is exactly parallel to the earth’s field or provided the (electrical) 
axis of the coil is parallel to the cylinder. If both alignments are made 
parallel, the results are of course that much better. This explains the 
success of the Washington experiments, since the attempt was there made 
to have both alignments parallel. 


II. DESCRIPTION OF THE AFPARATUS 


In order to permit the intelligent criticism of work so full of difficulties 
as this, it seems desirable to describe the apparatus and experimental work 
in considerable detail. This is especially true, since such work always 
contains annoying minor lacks of consistency and their possible sig- 
nificance can only be estimated in the light of all the facts. 

4. The location. Just as in Washington it was found impossible to 
carry out work of this nature in a laboratory building, owing to large 
continuous accidental variations in electromagnetic conditions which 
keep the galvanometer always in violent oscillation when connected 
through the amplifier to the coil. A somewhat isolated location was 
found on the campus, however, which was reasonably satisfactory, and 
the apparatus was housed in a small wooden building with a floor space 
of 16 by 12 feet and 10 feet high, with its axis pointing towards the 
magnetic north. 

5. The cement pier. The apparatus was mounted on the northern face 
of a cement pier, this face being approximately parallel to the magnetic 
dip. The height of the pier was 9 feet 4 inches and its base 5 feet 4 inches 
by 2 feet sloping to 2 feet by 10.5 inches at the top, with a projection of 
1 foot at the bottom on the west side carrying the Pelton water wheel 
and other accessory apparatus for driving the oscillating system, as shown 
in Figs. 1 and 2. The pier was carried on a cement base 6 feet 3 inches 
by 5 feet in area and 2 feet deep in the ground and this in turn on a 
concrete foundation. Holes through the pier and its base were left to 
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allow for the installation of compensating coils if desired, and brass 
insets were provided for bolting apparatus to the pier. 

In front of the northern face of the pier a cement-lined pit was provided 
as shown in Fig, 1 to carry the lower end of the torsion rod. The pit was 
4 feet by 2 feet in area by 4 feet 6 inches deep. 












































Fig. 1. Side view of apparatus, 


The foundations of the pier were constructed of ordinary concrete, 
but the pier, its base, and the walls of the pit were constructed from neat 
cement, since the sand available was found to be very paramagnetic. 
The cement itself was only slightly paramagnetic. We desire to thank 
Professor S. R. Williams now of Amherst College for his kindness in 
testing the magnetic properties of the sand and cement. 

6. The oscillating system. The oscillating cylinder was the same one 
used in Washington, provided, however, with new end plates carrying 
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the pinions for the bearings necessary for the rotary oscillation. The 
cylinder was made from a copper billet cast and then forged to a fine 
homogeneous structure at the Washington Navy Yard. The cylinder 
was 9} inches long with an outside diameter of 4 inches and an inside 
diameter of 3 inches. 

The end plates were constructed from castings of phosphor bronze 
and were sweated into the ends of the cylinder. The pinions were 1 inch 
in diameter by 23 inches long and ended in slotted plates arranged for 
keying to plates on the ends of the torsion rods which supplied the restor- 
ing force for the oscillation. 

The cylinder rotated in bearings of gun metal bronze which were 
carried in brass pillow blocks mounted on a cast brass bed plate bolted 
to the pier. 

The restoring force for the oscillation was supplied by the twisting 
of long torsion rods clamped at top and bottom. A long period of ex- 
perimentation was given to attempts to use helical springs instead of the 
torsion rods, which would have had the advantage of greatly shortening 

the length of the apparatus. To get the necessary restoring force, how- 
' ever, these springs had to be very heavy and could only be made by 
machining out from a solid bar of Tobin bronze. Although they gave 
fairly satisfactory service for a‘time, finally a fracture always developed 
in one spring or the other. In addition the changes in cross section of the 
springs on twisting, thus cutting the earth’s magnetic field, led to 
disturbing currents, which, however, were at least partially eliminated 
by insulating the ends of the springs. 

The torsion rods finally employed were the same ones used in Washing- 
ton, made from special non-magnetic “‘Navy Brass,” hexagonal in cross 
section, 5/8 inch from flat to flat. The distance from end to end between 
clamps was 14 feet 10 inches. And the period of oscillation was about 
20 cycles per second. 

The phosphor bronze for casting the end plates of the cylinder had a 
magnetic susceptibility of —1.510~-’, the red brass for casting the bed 
plate and the pillow blocks had a susceptibility of 3X10-’, and the 
“Navy Brass” torsion rods also had a susceptibility of 310-7. We also 
have to thank Professor Williams for these tests. 

7. The driving mechanism. The apparatus was driven by a 6 inch 
Type F Pelton water wheel specially constructed out of bronze so as to 
be non-magnetic and indeed provided with bronze ball bearings. 

The Pelton wheel was first mounted on a separate base and the ap- 
paratus driven by belts. Serious accidental electromotive forces were, 
however, introduced into the coil by the electrostatic charging of the 
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leather belts. These were not satisfactorily eliminated by metallic 
shielding of the belts, but could be pretty well removed by frequent 
wetting of the belts, a procedure with its attendant spray, however, 
which was not permanently satisfactory. Attempts to keep the belts 
wet with some hygroscopic substance and to use other materials than 
leather for the belts were also unsatisfactory. For this reason it finally 
seemed best to resort to a direct drive from the Pelton wheel. The 
complications of doing this with the wheel set on a separate base finally 
led us to mount the wheel on the west projection of the main pier. This 
had the disadvantage of introducing possible vibrations in the cylinder. 
The pier, however, was very massive and, with our present accuracy 
anyway, we never found any evidence of a disturbing effect from this 
cause. 

The final location of the Pelton wheel will be seen from Figs. 1 and 2. 
The shaft of the wheel was connected through two universal joints, 
to allow for any slight lack of alignment, with a shaft carrying a rotating 
disk provided with tapped holes at different radii to take the wrist pin 
for the connecting rod which drove the cylinder. The other end of the 
connecting rod went to a wrist pin on a rocker arm which oscillated 
about the axis of the cylinder, a friction clutch being provided by which 
the rocker arm could be engaged with the oscillating system after the 
Pelton wheel had reached a sufficient frequency of rotation, as shown 
in Fig. 2. 

8. The earth inductor. The electromotive force used for balancing the 
electromotive force induced in the coil by the oscillating cylinder was 
generated in a rotating earth inductor driven synchronously with the 
cylinder. This inductor consisted of a coil of 126 turns of about No. 23 
copper wire wound on a thin wooden spool with an average diameter of 
9.8 cm. 

This coil was mounted in a slot in a shaft, operated through a pair of 
spiral gears of one to one ratio by the main shaft driven by the Pelton 
wheel. The nature of the arrangement will be seen from Fig. 2, and 
more diagramatically from Fig. 3, where it will be noted that the coil 
rotated in such a way as to cut the earth’s field. 

The rotating shaft which carried the coil was provided with two 
insulated collecting rings leading through graphite brushes to the 
potentiometer slide wire from which the desired potentials could be 
tapped off. The resistance of the coil and the brushes was approximately 
5 ohms and was steady while running, when operating satisfactorily, 
within a few hundredths of an ohm. Some care, however, had to be taken 
in cleaning and oiling the rings and adjusting the tension on the brushes, 
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and smoothing them with emergy paper from time to time to maintain 
satisfactory operation. 

The shaft carrying the earth inductor was mounted in a carriage, 
sliding in ways parallel to the axis, and adjustable in position by a lead 
screw. The longitudinal motion, which could thus be given at will to the 
shaft, changed of course the relative position of the two spiral gears, thus 
rotating the earth inductor and permitting an adjustment of the phase 
while the apparatus was in operation. We are indebted to Dr. Arthur 
Klein for suggesting to us this method for phase adjustment. 





Fig. 2. Front view of apparatus. 


The eastern end of the shaft carrying the earth inductor was provided 
with a pointer and protractor scale which permitted a reading of the phase 
setting used for the balance. A light extension from the western end of 
this shaft drove a mechanical tachnometer which was set a couple of feet 
away from the earth inductor to avoid possible disturbances. 

9. The coil. The coil surrounding the cylinder was a new one specially 
built for this work. The spool for the coil was constructed of “‘micarta.”’ 
It had an overall length of 93 inches, the end disks being 3/8 inch thick. 
The outside diameter was 7 inches, the inside diameter 4} inches, and the 
wall thickness of the central tube 1/16 inch. 








CATES WT 


ooo. son 








802 TOLMAN AND MOTT-SMITH 


It was very carefully wound in one length with soldered joints, with 
18 lbs. of No. 38 enamel coated wire, with a total of 260,772 turns, giving 
a resistance of 207,300 ohms and an approximate length of 67 miles. 
We desire also here to thank Mr. Julius Pearson for the skill and care 
with which this coil was constructed. 

The coil was mounted in a cradle with adjusting screws for tipping 
its axis in any desired direction, and for aligning it lengthwise and 
sidewise. 

Experiments were at first made with the cradle bolted to the cement 
pier with thick washers made from rubber stoppers to eliminate vibration, 
and pretty satisfactory results obtained. Finally, however, to remove 
any possibility of vibration in the coil, the cradle was hung from an 
overhead wooden frame which was itself supported on wooden uprights 
that went through the floor of the house directly into the earth without 
coming in contact with the floor. All the results reported after August 11, 
1925, were made with this new support for the coil. 

10. The electrical connections. The electrical connections for measuring 
the effect are shown schematically in Fig. 3. The four double throw 
switches were ordinary porcelain base switches. 
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Fig. 3. Electrical connections. 


Switch No. 1 was arranged so that when thrown down it would connect 
the earth inductor through the graphite brushes with the slide wire AB, 
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from which the desired potential, corresponding to the length AC could 
be tapped off to neutralize the effect from the coil. When switch No. 1 
was thrown up it connected the earth inductor through the brushes 
directly with a test set for measuring resistances so that a frequent 
check could be made of the operation of the brushes. 

Switch No. 2, when thrown down, connected the coil into the amplifier 
crcuit, and when thrown up, cut the coil out of the circuit so as to permit 
a direct reading of the amplitude of oscillation of the galvanometer from 
the generator coil alone, thus permitting a test whenever desired of the 
operation of amplifier and galvanometer when acted on by a known 
electromotive force. 

Switch No. 3, when thrown down, connected the earth inductor into 
the amplifier circuit, and when thrown up, cut the earth inductor out. 

Switch No. 4 was a reversing switch which permitted a reversal of the 
direction of the electromotive force from the slide wire if this was desired 
to obtain a balance. Of course a careful record of the position of switch 
No. 4 was always kept. 

The slide wire was a Leeds and Northrup, Kohlrausch type slide wire, 
wound on a cylindrical drum with a resistance of approximately 32 ohms. 
The inductance of this helical slide wire was too small to introduce any 
difficulty. 
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Fig. 4. Amplifier. 


11. The amplifier. The amplifier consisted of three stages with re- 
sistance coupling, connected as shown in Fig. 4. The use of separate 
A-batteries for heating the filaments of the tubes and separate B-batteries 
for the three plate circuits as used in Washington would at first sight 
seem a better arrangement to obtain a non fluctuating degree of amplifi- 
cation. As a matter of fact, however, a fluctuation in the first stage of 
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amplification produces much more effect on the total amplification than 


a fluctuation in the later stages. 


Hence separate batteries would give 


no positive advantage, while the increased number of batteries which can 
get out of steady conditions is a positive detriment. The tubes used in 
the first two stages were Western Electric Type V (voltage amplifiers), 
and that in the last stage a Western Electric Type J tube. The resistances, 
condensers and batteries used were as indicated in the figure, although 
the grid leaks were somewhat varied from time to time. The coupling 
resistances were Western Electric Lavite resistances. 

The amplifier was connected through a transformer with the vibration 
galvanometer. The impedance of the primary of the transformer was 
about 20,000 ohms (25) and the impedance of the secondary about 


2,400 ohms (25 V). 





Fig. 5. Detail of drive for calibration. 





12. The galvanometer. The vibra- 
tion galvanometer manufactured 
by Leeds and Northrup was the 
same one used in Washington. It 
was mounted with a specially light 
suspension so as to reduce the fre- 
quency to the desired value. It 
was provided with a concave mirror 
which was illuminated with a single 
filament lamp, the total distance 
from mirror to ground glass scale 
being 13 feet 10 inches. The D.C. 
resistance of the galvanometer was 
765 ohms. 

13. The set up for calibration. 
The calibration of the apparatus 
was obtained by setting the cylin- 
der and coil transverse totheearth’s 
magnetic field and oscillating the 
cylinder so as to cut the earth’s 
field and thus produce a known 
electromotive force in the cylinder. 

For this purpose one end plate 
of the cylinder was bolted to the 
face of the pier, above the earth 


inductor, so that the cylinder was perpendicular to the earth’s mag- 
netic field as shown in Fig. 5. The coil was hung in its adjustable cradle 
from the vibration-free cross truss so as to surround the cylinder, and 
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arrangement made to oscillate the cylinder through a small angle so as 
to cut the earth’s field. 

The small oscillation needed was made possible by a very slight bending 
in the pinion shaft between the pier and cylinder. The necessary motion 
was imparted to the cylinder through a very light rod attached to a 
stirrup on the outer pinion shaft. This was driven by a cam arrangement 
as shown in detail in Fig. 5. The cam plates were cut at an angle and 
set off center so as to give a pure harmonic up and down motion, the 
lower cam being driven by direct connection through universal joints 
with the main shaft of the turbine. The adjustment was always made 
so that the cylinder was permanently strained down enough so as to be 
pulling up throughout its stroke. In addition an extra spring was pro- 
vided as shown in the figure to keep the rocker arm in contact with the 
end of the shaft of the upper cam plate. 

The amplitude of oscillation was measured optically. The light from 
a horizontal filament in a single filament lamp was directed by a spherical 
mirror’ on a plane mirror fastened on the moving end plate of the cylinder, 
thence the light proceeded to a mirror facing the cylinder, back to a 
second mirror on the end plate and then with two further reflections to a 
focus on a ground-glass scale, where the amplitude was read. There were 
thus two reflections from the moving end plate and a total path length 
of 1389 cms in the 1925 measurement and 1391 cms in the 1926 measure- 
ments. 

The electromotive force produced in the coil by the transverse oscilla- 
tion of the cylinder was balanced both as to phase and amplitude against 
the same earth inductor as used for balancing the effect itself. Although 
the angle of transverse oscillation of the cylinder in calibration was only 
about 9 X 10~ radians as compared with a circular oscillation of 0.6 radian 
in the effect runs, the slide-wire reading in calibration for balance was 
about 60 times as great as for the effect, which gives an idea of the 
extreme minuteness of the effect. 


III. EXPERIMENTS ON THE EFFECT OF THE EARTH’S FIELD 


14. Nature of the expected effects. A large part of the experimental 
work to be described consisted in a determination of the electromotive 
forces introduced by the motion of the cylinder in the earth’s magnetic 
field, when the apparatus was operated in the effect position. The nature 
of the results to be expected can be understood with the help of the 
diagram, Fig. 6. 


* We wish to thank Dr. J. A. Anderson for his kindness in lending us this mirror. 
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As already stated, in the effect runs the cylinder was set nearly parallel 
to the earth’s field in order to avoid cutting any magnetic lines of force 
when the cylinder was ocillated about its axis. Of course an exact 
parallelism, however, was not obtained, and indeed can not be per- 
manently achieved owing to the diurnal variation in the direction of 
the earth’s field. For this reason we must always expect a small residual 
component of the earth’s field perpendicular to the axis of the cylinder 
as indicated in the diagram. When now, we oscillate the cylinder about 
its axis, it is evident that we cut this residual field in such a way as to 
induce an alternating current flow longitudinally around the cylinder 
as indicated by the arrows. 





Fig. 6. Diagram illustrating effect of earth's field. 


This longitudinal flow of current has of course no effect on the coil, 
provided the axes of coil and cylnder are coincident. If, however, the 
coil is tipped with reference to the cylinder, the alternations in this 
longitudinal current can induce an alternating electromotive force in the 
coil. Thus for example in the case of the diagram, tipping the axis of the 
coil perpendicular to the plane of the paper will evidently introduce an 
electromotive force into the coil. Hence in general we must expect that 
the measured electromotive force in the coil consists of two components, 
the first being the one of main interest which is due to the inertia of the 
electrons in the accelerated metal, and the second being a superposed 
effect due to this cutting of the residual component of the earth’s field 
by the moving cylinder. 

This superposed effect will of course be zero when the axis of the 
cylinder is exactly parallel to the earth’s field, even when the axis of 
the coil is not parallel to the cylinder. Furthermore, when the cylinder is 
not parallel to the earth’s field, the superposed effect can be made zero by 
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exact alignment of the axis of the coil with that of the cylinder. As already 
stated, this accounts for the success of the Washington experiments, since 
the effort was there made to secure both an exact parallelism with the 
earth’s field and an exact alignment of coil with cylinder. 

15. The experimental work. In order to test the effect of the earth’s 
field, a series of runs were made with the cylinder in its normal position, 
and also rotated at various small angles from that position by tipping the 
whole base plate and rebolting to the concrete pier, with the introduction 
of spacers if necessary. The spring in the torsion rods was sufficient to 
permit these small changes in angle, provided the end clamps were 
loosened and then retightened after the change in angle. 

For each position of the cylinder, balances were then obtained with 
the axis of the coil tipped to different angles relative to the axis of the 
cylinder. 

The angle of tip of the cylinder could of course be measured directly. 
To determine the angle of the coil with respect to the cylinder, at the 
beginning of a series of runs, the coil was first set parallel to the cylinder, 
with the help of a taper gage which could be inserted between the coil 
and cylinder. The various angles of tip of the coil were then measured 
with the help of two mirrors on the coil, and suitably placed telescopes 
and scales. The angles recorded are probable seldom in error by an 
amount much greater than 0.00025 radians, while the total range of tip 
was about 0.02 radians. 

In all, 293 balances were made in this work, usually taken in pairs 
with a given setting of the coil. Of these, 7 balances occurring near 
together on the same day were discarded because of their highly erratic 
nature. All the other balances are recorded in the plots of the data. 

After each balance the apparatus was stopped, the slide wire reading 
recorded, and the phase setting of the earth inductor determined. This 
phase determination was made by loosening the clutch and turning the 
earth inductor over by hand until the connecting rod was at the center 
of its stroke, as shown by the coincidence of scratches on the moving and 
stationary parts. The proper position of the scratches was assured by 
taking readings with the same scratches both on the forward and back- 
ward stroke. The readings thus taken all agreed within two degrees and 
the average of the two readings was finally used. The balances were all 
made with the apparatus running at approximately the same amplitude 
and frequency. 

16. Method of plotting the results. In accordance with the elementary 
theory presented above, we should expect the electromotive forces 
measured to consist of two components, one due to the inertia of the 
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electrons and hence constant in magnitude and phase, with a given 
amplitude and frequency of oscillation, and the other due to the motion 
of the cylinder in the residual field and hence constant in phase through 
connection with the phase of the velocity, but variable in magnitude 
through its double dependence on the angle of the cylinder and angle 
of the coil. Under the circumstances, it is evident that the combined 
electromotive force observed can be regarded as the sum of two vectors, 
one constant in magnitude and direction, and the other constant in 
direction but variable in magnitude (both positive and negative). Hence 
it is evident, if we plot the various measured electromotive forces as 
vectors radiating from the same center, that the ends of these vectors 
should lie on a straight line as shown in the lower part of the diagram 
(Fig. 7). Furthermore, for a given setting of the cylinder with reference 
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Fig. 7. Diagram representing electromotive force as sum of two vectors. 


to the earth’s field, it is evident that the component of the electromotive 
force which is due to the earth’s field should be proportional to the angle 
of tip of the coil in any given plane. Hence if we plot this component 
against the angle of tip, we should obtain another straight line. This is 
shown in the upper part of the diagram, where the ordinates are the 
angle of tip and the abscissae are by the method of construction evidently 
proportional to the component of the electromotive force due to the field. 
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17. Plots of the data. The data obtained were plotted using the method 
described above and are presented in Plots Nos. 1 to 20. Of the 293 
measurements made for the study in question, 7 as already stated were 
omitted because of their erratic character, and 3 fall so far off the diagram 
that their position has only been indicated by dotted lines. All the other 
measurements have been included in the plots. Except in the case of 
Plots Nos. 19 and 20, measurements obtained with the coil parallel to 
the cylinder appear on both the two separate plots which give the data 
obtained with the same setting of the cylinder, first tipping the coil 
north and south, and then east and west. 
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Plot 1. July 23, 24, 1925; axis of cylinder normal position ; 
axis of coil tipped north and south. 
Plot 2. July 23, 24, 1925; axis of cylinder normal position ; 
axis of coil tipped east and west. 
Plot 3. July 25, 1925; axis of cylinder set 0.00604 radians north ; 
axis of coil tipped north and south. 


The angle of tip of the axis of the cylinder from its normal position, 
and the angle of tip of the axis of the coil in a north-south or east-west 
plane are indicated for each plot. The direction of motion of the upper 
end of the axis is always given. 
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Plot 4. July 25, 1925; axis of cylinder set 0.00604 radians north ; 
axis of coil tipped east and west. 
Plot 5. July 27, 1925; axis of cylinder set 0.00604 radians south ; 
axis of coil tipped north and south. 
Plot 6. July 27, 1925; axis of cylinder set 0.00604 radians south ; 
axis of coil tipped east and westl 


The phase angles for the different electromotive forces are plotted 
from an arbitrary starting point. The horizontal base line in the plots 
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pointing to the left corresponds to a reading of 30° on the protractor 
scale on the earth inductor carriage, provided switch No. 4 was down 
and the connecting rod was at the middle of its stroke, moving east. 
Readings taken under other conditions were corrected to the above state 
of affairs. (Readings taken in calibration runs are corrected to the 
conditions, switch No. 4 down, cylinder in center of stroke moving up.) 

18. General discussion of the data. It is evident from an examination 
of the plots that the measurements do agree reasonably well with the 
expectations outlined above. The fact that the termini of the electro- 
motive force vectors do lie as well as could be expected on a straight line 
indicates that these electromotive forces can be regarded as the resultant 
of one constant component and a second component constant in phase 
but variable in magnitude. Furthermore the graphs in the upper part 
of the plots show that the magnitude of this second component is pro- 
portional to the angle of tip away from the parallel position. Finally 
it will be noticed that the magnitude of the effect of tipping the coil in 
the north-south plane is dependent on the magnitude of the tip of the 
cylinder in the east-west plane, and vice versa as would be expected. 
Indeed it was possible to find a setting of the cylinder (see Plots Nos. 16 
and 17) so nearly parallel to the earth’s field that tipping the coil in either 
direction had only a very slight effect on the electromotive force at all. 
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Plot 7. July 28, 1925; axis of cylinder set 0.0231 radians south; 
axis of coil tipped north and south. 

Plot 8. July 28, 1925; axis of cylinder set 0.0231 radians south; 
axis of coil tipped east and west. 

Plot 9. July 29, 30, 1925; axis of cylinder set 0.0116 radians south ; 
axis of coil tipped north and south. 


Before proceeding to a more detailed discussion of the data, it is also 
specially important to note that there is no indication that the electro- 
motive force would ever drop to zero for any setting of the cylinder 
relative to the earth’s field, or any tip of the coil. This provides strong 
evidence for believing in the reality of a component of the electromotive 
force which is not due to cutting the earth’s field, but is presumably due 
to the inertia of the electrons. In addition it is evident that the measure- 

















INERTIA OF ELECTRIC CARRIER 811 


ments of amplitude and phase obtained when the coil and cylinder were 
parallel, as well as the values for these quantities that could be deter- 
mined from the best lines drawn through the two sets of points on the 
plots, would give fairly concordant results for what is presumably the 
electromotive force of interest due to the inertia of the electrons. This 
electromotive force will be more fully considered in a later part of the 
paper. 
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Plot 10. July 29, 1925; axis of cylinder set 0.0116 radians south; 
axis of coil tipped east and west 
Plot 11. July 30, 1925 ; axis of cylinder set 0.0116 radians south; 
axis of coil set 0.0015 radians north and then tipped east and west. 
Plot 12. July 30, 31, 1925; axis of cylinder set 0.0116 radians south, 0.0111 radians west; 
axis of coil tipped north and south. 


19. Phase of the component of the electromotive force due to the earth’s 
field. Considering these data now in somewhat more detail, it is evident, 
in accordance with the simple theory outlined above, that the component 
electromotive force introduced by the earth’s field is determined by the 
velocity of the cylinder, and hence the phase angle of this component 
should have the same value in all the experiments. An examination of 
the plots will show that this is approximately but not exactly true. 

Using the arbitrary starting point for measuring the angular setting 
of the earth inductor already mentioned, the phase of the component 
due to the earth’s field determined from the slopes of the lower lines on 
the plots, has the following values as given in Table I. (At the phase 
angle given the magnitude can of course assume both positive and 
negative values.) 

In the case of three plots, the setting of the cylinder was such that the 
points were too bunched to permit a determination of the phase of the 
component in question. It is also possible that the high value of 47° for 
Plot No. 17 should not have been included owing to the bunching of the 
points. The remaining values for the phase of the component which we 
have ascribed to the earth’s field, with the exception of the value found 
on Plot No. 12 are constant at least nearly within the experimental error. 
We have no satisfactory explanation for the result found on Plot No. 12, 
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which is apparently definitely given by the data. It is interesting to note 
that Plot No. 13 for data taken on the same dates also has a low phase 
angle, and it is possible that some consistent error was made in the phase 
readings taken on those dates. 


TABLE I 
Phase of component of the e.m.f. due to the earth's field. 























No. of plot Date Plane of coil tip Phase of component 
1 July 23-24 N.S. > i 
2 jury 23-24 E.W. 33° 
3 uly 25 N.S. 23° 
4 July 25 E.W. 31° 
5 July 27 N.S. 27° 
6 July 27 E.W. 30° 
7 1 28 N.S. 34° 
8 uly 28 E.W. aa° 
9 jue 29-30 N.S. 31° 
10 uly 29 E.W. 31° 
11 July 30 E.W. (N.S.) _ 
12 July 30-31 N.S. 18° 
13 July 30-31 E.W. 24° 
14 Aug. 1 N.S. 30° 
15 Aug. 1 E.W. _ 
16 Aug. 6 N.S. — 
17 Aug. 6 E.W. 47° 
18 Aug. 20-21 N.S. 32° 
19 Aug. 20-21 E.W. 32 
20 Aug. 24 NS, 32° 
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Plot 13. July 30, 31, 1925 ; axis of cylinder set 0.0116 radians south, 0.0111 radians 
west ; axis of coil tipped east and west. 
Plot 14. August 1, 1925 ; axis of cylinder set 0.0116 radians south, 0.0126 radians east; 
axis of coil tipped north and south. 
Plot 15. August 1, 1925; axis of cylinder set 0.0116 radians south, 0.0126 radians 
east ; axis of coil tipped east and west. 
Plot 16. August 6, 1925 ; axis of cylinder set 0.0116 radians south, 0.0027 radians 
east ; axis of coil tipped north and south. 


The mean value for the phase of the component due to the earth’s 
field is 30.2°, with an average deviation from the mean of +4.0° and a 
probable error of + 1.0°. 

It is evident that this phase should be related to the lag of the current 
behind the electromotive force in the cylinder, since the lag in other 
circuits is negligible. The protractor scale was set on the earth inductor 
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frame so that the maximum electromotive force in the earth inductor 
came at approximately 0°, while the maximum electromotive force in 
the cylinder produced by cutting the earth’s field must come at the center 
of the stroke. Hence allowing for the change in phase on passing through 
the transformer involved, it is evident that our results give a lag of 
current in the longitudinal circuit around the cylinder of 59.8° behind 
the electromotive force. 
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Plot 17. August 6, 1925 ; axis of cylinder set 0.0116 radians south, 0.0027 radians 
east; axis of coil tipped east and west. 

Plot 18. August 20, 21, 1925; axis of cylinder set 0.0116 radians south, 0.0027 
radians east ; axis of coil tipped north and south. 

Plot 19. August 20, 21, 1925 ; axis of cylinder set 0.0116 radians south, 0.0027 
radians east; axis of coil tipped east and west. 

Plot 20. August 24, 1925; axis of cylinder in normal position ; 

axis of coil tipped north and south. 


Of course no exact calculation can be made of the expected lag in this 
longitudinal circuit, because of its complicated shape and somewhat 
uncertain dimensions. Nevertheless, if we take this longitudinal circuit 
as being a copper rectangle* having an outside length of 9} inches, outside 
width of 4 inches, and inside dimensions 1 inch less (the dimensions of 
the cylinder), and ascribe a thickness of 3 inches to the rectangle we 
obtain a calculated} phase lag of 60° as compared with the experimental 
value of 59.8°. Since the thickness ascribed to the longitudinal circuit 
seems a reasonable one, we may regard the theory and data as being in 
approximate agreement. 

The sense of the electromotive force introduced by setting the cylinder 
in a given direction away from paralleism to the earth’s field and tipping 
the coil in a given direction, was also found to be that which would be 
predicted on the basis of the theory. 

20. Magnitude of the component of the electromotive force due to the earth’s 
field. It is also possible to investigate the magnitude of the electromotive 
force introduced by the earth’s field and see if this is in agreement with 


* The end plates were phosphor bronze. 


t The calculations were made with the help of formula 87 Bull. Bur. Standards, 
5, 54 (1908-9). 
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the theory. For the small angles involved, this magnitude should be 
proportional both to the angle of setting of the cylinder in a given plane 
away from parallelism to the earth’s field, and proportional to the tip of 
the coil away from parallelism to the cylinder in the plane at right angles 
to the above. The upper lines in our Plots Nos. 1-20 are drawn so that 
the slopes of these lines give, each for its own setting of the cylinder, the 
ratio of the component of electromotive force in question to the angle 
of tip of the coil and hence can be used to test the above prediction. This 
has been done in the following two plots Nos. 21 and 22, where the 
abscissae are the angular settings of the cylinder away from normal and 
the ordinates are the slopes (tan @) of the upper lines in Plots Nos. 1-20 
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Plot 21. Cylinder set at different angles east and west; 
coil tipped north and south. 

Plot 22. Cylinder set at different angles north and south; 
coil tipped east and west. 


measured away from the vertical. Although the data are not very well 
spaced since they were not taken to test the point in question, neverthe- 
less it will be seen that the points do fall on straight lines as would be 
predicted by the theory. Furthermore these two lines have nearly the 
same slopes, namely 38° and 40° as would be predicted. 

We may also investigate to see if the absolute magnitude of the 
electromotive force which we believe to be introduced by the earth’s 
field has a reasonable value. 

From Plots Nos. 21 and 22, we find that a setting of the cylinder, 0.01 
radian from parallel with the earth’s field, corresponds to an average value 
of tan 6 of 4.05. Using this figure, we then find from the scale of Plots 
Nos. 1-20 that the above setting of the cylinder combined with a tip 
of the coil of 0.01 radian, at right angles to that of the cylinder, would 
give a slide wire reading of 0.0802 for the component of electromotive 
force introduced by cutting the earth’s field. Finally the angle of oscilla- 
tion of the cylinder in the effect runs was 0.326 radians (see Section 25). 
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On the other hand in the calibration of the cylinder we find that a slide 
wire setting of 0.8618 corresponds to an angle of transverse oscillation 
of 4.09 X 10~* radians (see Section 25). 

Hence if we make the very rough assumption that the transformer 
coupling is the same for the two different circuits involved, we might 
expect the two slide wire readings to stand roughly in the ratio 


0,:A1Ze 





Si 
ra =0.01X0.01 (A) 


2 62A2Z1 

where 6, A and Z represent angle of oscillation, area of circuit and 
impedance of circuit. The left-hand side of Eq. (A) has the value 0.09. 
And substituting a value of Z; calculated for the same circuit assumed 
above in accounting for the phase and for Z, a value calculated from 
the cylindrical shape of the circuit involved, we obtain for the right-hand 
side the value 0.04. This is not a close check and yet seems sufficient in 
view of the assumptions that had to be made to indicate the general 
reasonableness of our picture. 

21. Conclusions as to the effect of earth’s field. In conclusion it would 
seem as if our theory as to the part played by the earth’s field in producing 
electromotive forces in the moving cylinder had been satisfactorily 
substantiated. In the first place practically all the measurements, 
although taken as they had to be under conditions where there are large 
errors of observation, lead to consistent results. In the second place, the 
analysis of the data shows that the component electromotive force in 
question has sense and phase in agreement with the theory, and a mag- 
nitude that depends on angle of setting of cylinder, angle of tip of coil 
and velocity of motion through the earth’s field as would be predicted. 

At first sight it may seem that the elaboration and detail with which 
we have studied the effect of the earth’s field was not justified, since 
there is of course nothing new in the theory of the electromotive forces 
and currents produced in a conductor moving in a magnetic field. Never- 
theless, we have felt that a complete study of the effect in our actual 
cylinder was necessary, since our chief interest is the very small residual 
electromotive force remaining when cylinder and coil are in alignment. 
In the first place, we must know how much this electromotive force may 
be affected by lack of exact alignment, and in the second place, we must 
assure ourselves if possible that the total electromotive force present in 
the cylinder does really consist of only two components, one due to 
cutting the earth’s field and the other due to the inertia of the electrons. 
It would seem from the foregoing analysis that this is substantially true 
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although there are minor discrepancies which will be more fully discussed 
in a later section. 

We may now proceed to a discussion of the component of main interest, 
namely the electromotive force produced by the inertia of the electrons. 


IV. ELEMENTARY THEORY OF THE INERTIA EFFECT 


22. The electromotive force in a stationary conductor. In order to discuss 
intelligently the measurements of the electromotive force due to the 
inertia of the electric carrier, it seems desirable to present first an ele- 
mentary theory of the expected effect. 

Consider a stationary circular conductor of length 2z7r and cross 
section* a and assume the conductor to be entirely rigid, neutral atoms 
and positive ions being held definitely in position in the atomic frame 
work, but provided with m mobile electrons per unit volume having the 
mass} m and charge —e. If an external electromotive force E is applied 
to this circuit, for example by changing the magnetic flux through it, 
then the force acting on each electron in the direction around the circuit 
will evidently be —e(E—L,dI/dt)/2xr, where the firgt’»art is due to 
the external electromotive force and the second part, depending on 
current J and inductance L,, is due to the variation in flux through the 
circuit produced by the changing current in the conductor itself. We 
may now equate this force on the electron to the rate of change of its 
momentum plus the resistance which the electron experiences because 
of its motion through the conductor, giving us 

eE e aI dv 
+ <= e Oo te (1) 
where the resistance to the motion of the electron is set proportional 
to the velocity v, the proportionality constant being designated by a. 

In interpreting this equation, it should be noted that v is the excess 

velocity which the electrons acquire in the direction of the electric force 

and this is measured with respect to the stationary coordinates with 
"respect to which the conductor itself is at rest. It should also be noted 
that L, is merely the coefficient connecting change of current with change 
of flux, and hence is the inductance of the circuit as would be calculated 
from the geometrical shape of the circuit. As we shall presently see it 
differs by a very small and usually negligible quantity from the measured 
inductance. 


* The cross section is taken small compared with the length. 
+ The mass m is regarded as concentrated close to the charge. 
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We can eliminate the velocity v from Eq. (1), through its relation to 
the current according to the obvious equation 





I=—neav (2) 
Substituting and solving for the electromotive force, we obtain 
E= (AA +2, ooo (3) 
ne*a dt mea 
Comparing with the usual expression for electromotive force 
dI 
E=L , +IR (4) 


we see that (277a)/(ne’a) is merely the kinetic theory expression for the 
resistance of a circuit of cross section a and length 27r. While (27rm)/ 
(ne’a) is a small correction which must be added to the calculated in- 
ductance L, to obtain the total experimental inductance L. Since no 
discrepancies have ever been observed in ordinary measurements between 
calculated and experimental inductance, we conclude that the number of 
conducting electrons per cubic centimeter 7 is a large quantity. (Compare 
Lorentz, The-~ ‘ory of Electrons, Teubner 1909 Note 17.) This small 
corrective term which can usually be neglected is, however, of prime 
importance in determining the effect in which we are interested. 

23. The effective electromotive force in an accelerated conductor. Consider 
now the same circular conductor, not subject to any external electro- 
motive force, but moving around the axis with a tangential velocity V 
and acceleration dV/dt. We may now set up a similar expression to 
Eq. (1) above, for the force acting on an electron, namely 

e dI dv 
oes wo tee") (5) 
where the term containing the external electromotive force E is omitted, 
since this is taken as zero, and the resistance to the motion of the electrons 
is set, as is obvious, proportional to the relative velocity of electrons and 
conductor (o— V). The velocities v and V are of course both measured 
with respect to stationary coordinates. 

The velocities v and V can also be eliminated from Eq. (5), by means 

of the evident expression for current 


I= —neav(v— V) (6) 
Substituting in (5) and transforming, we obtain 


m dV (27 dI deve, 


nera *) dt ne*a 








(7) 








I 
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We thus see, by comparson with Eq (3), that the acceleration of the 
conductor may be regarded as producing an effective electromotive force 


E,= 2ar a (8) 
which is proportional to and in phase with the acceleration. The primary 
purpose of our work is of course to compare this predicted expression for 
the effective electromotive force with that found experimentally. 

The above derivation for the effective electromotive force produced by 
acceleration is of course an elementary one, containing simplifications 
some of which may not be completely justified. In the first place, the 
theory tacitly assumes that the mass of an electron can be regarded as 
a definite quantity m rigidly bound to the charge —e, and distinguished 
without ambiguity from other electromagnetic mass within the con- 
ductor, as well as from the mass associated with the overlapping magnetic 
fields which surround the conductor and determine the flux through the 
circuit. In the second place, possible forces acting between the conduction 
electrons and the body of the conductor, other than the quasi-frictional 
force which has been set proportional to the velocity, have been neglected. 
Finally the electrical properties of the accelerated conductor have been 
regarded as unaffected by the elastic strains which necessarily accompany 
the acceleration. We have the feeling, however, that these simplifying 
assumptions are of a character which would not seriously affect the result. 
A further discussion of the matters will be given later. 

24. Comparison of electromotive forces obtained in effect and calibration 
runs. In order to test Eq. (8) with the help of the experimental data 
obtained in the effect and calibration runs, let us first consider in the 
case of the effect runs, a current sheet in our oscillating cylinder, having 
the radius r, and hence the instantaneous acceleration 


dV 

- =4rv sin 2m (vt+6) (9) 
where vy is the frequency of the harmonic oscillation and @, is half the 
angular amplitude of oscillation. Substituting in Eq. (8) we obtain 


E.=8n'v*7? (= )o.sinzr 1+ (10) 


Let us now compare this expression for the expected electromotive 
force in the effect runs with the known electromotive force in the calibra- 
tion runs. For the small angles of oscillation used in these latter runs the 
flux through the circuit is proportional to the area of the circuit mr’, the 
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strength of the earth’s magnetic field H, and the angle through which 
the circuit has been turned away from parallelism with the field. Hence 
for harmonic oscillations of frequency v the electromotive force in the 
calibration experiments is 


E,=2n*r? H6,sin2x (vt+7) (11) 


where @, is the half amplitude of oscillation in calibration. 
Considering first merely the amplitudes of the two electromotive forces, 
we obtain by division 
(Ee) maz - anv peal a. (12) 
(E.) maz H é 6. 
It will be noted that the radius r of the particular current sheet under 
consideration has very fortunately dropped out of the expression, and 
hence the ratio (E.)maz/(E.)maz can be taken as the ratio of the total 
electromotive forces in the effect and calibration runs, and put equal to 
the ratio of the slide wire readings, S./S. necessary for balance. Making 
this substitution and solving for the ratio of the mass of the electron to 
its charge, we obtain 


—=——— (13) 


as the expected expression correlating the amplitude of the two electro- 
motive forces which are proportional to the slide wire readings S, and S.. 

We must also consider the expected correlation of the phases of the 
electromotive forces obtained in the effect and calibration runs. Evi- 
dently the maximum electromotive force in the effect runs should occur 
at the end of the stroke where the acceleration is a maximum, while the 
maximum electromotive force in the calibration runs occurs at the center 
of the stroke where the rate of change of flux is a maximum. For accuracy 
of measurement, however, the angle of the earth inductor must in both 
cases be read at the center of the stroke, and hence we should expect the 
two phase readings to differ by 90°, the direction of the difference being 
determinable from the directions of the two motions and the direction 
of the earth’s field. 


V. EXPERIMENTAL RESULTS ON AMPLITUDE AND PHASE 


25. Results from runs of July 23 to August 24, 1925. The experiments 
already described, for which data are given in Plots Nos. 1-20, were 
primarily planned for studying the effect of the earth’s field and not for 
getting an accurate measurement of the electromotive force due to the 
inertia effect, and an accurate control of amplitude of oscillation, fre- 
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quency of oscillation and temperature was not kept. Nevertheless, the 
data are good enough to give approximately correct results which will 
be valuable for comparison with the better results presented in the next 
section. 

During the effect runs in question, the frequency of oscillation v varied 
for different runs, owing to difficulties with the tachometer, from 19.9 
to 20.3 per second with a fair average at 20.1 per second. .The half 
amplitude of oscillation also varied somewhat, owing to changes in 
connecting rods and conditions of operation, from 18.4° to 19.0° with a 
fair average at 18.7°, giving us 0,=0.326 radians. The slide wire reading 
for the component of electromotive force left when the coil was parallel 
to the cylinder could be obtained perhaps most accurately from Plots 
1-20, by projection from the point of intersection of the upper line with 
the axis to the lower line. It seems sufficient for our purposes, however, 
to take the average slide wire reading for all runs where the cylinder and 
coil were parallel. There were 53 such runs, giving an average slide wire 
setting S, of 0.0142, having a mean deviation of 0.0023 and a probable 
error of 0.0003. The average phase reading at the center of the stroke 
moving east was 111.5° with a mean deviation of 15.8° and a probable 
error of 2.2°. 

In the calibration runs the frequency of oscillation was 19.9 per second, 
not sufficiently different from 20.1 so that we need allow for it (see 
Section 38). Three runs were made under the same conditions with the 
following readings for the amplitude of oscillation as given by the total 
width of the light band on the ground glass stale, corrected for the width 
of the filament image, 45.6, 45.6, 45.3, average 45.5 mm, giving for the 
half amplitude of oscillation 0,=4.09X10- radians. The slide wire 
settings were 0.8621, 0.8605, 0.8628, average 0.8618. The phase readings 
at the center of stroke moving up were 34, 34, 33.5, average 33.8°. 

The horizontal component, declination and dip of the earth’s field was 
kindly determined for us by Mr. Wallace M. Hill of the Coast and 
Geodetic Survey at the location in question in the spring of 1923. Since 
that time and previous to the summer of 1925 a nearby street car line 
was discontinued, which Mr. Hill believed to have some effect on the 
results. Nevertheless, since Mr. Hill’s determination at another nearby 
station several times as far from the street car line gave nearly the same 
results we can use them for our calculations. The strength of the hori- 
zontal component was 0.26753 and the dip 59°25’, giving us H=0.52581 
gauss. 














INERTIA OF ELECTRIC CARRIER 821 


Substituting now in Eq. (13) for the ratio of mass to change, we obtain 
m | a ve 0.5258 0.0142 4.09x10-* 


e 4m S.0, 4nX20.1 0.8618 0.326 
=4.30X 10-* grams per abcoulomb, 





as compared with the value obtained in free space from cathode ray 
deflections of 5.66 10-* grams per abcoulomb. 

Coming now to the phase of the effect as compared with the phase in 
calibration, we find, taking account of the connections and direction of 
motion in the earth’s field, that the average phase of the effect electro- 
motive force lags 12.3° behind the acceleration of the cylinder. 

We thus find that these preliminary experiments give an electromotive 
force with an amplitude 24 percent less than that predicted on the basis 
of the elementary theory and a phase lagging 12.3° behind the predicted. 
Both these deviations are greater than the “probable error’ of the 
measurements. 

26. Results from runs of February 18 to March 5, 1926. In the light of 
these results, additional more carefully controlled experiments were made 
in the winter of 1926, for the express purpose of getting the best possible 
values for the amplitude and phase of the effect electromotive force. 
Several improvements in the apparatus or method were also introduced 
at this time. 

In work preliminary to the measurements which we are about to discuss 
a new source of possible accidental electromotive force was discovered. 
The work was performed at a time of considerable temperature fluctua- 
tion throughout the day, and very irregular results were found when the 
torsion rods changed length so as to pull the cylinder hard against the 
upper or lower thrust bearings. To obviate this the shoulders on the 
end plates of the cylinder were now turned down so that there was 
hereafter no contact between end plates and bearings. This possible 
source of trouble may account for certain irregularities in the summer 
work of 1925. (In the Washington work there were no thrust bearings.) 
We are inclined to think that excessive friction at the thrust bearings 
may lead to the flow of alternating current through the cylinder and 
back again through the bed plate, a certain portion of the flux produced 
being picked up by the coil. 

A new method was also installed for setting the coil parallel to the 
cylinder. The taper gauge, which had previously been used for this 
purpose, was not entirely satisfactory, since the coil, being hung from 
above, springs away when the gauge is inserted in the annular space 
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between it and the cylinder. Hence split centering plates were now 
provided for the two ends of the coil, with pins fitting into holes in brass 
pieces on the coil, and arranged to clamp on the bearing bushings which 
were themselves turned true with the shaft. These plates were henceforth 
used to align the coil parallel with the cylinder before each set of runs, 
any deviation from alignment after they were removed being adjusted 
with the help of the telescopes, scales and mirrors already described. 

The runs in question were made with the cylinder in its normal position, 
since this gave the smoothest operating conditions. Since this normal 
position is not quite parallel with the earth’s field, it was quite important 
that the axis of the coil should be exactly parallel with the cylinder. 
Furthermore, it is of course the “‘electrical’’ axis rather than the mechan- 
ical axis, if they differ, which must be considered. To allow for this, an 
approximately equal number of runs were made with the coil in its usual 
position and then rotated around the cylinder through approximately 
180°, a procedure which would change by 180° the phase of any electro- 
motive force introduced from the longitudinal circuit in the cylinder. 
As will be seen from the results, however, there was no appreciable change 
in effect due to this rotation. 

Forty-nine effect runs were made in all, with the coil in its usual and 
reverse positions, taken in eight groups on different half days. Since the 
readings taken on a given half day often check among themselves con- 
siderably better than they do with those taken on another half day, a 
fair idea of the results would not be given by the final mean and its 
probable error. Hence we present in Table II a summary which gives 
the mean values of slide wire reading and phase reading for each group 
of runs. It will be noted specially in the case of the phase readings that 
the means for the different groups differ by an amount which is almost 
certainly greater than could be accounted for on the mere basis of errors 





of observation. 
TABLE II 
Effect Runs. February 18 to February 27, 1926 
Date Temp.* Position No.of Mean Av. deviation Mean Av. devia- 





Feb. 18, p.m. 
Feb. 24, a.m. 
Feb. 25, A.M. 
Feb. 25, A.M. 
Feb. 26, A.M. 
Feb. 26, A.M. 
Feb. 26, p.m. 
Feb. 27, A.M. 


of coil runs slide wire from mean’ phase _ tion from 

reading reading mean 
16.3° Reverse 4 0.0154 +0.0008 120.4 +1.7 
12.5° Reverse 9 0.0149 +0.0008 99.7 +2.8 
12.0° Usual 8 0.0141 +0.0007 113.7 +1.2 
14.5° Reverse 3 0.0162 +0.0006 105.7 +2.1 
13.7° Reverse 8 0.0143 +0.0002 114.8 +1.9 
16.9° Usual 3 0.0155 +0.0002 111.7 +0.6 
20.0° Usual 4 0.0136 +0.0005 121.8 +2.3 
14.0° Usual 10 0.0141 +0.0006 111.0 +5.1 











* The temperature was measured near the beginning of each set of runs by a ther- 
mometer inserted in a hole in the metal bed plate. 
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We are led to conclude from the foregoing that the measurements are 
still affected to a small extent by some variable factor which has not yet 
been removed. If, however, this variable factor is itself accidental in 
character, changing from one group of runs to another in accordance 
with the laws of chance, the final means with their probable errors, cal- 
culated by treating the original means for each group as separate observa- 
tions should be significant. 

Proceeding on this basis we obtain for the mean slide wire reading S,, 
0.0148 with an average deviation from the mean of +0.0007 and a 
probable error of +0.0003; and for the mean phase reading, 112.4° with 
an average deviation from the mean of +5.3° and a probable error 
+1.9°. The frequency v in these runs was 19.8 per second, and the half 
amplitude of oscillation 18.8° giving us * =0.328 radians. 

Eight new calibration runs were also «1ade at the close of the effect 
runs, on February 28, March 1, and March 5, the temperature ranging 
from 14.5 to 20.8°. The half amplitude of oscillation 0, was 4.47 X 10~* 
radians, the mean slide wire reading was 0.9309 with an average deviation 
from the mean of 0.0054 and a probable error of 0.0019. The mean phase 
reading was 32.4° with an average deviation of 0.8° and a probable error 
of 0.3°. 

Substituting now again in Eq. (13) for the ratio of mass to charge we 
obtain 

m H S, @ 0.5258 0.0148 4.47x10~ 


e 4a S. 0, 4rX19.8 0.9309 0.328 





= 4.58 X 10-® grams per abcoulomb 


as against 4.3010-* from the earlier runs, and 5.66X10-° for m/e in 
free space, a deviation from the latter figure of 19 percent. 

We also find in these runs a lag of the average phase of the effect 
electromotive force behind the acceleration of the cylinder of 10.0°, as 
against 12.3° in the earlier runs. 

It is evident that the deviations from the predicted values are still 
present in approximately the same amount. 


VI. CRITIQUE OF THE EXPERIMENTAL WORK 


The small deviations from the predicted magnitude and phase of the 
electromotive force produced by the inertia of the electrons make it 
important to criticize the experimental work in detail. If these deviations 
should be real it would be a matter of considerable significance. If, on 
the other hand, they are due to errors in the experimental method, we are 
merely interested in discovering their cause. A discussion of the experi- 
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mental work and its difficulties is also of importance in suggesting 
improvements for the future. In what follows we present a large 
number of special tests and considerations that were made in investigating 
possible sources of error. We shall first consider some possible sources of 
error in the effect runs, and then possibilities of error in the calibration 
runs. 

27. Vibration of the coil. The most obvious possible cause of accidental 
electromotive forces would lie in vibration of the coil in the effect runs.. 
We do not believe, however, that this is a source of trouble. No change 
in the results accompanied the change from having the coil cradle 
mounted with rubber washers on the cement pier, to having it supported 
from an overhead truss which had no connection with the pier or building. 
Before this change was made vibration of the coil could some’ times be 
felt unless care was taken as to the period introduced by the elastic forces 
of the rubber washers. After the change no vibration whatever could be 
felt in the coil when the apparatus was running, and no blurring of the 
image of a scale, reflected from a mirror on the coil and viewed in a 
telescope, could be detected when the apparatus was started. Further- 
more, with the amplifier on, and the apparatus stationary no effect could 
be detected when the coil support was hit in such a way as to give vertical 
vibrations which would be the only ones of a period as high as 20 cycles. 
Similarly hitting the torsion rods had no effect, and running the water 
motor with the connecting rod disconnected had no effect. 

28. Play in cylinder bearings. Another obvious source of error would 
arise from excessive play in the bearings which would permit a transverse 
oscillation of the cylinder. The bearings were, however, carefully scraped 
in from time to time and the play was probably less than 0.0001” after 
scraping and it is doubtful if the play ever became as much as 0.001”. 
Referring to Plots Nos. 21 and 22, we may take the cylinder in its normal 
position as being 1.32 X10-* radians out of parallel with the field. Re- 
ferring to the calibration runs, we can then calculate that the maximum 
electromotive force which could be produced by cutting the earth’s field 
if the direction and frequency of motion were most favorable, by an 
oscillation of total amplitude of 0.0001” in each bearing would correspond 
to a slide wire reading of 0.00027 as compared with the reading 0.0148 
produced by the effect itself. It seems possible that some error may arise 
from this cause, although it does not seem very probable that it seriously 
affects our final averages. ; 

29. Asymmetry in cylinder. It seems possible that asymmetry in the 
cylinder might affect the results, for example an angular deviation 
between the axis of rotation and the axis of the cylinder, which would 
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cause the cylinder to cut the earth’s field when rotated. Of course care 
was taken to have the cylinder true with itself and its bearings. Never- 
theless, some lack of symmetry somewhere in the oscillating system may 
be indicated by the results on Plots Nos. 18, 19 and 20, where the cylinder 
was rotated and clamped with different faces of the hexagonal torsion 
rods uppermost, and somewhat different results obtained. It is interesting 
to note, however, that the deviations appear smaller on Plot 20 than on 
18 and 19, even though the cylinder was less nearly parallel to the earth’s 
field. It is also important to note that such asymmetry can not account 
for the deviations between the means in the final effect runs recorded 
in Table II, since all these runs were made with the cylinder turned the 
same way. It is unfortunate that time did not permit a more thorough 
study of these matters. It is hard to estimate whether the final results 
are affected by this source of uncertainty. Nevertheless, most of the 
effect runs in the summer of 1925 were made with the cylinder turned 
northeast and those of 1926 with the cylinder southeast, and since there 
was no great difference in the results it would seem as if the effect were 
not an important one. (Note on Plot No. 20 that straining the torsion 
rod by setting the bottom clamp out of line had no appreciable effect.) 

30. Effect of centrifugal force. As already noted in the article describing 
the Washington experiments, the action of centrifugal force, in causing 
the cylinder to expand and contract with the velocity of rotation, would 
change the earth’s flux through the circuit and thus introduce an electro- 
motive force. This electromotive force is small, however, and has twice 
the period of the effect, and hence can be entirely neglected, since the 
galvanometer was found to have no sensitivity at twice the period. 

31. Photographic analysis of motion in effect runs. It is evident that our 
results could be seriously affected, especially the phase readings, if the 
actual motion of the cylinder does not correspond to that expected from 
the mechanism of the set up. For this reason arrangements were made 
to photograph the motion of the cylinder in the effect runs on a moving 
film, by a beam of light coming from a small lamp attached to the lower 
end plate of the cylinder. A mirror was also attached to the earth in- 
ductor in such a way as to produce a line across the curve at a known 
phase reading. Two experiments were made in this way. The curves 
obtained appeared, without making an actual harmonic analysis, to be 
pure sine waves and the photographic phase determinations agreed with 
the phase determinations made by our usual method within 1.5° and 
3.5°, the deviations being in opposite directions for the two trials. We 
conclude that there is no appreciable error from the suggested source. 
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32. Effect of direct earthing of cylinder. The possibility that the results 
might be affected by electrostatic charges on the cylinder was tested. 
The cylinder was of course always earthed through the cement pier, but 
a special test in which direct earthing was made to the earthed binding 
post of the coil showed no change in balance. 

33. Tesis with double tip of coil. Special tests were made, when studying 
the effect of the earth’s field, with the coil tipped out of alignment both 
in the north-south and east-west plane. No anomalous behavior resulted 
(see Plot No. 11). 

34. Tests with field from external magnet. Tests were made in the effect . 
runs with the fieJd from an external magnet showing similar effects to 
those produced by tipping the cylinder in the earth’s field. 

35. Tests with laminated cylinder. A very large number of tests were 
made with a laminated cylinder, constructed from 18 copper rings 
mounted on a “micarta’’ core, and having total dimensions about the 
same as our regular cylinder. This construction would prevent the 
longitudinal flow of current around the cylinder, and it was now found, 
in agreement with what was expected, that tipping the coil in the effect 
runs produced no appreciable change in balance. 

We had great hopes that this new cylinder, by eliminating the possi- 
bility of longitudinal flow of current, would afford a great improvement in 
the method. A long series of experiments showed, however, that it gave 
very unreliable results. Straining the torsion rods by pressing on them 
while running or changing the adjustment of the end clamps produced 
enormous changes in the electromotive force in the cylinder. We finally 
concluded that the interaction between the insulating material and the 
copper rings may have been the source of the disturbing electromotive 
force. The impression was also gained that this disturbance was more 
likely to increase than decrease the electromotive force. This may account 
for the large values of m/e obtained in the Berkeley experiments. 

36. Effect of possible currents in nearby circuits. Accidental alternating 
currents of the right period in nearby circuits could of course affect the 
results. One such circuit was definitely found and eliminated. The 
current in this circuit apparently flowed along the main driving shaft of 
the apparatus through the main bearing with return through the cement 
base to the water motor. This current was greatly increased by adjust- 
ment so that there was large pressure on the lower bearing, and was 
permanently eliminated by introduction of insulation into the shaft. 

A study was also made of the possibility of alternating current flowing 
through the connecting rod and back through the cement pier. This 
would have been a dangerous circuit, since the coupling with the coil 
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would have been good. We found, however, no change in results when 
the circuit was broken by an insulating sleeve as part of the connecting 
rod. Indeed a portion of the runs made in the summer of 1925 were 
carried out with such a sleeve and a portion without, no apparent effect 
on the results accompanying this change. 

Attention has also already been called to the erratic results which were 
obtained when the torsion rods changed length so as to produce pressure 
on the cylinder bearings. We were led by analogy with the circuit through 
the main shaft to ascribe these results to the flow of current lengthwise 
through the cylinder with return through the bed plate. When further 
work is carried out, it will be desirable to introduce insulation so as to 
eliminate the possibility of any such current. This was indeed done in 
some of our preliminary work, without producing any noticeable change, 
but this was at a,time when our measurements were not carried out with 
their final refinement. We have, however, very direct evidence that this 
circuit was not affecting the bulk of our measurements, since it is evident 
that tipping the coil in the east-west plane would introduce far more 
coupling with this circuit than tipping it in the north-south plane, while 
Plots Nos. 21 and 22 show definitely that there was no such effect. 

37. Behavior of galvanometer as affected by external disturbances. As 
already noted, the galvanometer was always in motion when connected 
with full amplification to the coil, because of external magnetic dis- 
turbances. These disturbances seemed to be of two kinds: a steady part 
which produced a widening of the bank, and a discontinuous part which 
produced “kicks” or sudden greatly increased widenings which then died 
away. The steady part was evidently due to commercial circuits in the 
city, since it was analyzed and found to have the local frequency of 
50 cycles. The cause of the kicks, which were more serious, is unknown. 
These troublesome’effects were of different magnitude on different days, 
and indeed for nearly the whole of one day the steady widening was so 
wide as to be off scale, probably indicating a temporary leak in power 
lines. It was also quite impossible to work after the street lights were 
turned on, on a neighboring street, the circuit for which had a large 
uncompensated area. We do not believe that these disturbances have 
any systematic effect on the results, but merely decrease the precision 
of the individual measurements. . 

It is interesting to note that the electromotive forces introduced 
by these external causes are of course many times greater than those 
measured, the tuned galvanometer making it possible to pay attention 
almost solely to the electromotive force of interest. 
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Attempts were made to eliminate these disturbances. Electrostatic 
shielding gave no result. By electrical filters, and tuning, however, it 
was possible to eliminate the steady widening but not the more serious 
“kicks,” and this elimination was not used, since it appeared to introduce 
a lag in the time of response to a change in slide wire setting. Magnetic 
shielding might reduce the disturbances, but its use would probably be 
complicated by local poles on the inside of the shield which would induce 
unknown currents in the moving cylinder. 

38. Effect of changing frequency in calibration. A number of studies 
were made of the calibration process to see if everything was behaving 
as would be expected. An increase in the frequency of oscillation pro- 
duced, as would be predicted, a moderate change in the slide wire setting 
for balance, owing to improved transformer action, the increased velocity 
of oscillation of the cylinder being compensated by the increased velocity 
of rotation of the earth inductor. There was also an appreciable change 
in phase owing to the dependence of the lag of current in the cylinder on 
frequency. This is illustrated by the following table, where the ampli- 
tudes of oscillation were nearly constant. 


TABLE III 


Tachometer Slide Wire Phase 
Reading Setting Reading 
1000 0.765 35.8° 
1200 0.816 31.0° 
1400 0.901 26.8° 
It is evident that these changes are not large enough to be of importance 
in the actual calibration runs where the frequency could be held prac- 
tically at the desired point. 

- 39. Effect of amplitude of calibration oscillation. It would of course have 
been very serious if for some reason the slide wire setting were not 
directly proportional to the electromotive force around the cylinder, since 
for accuracy of angular measurement in the calibration runs, the electro- 
motive force had to be much larger than in the effect runs. This was 
tested by making calibration runs at high and low amplitudes as shown 
below. 

TABLE IV 


Amplitude Slide wire Ratio 


43.0 0.760 56.6 
8.0 0.138 $7.9 


This gives a check within the large experimental error involved in 
measuring the small amplitude. 
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40. Effect of changes in alignment. Small changes were found in the 
calibration runs to accompany deviations from careful alignment of coil 
with cylinder. They did not appear large enough to be serious. 

41. Effect of magnitude of amplification. In the calibration runs it was 
usual to work with a lower amplification than in the effect runs. It was 
found however, that the balance was not changed by raising the amplifi- 
cation to that used in the effect runs. 

42. Test of a nearby circuit in calibration. By inserting mica under the 
stirrup on the outer cylinder shaft in calibration, it was found that the 
circuit consisting of cylinder, torsion rod, cam support and cement pier 
had no effect on calibration. 

43. Photographic analysis of motion in calibration runs. Photographic 
analyses were also made of the motion of the cylinder in calibration in a 
manner similar to that used for the effect runs. The photographic phase 
determinations for two films agreed with the phase determination made 
by our usual method within 2.2° and 4.0°, the deviations being in opposite 
directions. A harmonic analysis was also made of one of our curves, and 
gave the amplitude 40.3 for the fundamental as compared with 40.0 for 
the total amplitude. 

44, Phase of calibration electromotive force. A check on the operation 
of the apparatus can be obtained by comparing the phase of the calibra- 
tion electromotive force with that which can be predicted from a rough 
calculation of the lag of current behind electromotive force in the cylinder. 

The average phase setting for the final calibration runs was 32.4°, 
which corresponds to a lag of current behind electromotive force in the 
normal circuit around the cylinder of 57.6°, while the phase lag calculated 
for this circuit was 64°.* 

45. Conclusions as to experimental work. An examination of the fore- 
going appears to give only two indications as to errors of any importance 
in the determination. In the first place as shown by Table II, the ampli- 
tudes and phases for the effect runs made on a given half day tend to 
check among themselves better than they do with those made on another 
half day under supposedly identical conditions. In the second place, 
there seems to be some small difference in amplitude and phase produced 
by rotating the cylinder around its axis to a new position. The cause of 
these two phenomena is as yet unknown. If, however, we can assume 
that the small accidental effect still operative is as likely to produce 
deviations in one direction as the other, our final means then show a small 


* The calculations were made with the help of formula (2) Bull. Bur. Standards, 
18, 475 (1922-23). 
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but definite difference between the amplitude and phase of the effect 
experimentally measured and that predicted by the elementary theory. 


VII. CriTIQUE OF THE THEORY 


In view of the uncertainty as to the reality of the small deviations 
between experiment and the elementary theory, the time is not yet ripe 
for any elaborate critique of the theory. Some preliminary considerations, 
however, of the three simplifying assumptions made in the elementary 
derivation will be of interest. 

46. Nature of the mass associated with the carriers. The total electro- 
magnetic mass associated with the lines of force surrounding an electron 
in the body of a metal must be of a complicated nature, while our ele- 
mentary derivation has taken the mass as rigidly bound to the charge 
and the same as that associated with the spherical field surrounding an 
electron in free space. A complete analysis of the distribution of electro- 
magnetic mass in the interior of a metal, and the fraction of it that could 
be regarded as bound to the electrons at any given acceleration of the 
metal would be complicated, if not impossible in the absence of a more 
satisfactory picture of the interior of a metal than we now have. Never- 
theless, it seems as if most of the mass must be close to the cénter of the 
electron since that is where the lines of force are concentrated; and of 
course near to the center, the lines would presumably have the same 
spherical distribution as in free space. In addition it should be noted that 
down to distances of 10-* cm from the positive charge, the Bohr-Sommer- 
feld theory of the hydrogen atom shows that there certainly is no. great 
error in taking the mass as bound to the electron and the same magnitude 
as in free space.‘ 

47. Forces on the electron. Our elementary deduction was obtained by 
equating the rate of increase in the momentum of the electrons to the 
forces acting on them. The only forces considered were due either to the 
change in flux through the circuit or to the “frictional” resistance of the 
conductor to the motion of the electrons, which was taken proportional 
to the relative velocity of electrons and conductor. It is important to 
point out, however, that no change would result from the inclusion of 
possible additive corrective terms, proportional to any function of the 
relative velocity.* The reason for this is that such terms would finally 
appear both in Eqs. (3) and (7) as the same functions of the current I 
and hence would balance out. 

‘ Note in this connection, Bronstein, Zeits. f. Physik, 35, 863 (1926). 


* This includes the relative acceleration or higher derivatives, and quantities such as 
x-X which can be obtained from v-V by integration. 
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Corrective terms dependent not on some function of the relative 
velocity, but on a function of the velocity referred to the external 
stationary coordinates, would not balance out. 

48. The effect of torsional strains. Our elementary derivation treated the 
conductor as a rigid system tinaffected by the torsional strains set up by 
oscillation. If the resistance should change periodically by an appreciable 
amount with the changing strain, or if the strains themselves, in the 
absence of acceleration, should produce electromotive forces, the analysis 
would have to be modified. These possible effects would presumably be 
small. Further on this point we can not now say. 

To summarize the status of the theory, it would seem as if there were 
some uncertainties in the elementary deduction which would be worthy 
of further investigation. It does not seem probable, however, that 
improvements in the theory would change the order of magnitude of the 
predicted results. They might, however, be sufficient to account for 
small discrepancies between the elementary deduction and the experi- 
mental results of the order of magnitude that we have found. 


VIII. ConcLusion 


In conclusion, we believe that our present experiments demonstrate 
far more satisfactorily than ever before the actual existence of an electro- 
motive force in an accelerated metallic conductor due to the inertia of 
the electrons which conduct the current. The average magnitude of this 
electromotive force was found to be 19 percent less than that predicted by 
an elementary theory which assumed the effective mass of the electrons 
the same as in free space; and the average phase of the electromotive 
force lagged 10° behind the acceleration, instead of agreeing with it as 
predicted by this elementary theory. These deviations from the pre- 
dictions of the elementary theory were considerably greater than the 
probable error of the results. It could not be concluded from the data, 
however, that the deviations were necessarily greater than the actual 
error in the results. In addition no precise estimate was‘available as to 
the changes in the predicted values which might result from a more 
complete theory. 

In the experiments of Tolman and Stewart, the electromotive force 
was found to have a value 15 percent greater than that predicted by the 
elementary theory. This may have been due to interaction between the 
metal wire and its insulation, since in the present work we have dis- 
covered apparent effects of this kind. On the other hand, the effective 
mass acting when the conductor was brought to rest may actually be 
greater than under the present conditions where the frequency of os- 
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cillation was twenty cycles. The experiments of Tolman, Karrer and 
Guernsey made at twenty cycles gave a value of the electromotive force 
8 percent lower than the predicted, but the results are not as trustworthy 
as the present ones. It would seem that further experimental and 
theoretical work would both be desirable, and it is hoped that this may 
be done at this laboratory. 

We desire to express our appreciation to the Norman Bridge Labora- 
tory for the generous support which it gave to this expensive investigation 
and to give our thanks to Mr. Julius Pearson and his assistants for their 
skill in the construction of apparatus. 
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CALIFORNIA INSTITUTE OF TECHNOLOGY, 
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THE FLOW OF LIQUIDS THROUGH CAPILLARIES 
By N. Ernest Dorsey 


ABSTRACT 


A simple theory of the flow of a liquid from a reservoir, through a capil- 
lary, into a second reservoir is developed, and the conclusions from it are shown 
to accord with the observations of Bond and of Poiseuille, and with a quali- 
tative study of the flow by means of colored streams. It is shown that, for 
viscosimeters of this type, the common interpretation of that term (with 
coefficient m) in the viscosimeter equation which is frequently called the 
kinetic energy correction is entirely incorrect. That term is an inertia correc- 
tion; it does not arise from any loss of head attendant upon the imparting of 
kinetic energy to the liquid, but solely from a progressive change in the dis- 
tribution of the flow in the exit reservoir. It is not the correction which was 
considered by Hagenbach. For ideal conditions, m is probably equal to 
unity. At very low velocities, the distribution of the flow in each reservoir is 
independent of the velocity, and consequently the inertia term vanishes; 
at this stage the Couette correction is 2e, twice what it is when the distribution 
in the exit reservoir is changing. From Bond's data, it is found that e =0.573r. 
At a certain velocity, simply related to e, the distribution of the flow in the 
exit reservoir begins to change, the inertia term appears. Bond found that this 
occurs when the Reynolds number is 10. Under certain stated conditions, 
the initial distribution of flow can be retained to a much higher velocity; 
in these cases the inertia correction does not enter, and pt is independent of the 
velocity. There are indications that for very short tubes pt ceases to be linear 
in the velocity before the flow in the tube becomes turbulent. An explanation 
is offered. Changes in the terminal configurations affect both the Couette 
correction and the inertia correction, and the second may be markedly affected 
by changes in the size and form of the exit reservoir. As commonly used, the 
subdivided tube method for determining ¢ is entirely unreliable. 


HE problem to be considered is the nature of the flow of aliquid from 
a large reservoir, through a cylindrical capillary of circular cross- 
section, into a second large reservoir. It will be assumed that the free 
surface of the liquid in each reservoir is great as compared with the 
sectional area of the capillary, that the edge at each terminus of the 
capillary is sharp and smooth, that at each end of the capillary the 
terminal face is normal to the axis of the capillary, and that the radial 
extent of this face, in every direction, and all other distances from the 
terminus to the wall of the reservoir are severally so great that the dis- 
tribution of the flow of the liquid is essentially the same as if they were 
infinite. 
This problem is of much interest in itself, and it is also of prime 
importance in the theory of the capillary viscosimeter. The equation 
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for the flow in such viscosimeters is usually written in one of the following 
equivalent forms. 


ar*pt mpV 
Y” BV (+e) 8xil+et 





(1) 
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where uy is the coefficient of viscosity, p is the over-all driving pressure 
(the algebraic sum of the hydrostatic pressure, arising from the elevation 
of the free surface of the liquid in the entrance reservoir above that in the 
exit reservoir, and the excess of the pressure just below the free surface 
of the liquid in the entrance reservoir over that just below the free surface 
in the exit reservoir), ¢ the time required for the volume V to flow through 
the capillary of length / and radius r, p the density of the liquid, e the 
Couette correction, m a numerical factor (usually taken as 1.12), and 
v the average velocity of the liquid at any cross-section of the capillary. 

The term involving m is generally called either the kinetic energy 
correction or the Hagenbach correction; and it is interpreted as a sub- 
tractive correction to be applied to pi to cover a loss of head arising from 
the imparting of kinetic energy to the liquid. Such interpretation is 
entirely wrong, for it is evident that the conditions of the problem are 
such that all of the work done by the pressure is expended against 
viscous forces; there is no loss of head due to other actions. The liquid 
starts from practical rest at the surface of one reservoir, and reaches the 
surface of the other with a velocity which is essentially zero; if the areas 
of the two free surfaces are the same, then at the end of its journey the 
liquid has exactly the same kinetic energy as it had at the beginning. 
This has been pointed out by several writers, but its truth has not been 
generally recognized, probably because no satisfactory explanation of 
the origin of the term has been offered and no satisfactory picture of what 
actually occurs has been proposed. 

For any given velocity of efflux, the total work expended against 
viscous forces may be conceived as made up of three terms: One repre- 
sents the work which would be performed in the capillary if throughout 
its length the flow were exactly the same as that at the central section 
of a very long capillary of the same sectional dimensions; another repre- 
sents the amount by which the actual viscous work performed between 
the surface of the entrance reservoir and the central section of the tube 
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exceeds half the work done in the capillary, computed as in the preceding 
case. This may be called the entrance work, or entrance correction. The 
third represents the corresponding term for the exit reservoir, and may 
be called the exit work, or exit correction. Each of these corrections may 
be expressed in terms of the length of the capillary within which the 
same amount of work will be done in the same time. Let these lengths be 
denoted by 6; and 6,, respectively. Then 


8uV 

pt = [i+a+3.| (4) 
ar’ 

Eq. (4) has exactly the same form as Eq. (3). 

The amounts of work corresponding to 5; and 6, depend solely upon the 
relative velocities of adjacent portions of the liquid, and the same is 
true of the work done in the capillary. If the flow is steady, the entire 
volume of the liquid may, in imagination, be divided into a large number 
of elementary tubes of flow; and, so long as the distribution of these tubes 
remains unaltered, the relative velocities of the adjacent portions of the 
liquid throughout the system will depend solely upon v, and will vary 
proportionally to it. Hence, so long as the distribution of the tubes re- 
main unaltered, the values of 6; and 6, will remain unaltered, and p¢ will 
remain constant no matter how great v may become. But if either 5; or 6, 
vary, then p/ will vary. It is such variation that gives rise to the m term 
in Eqs. (1), (2), and (3). The changes which occur in the distribution of 
the tubes of flow in the exit reservoir can be readily followed if a colored 
liquid is allowed to discharge into clear water. When the fiéw is exceed- 
ingly slow, the colored liquid oozes out of the capillary, and flows away 
in all directions, forming a slowly growing, nearly hemispherical cap 
seated against the end of the tube. As the velocity is slowly increased, 
this condition persists for a time; but presently, while the velocity is 
still very low, the cap is seen to move bodily from the end of the tube, 
developing a stem. As the velocity continues to increase, the stem 
lengthens, the cap increases in size and takes on a mushroom form, the 
rim of the cap acquires the appearance of a vortex ring, the whirls become 
more and more pronounced, until further regular development is inter- 
fered with, either by the surface of the liquid or by the walls of the 
reservoir. By using clear water in the entrance reservoir, and introducing 
colored liquid by means of a capillary pipette, the tubes of flow in that 
reservoir also were studied. There was no indication that the distribution 
of these tubes changed as the velocity was increased from a very low 
value to one corresponding to a long jet in the exit reservoir. The change 
appeared to be exclusively in the exit reservoir. 
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The m term does not arise from any loss of head resulting from an 
imparting of kinetic energy to the liquid, but solely from the inertia of 
the liquid, from its tendency to preserve the direction of its velocity. 
The term is much more properly described as an inertia correction, than 
as a kinetic energy correction. Certainly it should not be called the 
Hagenbach! correction, because the case he was considering was quite 
different. In that, the liquid discharged into a gas, and the pressure 
which entered into the equation similar to Eq. (1) was that between the 
entrance reservoir and the outlet of the tube. In that case, the kinetic 
energy of the issuing stream was actually thrown away; that portion 
of the work done by the pressure was not expended in viscous work done 
between the boundaries at which the pressures were measured. But in 
the case here considered, there is no such discarding of kinetic energy, 
but merely a temporary storage of energy in that form. The correction 
considered by Hagenbach does not apply to the present case. 

Most of the attempts to determine the quantity e in Eqs. (1), (2), 
and (3) are of little value, largely on account of assumptions based upon 
the false interpretation of the m term. In fact, only Bond’s? data appear 
to be at all satisfactory for the purpose, though he did not so use them. 
Using very carefully made, thick walled, cylindrical tubes having circular 
lumens and square-cut ends with sharp edges, Bond determined the 
value of 5;+6, for tubes of different radii and for a wide range of velocity 
and of kinematic viscosity (u/p). He found that below a certain velocity, 
corresponding to Reynolds number R(=2pvr/u)=10, 5:+6, is inde- 
pendent of v, and equals 1.1467. He does not state explicitly how the 
sum varies at higher velocities, but by scaling the figure reproduced in 
his paper, it is found that from R=10 to, about, R=700, the sum 
increases linearly with v, d(5;+6,)/dv being 0.98pr?/8u, with an un- 
certainty of perhaps 2 percent. The numerical factor, 0.98, corresponds 
exactly to m in the viscosimeter equation. For R>700, the slope de- 
creases, at first rapidly and then more slowly, finally approaching asymp- 
totically the value corresponding to m=0.735. 

Poiseuille* also worked most carefully with thick walled tubes which 
had square-cut ends, and of which at least the exit terminals had sharp 
edges. He divided his observations into two classes. Into one he placed 
those for which pt seemed to be independent of the velocity; into the 
other, he placed those for which pt varied markedly with the velocity. 
For the latter, the variation is linear in v, except for the presence of 

1 Hagenbach, E., Pogg. Ann. 109, 385-426 (1860). 


? Bond, W. N., Proc. Phys. Soc. London, 33, 225 (1921) ; 34, 139-144 (1922). 
8 Poiseuille, Mém. des Savants Etrangers, I'Inst. de France, 9, 433-543 (1846). 
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certain abnormal observations. The values of m deduced from Poiseuille’s 
observations are collected in Table I. The C-tubes are plainly abnormal, 
and the observations with tubes D‘‘‘, D*, E‘‘, and F*‘ are very erratic. 
For the others the average is m=1.04. The differences between the 
values for the several tubes, as well as the difference of the mean from 
Bond’s, appear to be real; they probably arise from slight differences in 
the configurations of the terminals of the capillaries and of the reservoirs. 
It seems probable that for the ideal case of truly circular, thick walled, 
cylindrical tubes with square-cut ends and sharp edges, m=1. The high 
values of m (averaging about 1.12) usually found for capillary vis- 
cosimeters, and the high value for the C-tubes are probably to be ex- 
plained by irregularities in the edges, or by some other departure from 
the ideal conditions. 

Some of the observations which Poiseuille placed in the first class 
actually belong in the second, but as /+e was very large as compared 
with pr’v/8u (cf. Eq. (3)) the percent change in pt was small, and was 
overlooked by him. It is customary to assume that the same is true of 
all the observations of this class, but the recorded data do not warrant 
such a conclusion. The observations for some of these tubes are shown 
in Fig. 1; in each case the dotted line indicates the slope of the graph 
which would have been obtained had they varied in the manner generally 
assumed. It is obvious that the values do not lend themselves to this 
assumption. True, in each case, even the extreme variation required by 
the dotted line is small, but the erratic variations are much smaller. 
For these tubes, we are forced to conclude that the observations do not 
follow the dotted lines, but that, to a high order of precision, pt is in- 
dependent of the velocity to the very highest velocity represented by the 
observations. In each case, the velocity corresponding to R=10 is 
marked ; it will be noticed that the constancy of pt extends to considerably 
higher velocities. This appears to contradict Bond’s conclusion, but it 
should be remembered that these tubes were very long (/>400r), while 
those used by Bond were much shorter (/ <150r). 

Combining the two sets of observations, it is seen that the nature of 
the flow may be represented as in Fig. 1a; ABD represents Bond’s 
observations, ABC and BD represent Poiseuille’s. Above B, which cor- 
responds to R= 10, there are two distinct regimes, BD representing the 
preferential one. But the regime BC can be established, and when 
established, may be stable. The interpretation of these observations is 
not difficult, and leads to a clear idea of the origin of the change in regime. 

As inertia effects vary according to a higher power of the velocity 
than do the corresponding viscous ones, it is evident that, as the velocity 
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is reduced, the former will presently vanish as compared with the latter. 
At such low velocities, the flow takes place as though the liquid were 
devoid of inertia; and, in any region, the elementary tubes of flow are 
distributed in such a way that the rate at which work is done against 
the viscous forces is as small as possible, consistent with the velocities 
of the liquid at the boundaries of that region.‘ Hence, at these velocities 
both 6; and 6, are as small as possible, consistent with the value of v; and 











> pt. 
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Fig. 1. Poiseuille’s data for tubes A‘, A**, B‘, B**, B**, and probably F indicate that 
pt is independent of the velocity. Continuous lines connect the individual observations. 
The three dotted lines indicate the slopes of the graphs which would have been obtained 
for the A, B, and F tubes, respectively, if pt had varied in the manner commonly as- 
sumed ; the short vertical lines indicate the positions at which R=10. The length of 
each arrow-tipped vertical line corresponds to a change of 0.1% in pt for the adjacent 
graph, except in the case of F for which the change is 2.0%. 

Fig. la. Variation of pt with the velocity. From A to B there is no variation ; beyond 
B there are two possible regimes, BD is the preferential one, but BC can be realized and is 
stable for long tubes and quiet conditions. If p, is the difference in pressure between the 
surface of the liquid in the entrance reservoir and the exit terminus of the capillary, 
and p is the difference in pressure between the surface of the liquid in one reservoir and 
that in the other, then, in the region AB, p.<p; in BD, p.=p; in BC, p.>p. 




















a constancy of their sum requires the individual constancy of each. 
Furthermore, if the two reservoirs are identical in form and size, the 
distribution of the tubes will, at these velocities, be the same in each, and 
6; will equal 6.. As Bond found that so long as R was less than 10, 
5;+6, remained constantly equal to 1.146r, the distribution of the tubes 
must have remained unaltered—must have been that characteristic of 
an inertialess liquid—and 6;=6,=0.573r, which may be denoted by e. 

At excessively low velocities, the pressure in the stream at its exit 
from the capillary exceeds that in the quiescent liquid at the same level 


‘Lamb, H., Hydrodynamics (1st ed.), p. 537, Section 297. 
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in the exit reservoir by an amount ?,, which is equal to the viscous work 
done in that reservoir per unit volume of efflux. As the velocity increases, 
the kinetic energy delivered by the stream to the exit reservoir presently 
becomes appreciable as compared with the viscous work done in the 
reservoir, and , decreases in such a manner that p,+ pv" continuously 
equals that viscous work per unit volume of efflux. That is, p,+,v* 
= 8uvd,/r? =8yuve/r? if R<10. When v becomes equal to 8ue/pr?, p,=0; 
and if v continues to increase, p, becomes negative unless 6, increases; 
that is, unless the distribution of the tubes of flow changes. When p, 
is negative, a portion of the energy of pressure is transformed into kinetic 
energy which is retransformed into pressure energy as the issuing stream 
does work against the back pressure arising from the negative value of 
Po. Such pointless transformation and retransformation seems to be 
avoided whenever possible. When, with slowly increasing v, p, becomes 0, 
the distribution of the tubes of flow begins to change. Until this velocity 
is reached, the tubes of flow are distributed over a hemisphere resting 
against the end of the capillary; now this hemispherical cap moves out, 
developing a stem, and, if the reservoir is large so that the advance of 
the cap and the attendant changes are unimpeded, the change proceeds 
at such a rate as to keep p, continuously equal to zero. That is, 6, 
remains always equal to pur?/8u, which is exactly the value of the m term 
in Eq. (3) when m=1. 

If the preceding description is correct, the point B (Fig. 1a) should 
correspond to the velocity v=8ye/pr*. Putting into this expression the 
value of e(=0.573r) deduced from Bond’s observations, it is found that 
the resulting Reynolds number is 9.2, while Bond’s value for this point 
is 10. The two values agree as closely as one should expect. It should be 
remembered that Bond’s determination of the position of B is entirely 
independent of his determination of 2e. 

The preceding assumes that the changes in the velocity are so slow 
that the distribution of pressure is always that which corresponds to an 
unaccelerated flow; otherwise, p.+pv* will not be equal to 8uv6,/r*. If 
the acceleration is positive, p, is greater than it would otherwise be. 
In particular, if there is a considerable positive acceleration as the 
velocity passes through the value corresponding to B, the kinetic energy 
of the incoming liquid is not sufficient to enable it to get out of the way 
of the following liquid, even when it keeps to the most favorable dis- 
tribution of the tubes of flow—that corresponding to very low velocity. 
Hence, p, continues positive, and the original distribution persists. Thus, 
this distribution of flow may be established at a velocity corresponding 
to some point F beyond B. Having been so established, the distribution 

















840 N. E. DORSEY 


of the flow in the reservoir can change to that corresponding to the line 
BD (Fig. 1a) only by decreasing the velocity of efflux by a finite amount. 
Such decrease involves the slowing up of the entire column of liquid in 
the capillary. This can not be done instantly, but only progressively, 
by the propagation of a series of compressional waves through the column. 
As these waves are damped by the viscosity of the liquid, a given ampli- 
tude at one end of the capillary will produce no appreciable effect at the 
other if the length of the capillary exceeds a certain amount. Hence a 
flow corresponding to BC may be stable in relatively long tubes, and 
under very quiet conditions. ‘ 

For tubes of circular section, it can be shown® that the amount a 
wave is damped while traveling the length of the tube is determined by 
the value of the dimensionless quantity ul?/pAsr?, where s is the velocity 
of sound in the liquid, and \ is the wave-length. Unless A is simply 
related to /, the effect of successive waves will not be cumulative. In the 
case of Poiseuille’s observations, as well as under the usual conditions 
obtaining in viscosity measurements, the mechanical disturbances are 
not simply periodic, but are very heterogeneous. Under such conditions, 
the component which is fundamental to the tube is of greatest importance 
and is automatically picked out by it. Hence the quantity which deter- 
mines the damping of the important constituent of the disturbance is 
D=nl/psr’. 

If, for a given series of tubes, the corresponding fundamental con- 
stituents of the disturbance were all of the same intensity and persisted 
for the same number of oscillations, a definite, limiting value of D would 
mark the division between those tubes for which flow of the type BC 
was stable, and those for which it was not. But if certain of these funda- 
mental constituents were more intense, or more persistent than others, 
they would be more effective, and for the corresponding tubes a larger 
value of D would be required to insure stability of the BC type of flow. 
For weak, or brief constituents, the reverse would be true. Furthermore, 
the intensity and other characteristics of accidental disturbances are 
subject to large fluctuations; these will cause marked variations in the 
limiting value of D. Hence, in general, this limiting value will not be 
very definite, and it is probable that even under the most favorable 
conditions certain of the data will seem to be exceptional. Nevertheless, 
it seemed desirable to see whether Poiseuille’s data would give any 
indication of a definite limiting value of D. For certain series of his tubes, 
both types of flow of water at 10°C were observed; the values of 1/r? 
for the adjacent members for which the types of flow differed are given 


5 Rayleigh, Theory of Sound, Vol. 2, p. 331. 
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in Table I. It will be noticed that, excepting the F-tubes, the smallest 
value for which the flow was definitely of the BC type is 73,000 cm-, 
and the greatest for which it was definitely of the BD type is 51,000 cm—, 
or possibly 73,000 cm~'. These limits are surprisingly close. Taking 
60,000 cm as the limiting value, the limiting value of D is 0.005. The 
data for the F-tubes are distributed erratically, but the BC type of flow 
seems to persist to R=300 if 1/r?=36,000 cm (F), and possibly even 
if 1/r? is as small as 19,000 cm—"(F"). For larger values of R, the observa- 
tions with tube F appear to correspond to points lying between BC and 
BD, but much nearer the former. This may result from the regime 
changing from BC to BD during the course of a single observation; such 
a change might well result from a violent jar. The observations with 
F' lie fairly close to BD when R>300; this suggests, that during the 
observations at low velocity the significant mechanical disturbance was 
weaker than it was when the high velocity observations were taken. 
What of the distribution of the tubes of flow in the entrance reservoir? 
Does this remain unchanged, as our observations with colored liquid 
seemed to indicate? As any change from that corresponding to very low 
velocity would result in an increase in 6;, Bond’s observation that pt 
remains independent of v so long as R does not exceed 10 shows that for 
this range of v there is no change. Poiseuille’s observations indicate that 
there is no change in pi while v varies from a value near R= 10 to R= 104 
(tube A*), to R=117 (tube Bt), and possibly to R=300 (tube F); 
consequently in this range there is no change in 6;. Within this higher 
range, the flow with Bond’s tubes and also with many of Poiseuille’s was 
of the type corresponding to BD; as there seems to be no reason for 
expecting that the type of flow in the entrance reservoir will change at 
exactly the same time as that in the exit reservoir, the absence any break 
in the BD graph within this range indicates that, within this range, 5; is 
changeless even for the BD type of flow. Furthermore, Bond’s curve 
shows that BD retains its linear character until R=700, and, with one 
exception, Poiseuille’s observations give no indication that the linear 
character of BD changes before the condition of turbulence is closely 
approached. Whence, it appears that the distribution of the tubes of 
flow in the entrance reservoir remains unchanged throughout the range 
of velocity for which the flow in the capillary is steady, provided that the 
capillary fulfills the ideal conditions stated at the beginning of this article. 
But what of the exceptions? Bond’s curve shows that for R>700 the 
slope of BD progressively changes, becoming smaller; and Poiseuille’s 
observations at high velocities with tube A** lie below the BD graph 
corresponding to low velocities. Tube A** was very short (/=0.1 cm, 
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l/r =14), and so were several of Bond’s tubes; it seems probable that the 
non-linearity of BD is intimately connected with the shortness of the 
tube, but until additional data are available it is not possible to speak 
with certainty. It may possibly arise somewhat as follows. One might 
well anticipate that the velocity of the entering liquid will not be fully 
adjusted throughout the cross-section until after the liquid has advanced 
a certain distance o; into the capillary, and that o; will increase with Rr. 
Likewise it would not be surprising te discover that the distribution of 
the velocity begins to change before the exit is reached, and that the 
distance o, from the exit to the point where this change begins, increases 
with Rr. In these terminal regions of adjustment, the kinetic energy 
per unit volume of the liquid is less than it is in the central region of 
complete adjustment; hence, after these regions have met one another, 
after o;+o, has become equal to the length of the capillary, the kinetic 
energy per unit of volume delivered to the exit region will be less than 
pv and consequently 46, will be less than its normal value pur?/8u. Hence, 
the rate of increase of pt with v will begin to decrease, probably per- 
ceptibly, when o;+¢, has become equal to/. It may be for this reason 
that the graph for short tubes ceases to be linear at some value of R 
which is smaller than that corresponding to turbulent flow in long tubes. 
But if such is the case, then at low velocities, R<10, o;+o, must be 
exceedingly small, as Bond found that the difference between the value 
of 6;+6, for a perforated plate (J=0.0075 cm, //r=0.102) and for long 
tubes lay within the limits of his experimental error, being only 0.014r. 
Furthermore, the increase of ¢;+o¢, with v can be accompanied by only 
a very small increase in the rate of dissipation, otherwise pt could not 
have appeared to remain independent of v to such high velocities as was 
observed for some of Poiseuille’s tubes. 

Although the data we have considered give no indication of any change 
in the distribution of the tubes of flow in the entrance reservoir, the fact 
that the kinetic energy per unit volume of liquid in the capillary is 
pv*—exactly twice what it would be were the velocity the same over the 
entire transverse section of the tube—suggests that with increasing 
velocity a change in distribution will probably occur. Reynolds® observed 
that in no case did the first suggestion of turbulence occur nearer the 
entrance than 60 radii. Whatever its significance, it is interesting to note 
that when the velocity is such that, in transferring a unit volume of 
liquid from the surface of the reservoir to a point 60 radii beyond the 
terminus, the viscous work done is equal to }pv?, the Reynolds’ number 


* Reynolds, O., Scientific Papers Vol. 2, p. 77; Phil. Trans. 174, 935-982 (1883). 
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is 1938; Reynolds’ observed that turbulence set in when R lay between 
1900 and 2000. 

Departures from the ideal conditions mentioned at the beginning of 
this paper will, in general, be accompanied by changes in the amount of 
viscous work performed at the termini, and by changes in those quantities 
which depend upon this work. Hence, in practice, we should expect the 
values of 5;, 5., €, m and the value of R at which 6, begins to vary with », 
to vary from case to case. There seems to be no satisfactory data which 
will enable one to form an idea of the magnitude of such variation in 
6;, e¢, and the critical value of R, but there is a considerable amount of 
data bearing upon the rate of variation of 5, with the velocity. These 
indicate that for actual viscosimeters approximating to the ideal con- 
ditions, the variations of 5, with the velocity are such that m averages 
about 1.12, and varies from very near 1.00 nearly to 2. Probably these 
variations are caused mainly by variations in the configurations of the 
terminals of the capillaries. But it is obvious that changes in m will 
also occur if the reservoir is so constructed as to impede the development 
of the jet. If, in its advance, the head of the jet meets an obstruction, 
the uniform development of the jet will be impeded, the work done in 
the reservoir will be increased, the pressure in the jet will rise, and the 
observation will lie above the line BD (Fig. 1a). Whether beyond this 
point the line will have the same slope as BD depends upon the nature 
of the obstruction. In some cases it is to be expected that the slope will 
be greater. On the other hand, if the reservoir is small, it is conceivable 
that the distribution of the tubes of flow may presently become such that 
no further change with the velocity is possible. Then, pt will cease to 
increase with v, and the graph will become parallel to AC, but will lie 
above it. 

Several have attempted to derive the value of the quantity e in Eq. (1) 
from two sets of observations; one made with a long capillary, and the 
other with the same capillary cut into a number of sections which were 
then connected one to another by short lengths of tubing of considerably 
greater internal diameter. The computation was based upon the assump- 
tion that each of these connecting tukes acted as an exit and as an 
entrance reservoir, each of these functions being in every way the same 
as that performed by the corresponding, large, terminal reservoir. This 
required that the viscous work done in each connecting tube should be 
equal to the sum of those done in the same time in the two terminal 
reservoirs. But in the small, intermediate reservoirs, the distribution of 
the tubes of flow entering the capillary was surely not exactly the same 


’ Reynolds, O., Scientific Papers, Vol. 2, p. 536; Phil. Trans. 186, 123-164 (1895). 
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as in the large entrance reservoir; and the distribution of the tubes 
emerging from the capillary was certainly quite significantly different 
from that in the large exit reservoir. Hence, correct values of e could not 
be so obtained. 

As already stated, the only satisfactory data from which e can be 
obtained are those of Bond. These lead to the value 0.5737, which we 
have denoted by «. This is for the BD regime (Fig. 1a); for the region 
AB and for the BC regime, in which the inertia term vanishes, the 
Couette correction (1.1467) is twice as great as it is for the BD regime. 
This is because the inertia term arises from the variation in 6,; and the 
minimum value of 6, is €. 


TABLE I[ 


Certain data for Poiseuille’s tubes. 
(See pages 837 and 841.) 

















1/1000r? 

Tube m Tube m BC BD 

Att 1.033 * Pits 0.79 At 102 Att 50.8 
Aiv 1.06; *Div ..ae Bi 73 Be 28 
A’ 1.072 *Fit 0.24(?) Cit 134 *C*»(?) 55.5 
Av 1.04; F 0.51 * Pitt 208 *D*»(?) 73 
Av 1.06; ' Fi 1.046 *F 3620S * F*(?) 19 
* Biv 1.074 Fits 0.975 * Fi(?) 19 Fi 9.4 
B 1.03. Fiv 1.09, 
*Civ 1.165 Fe 0.91, 

Cc’ 1.81 

**Mean 1.035 











* Observations are very erratic. For B‘* m lies between 1.01 and 1.14; some points 
of C** indicate m is as low as 0.79; some points of D‘* give m=0-51 
** Omitting the C, D, and E tubes and F’. 
Summary. For viscosimeters of the type considered: 1. The m-term 
in the viscosimeter equation arises from progressive changes in the 
distribution of the tubes of flow. It is an inertia correction; it has nothing 
to do with any loss of head attending the acceleration of the liquid, and 
is not the Hagenbach correction. It is not dependent upon the existence 
of turbulence or of eddies, although the latter are frequently present, 
and the former may exist. 

2. Bond’s data show that when Reynolds’ number R< 10, the inertia 
correction: vanishes and the Couette correction is 1.146r. 

3. For R>10, approximately, two regimes are possible if the tube 
is long and the mechanical disturbances are'slight. In one, the conditions 
continue the same as when R<10. In the other, the Couette correction 
is half as great as it is when R<10, and m is probably equal to unity. 
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4. From theoretical considerations, it is shown that the value of R 
at which the inertia correction firstappears is nd r, where ¢ is the Couette 
correction for the BD-regime. 

5. As the velocity is increased, it is to be expected that the distribution 
of the flow in the entrance reservoir will ultimately change, but there is 
no evidence that such a change occurs before the flow in the tube becomes 
turbulent. 

6. For very short tubes, m seems to decrease at high velocities. This 
may indicate that near the ends of the capillary the distribution of the 
velocity over the cross-section of the tube is not quite the same as it is 
at the center of a long tube; and that the length over which this abnormal 
distribution extends increases with the velocity. 

7. The value of the Couette correction, of m, and of the velocity at 
which the inertia term first appears, all depend upon the configuration 
of the terminals and of the reservoirs, and may be expected to vary from 
case to case. The variation in m is of special importance in viscosimetry. 


WasuinctTon, D. C. 
Jury 10, 1926 
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BOOK REVIEWS 


HERZFELD’s Kinetische Theorie der Wiirme, a section of Miiller.—Pouillet’s Lehr- 
buch der Physik, published separately by Vieweg (1925; 436 pp.), may be compared in 
scope more nearly with Jeans’ textbook than with any other on kinetic theory. The 
treatment of fundamental principles is less thorough than that of Jeans, but the applica- 
tions are far more completely considered. After two chapters, the first on an elementary 
treatment of kinetic theory, the second on statistical mechanics, Herzfeld gives a chapter 
on gases, treating, among other subjects, the equation of state of imperfect gases. Next 
there are several chapters treating in considerable detail subjects not ordinarily found 
in textbooks on kinetic theory: solid bodies, crystals, and their equations of state; 
liquids; and solutions, both solid and liquid, with discussion of related subjects such as 
adsorption. Finally there are chapters on fluctuation phenomena, and on the statistical 
side of the quantum theory. The material of the chapters on solids, liquids, and solutions 
consists mainly of accounts of recently published work on those subjects, such as that 
of Born and his collaborators on crystals, and of Debye and Hiickel on strong electro- 
lytes. If in some parts, as the theory of liquids, the treatment is rather unsatisfactory, 
the blame should be laid not to the author’s negligence, but to the present undeveloped 
state of the subject. Both in these chapters and throughout the work are many refer- 
ences, both to recent and to older papers, which should greatly increase the value of the 
text. 

The discussion of the fundamentals of statistical mechanics is decidedly less satis- 
factory than that of the applications. Following the usual custom of German authors, 
the development is made on the basis of the statistics of the assignment of points to 
cells, with but the vaguest sort of reference to equations of motion by way of justification. 
Liouville’s theorem, without the use of which it is hardly possible to give a logical 
development of the subject, is treated only in a note at the end, and Gibb’s method, 
and the whole subject of ensembles, are likewise relegated to a few pages in the notes. 

In style, Herzfeld’s book is very lucid. The first chapter contains an elementary 
treatment of the theory of gases, in which great pains are taken to make plain to the 
student all the points about which there might be question, and which frequently are 
passed over. The same desire for intelligibility and clarity is evident throughout the 
work, although perhaps it is not quite so successfully carried out in the later, more 
mathematical chapters. The clear style, the large amount of material, and the unity 
of treatment, seem the most valuable features of the book. X+436 pp., 52 figs., Friedr. 
Vieweg and Sohn, Berlin, 1925. 

J. C. SLATER 
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ABSTRACTS OF PAPERS 


16. The dielectric constant. EvELyN AYLESWORTH, University of California.— 
J. H. Jones obtained the following expression for the dielectric constant, K, of atomic 
hydrogen, using as a starting point, P. S. Epstein’s (1916) formula for the second order 
energy term in the Stark effect. (K—1)/44N=h*/64x'e'm'. The dielectric constant 
should be identical with the limiting value of the square of the refractive index, n?, for 
very low frequencies. Jones’ expression does not satisfy this condition, for n*, as obtained 
from expressions of the refractive index given by Epstein and others, is (m’—1)44N 
=(11/4)h*/642%e'm’. The present investigation was undertaken for the purpose of 
solving this contradiction. Epstein expressed the opinion that the reason for the dis- 
crepancy lies in Jones’ not taking into account the relativistic change of mass of the 
electron. Following this suggestion, the writer found that the dielectric constant depends 
upon the strength of the field. For weak electric fields (under 100,000 volts/cm according 
to this theory) the relativistic term dominates over the electric term and determines 
a system of polar coordinates which are correct for quantization. The expression 
for the dielectric constant, valid under these circumstances is (K —1)/4aN =(11/4)h*/ 
642%e'm* obviously identical with Epstein’s value of n?. 


17. Polarization of radiation excited by electron impact. JouHn A. ELDRIDGE, 
A. ELLett and H. F. Ouson, University of lowa.—Ellett, Foote and Mohler have shown 
that the resonance line of niercury, 1.5— 22 (2536) is polarized when excited by electron 
impact. It is polarized (electric vector) in a plane normal to the direction of the exciting 
electron beam; according to their theory the polarization should have been parallel. 
Investigating in the visible region Skinner found the lines either unpolarized or polarized 
parallel to the beam. In repeating the work of Skinner but with higher dispersion and 
extending it into the ultra-violet it has been found that lines originating from the d,D 
levels are in general strongly polarized, parallel to the beam if J=1 and normal to the 
beam if J=0. This is in accord with the correspondence theory which asserts that 
for J=1 the atom emits a circularly polarized light quant in the plane normal to the 
beam (which would result in the aggregate in plane polarization parallel to the beam) 
and that if J =0 the light is polarized parallel to J, that is normal to beam. The weaker 
polarization or absence of polarization in the accompanying transitions from the s(S) 
levels can be brought under the theory but not the perpendicular polarization of the 
resonance line. 


18. The electrocapillary curve near its maximum. OscaR KNEFLER RIcE, University 
of California.—Previous investigators in the field of electrocapillarity have considered 
the charge to reside on the surface of the mercury, as would occur if the mercury were a 
perfect conductor. Calculations made on this basis, and assuming a diffuse layer o} 
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ions in the solution near the mercury, do not agree with experimental results. Two 
alternatives are suggested. (1) There may be a diffuse layer of positive particles and 
electrons in the mercury as well as the diffuse layer in the solution. (2) As suggested by 
Stern, due to the finite size of the ions it may be that they can only approach within a 
certain distance of the surface. Calculations made on either of these bases give better 
results. In order to make the calculation on the assumption of two diffuse layers it is 
necessary to give.such a value to Kn as will best fit the data, K being the dielectric con- 
stant mercury would have were there no free electrons, and m the concentration of free 
electrons in mercury. If the value thus found is correct we may set a maximum for n, 
for K cannot be less than 1. From this it is estimated that not more than 1 atom in 50 can 
be ionized into a positive ion and a free electron. 


19. The most probable value of certain basic constants. RAymMonp T. BiRGE, 
University of California.—It is possible to measure certain relations between the con- 
stants c, e, h, and e/m with a greater accuracy than the individual constants can be 
determined. These measured relations thus constitute conditions to be observed in the 
adoption of any consistent system of values. Adopting the usual values c =2.9986 x 10", 
and e=4.774X10~, the at present most probable value of k is 6.557 X10~’, and this 
agrees well with the values obtained from h/e, (6.556+0.0044 from recent ionization 
potential work by Lawrence, and 6.556+0.005 from the continuous x-ray spectrum). 
Adopting h=6.557, and ¢ and e as given, the known value of the Rydberg constant 
(N,, = 109,737.3 + 0.3 cm) then requires e/m =1.7597 X10" e.m. u. This agrees well with 
the most probable value, 1.761+0.002, obtained by Babcock from complex Zeeman 
effect. Adopting 1.760, some derived constants are, h/e =1.3735 X10-"" erg sec (e.s.u.)~, 
he*/e =12,350 volt A, and eX 108/(hc*?) = 8097.1 volt™! cm. The values of h and e/m 
adopted in the new International Critical Tables lead to the entirely erroneous value 
N,, =109,300 cm™. The announced limit of error of # (0.001) also is entirely too small 


20. Ionization efficiency of ultra-violet light in caesium vapor. Epwarp M. LittLe, 
University of Illinois. (Introduced by Jakob Kunz).—The number of ions per atom of 
vapor liberated by one erg in the form of monochromatic light of various wave-lengths 
has been determined. This is the ionization efficiency or Einstein's probability coefficient 
of absorption, B. Only relative values were known previously. Its value at the threshold 
wave-length of 3184A is about 2X10-" ions/atom/erg, and decreases to a minimum 
of about one fourth of this at 2800A, increasing again for still shorter wave-lengths. 
This agrees qualitatively with Foote and Mohler’s relative values in this region. For 
wave-lengths longer than 3184A the ionization is practically zero, but this is to be 
studied further using an iron arc instead of a mercury arc. The ionic current was 
measured directly and amounted to about 10-" amperes. In preliminary experiments 
using gold instead of platinum for the electrodes, caesium was found to alloy readily 
with gold. With the gold in this condition the photoelectric sensitivity was almost 
constant over the range from 3000A to 5000A, being a little less at the longer wave- 
lengths. The sensitivity was about 2X 10* electrons per erg. This continues the work 
mentioned in the Physical Review 25, 247 (1925). 


21. Magnetic permeability of iron in high frequency alternating fields. G. R. Wart, 
Carnegie Institution of Washington —Wwedensky and Theodortschik have found the 
magnetic permeability of iron in alternating fields to be abnormally large in certain 
frequency bands, and nearly normal in other regions. The wave-lengths corresponding 
to these bands were approximately 88 m and 100 m. The general appearance of the 
phenomena suggested the existence of resonators corresponding to these frequencies. 
The effect has also been observed by Kralovec. The writer has tried to repeat the 
experiment. In some of the preliminary trials apparent anomalies in the magnetic 
permeability seemed to exist. A more thorough investigation showed that the per- 
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meability of the samples used is constant to a very much higher degree than would 
appear from the measurements of the authors just mentioned. Two experimental 
methods were used. One consisted in the measurement of the inductance of a coil by a 
resonance method. The inductance was measured with the sample inside the coil and 
with it out. The second method employed a heterodyne arrangement consisting of two 
high frequency tube circuits and one of audio frequency. The wave-length range between 
60 and 1700 m was covered by the heterodyne method and the resonance method 
extended from 60 to 150 m. 


22. The spinning electron in hydrogen-like spectra. C. F. Ricurer, California 
Institute of Technology.—To test the hypothesis of a spinning electron (Goudsmit and 
Uhlenbeck, Nature, Feb. 20, 1926, p. 264) a theory has been worked out for hydrogen- 
like atoms to terms of the order of the first relativity correction. For the change in level 
due to combined relativity and spin effects there results 

Av = (Ra®Z*/n*)|(3j?—k?+r*) /2k®>—3/4n] 
n and k refer to the unperturbed Kepler ellipse, r to the spin, and j to the resultant 
angular momentum. This quantization follows directly from the theory of perturbations. 
Putting j?=J*—}, k®?=K*—}, k®=K(K*—}), r-=R’—}, and choosing R=1, J=K +}, 
the first term becomes 1/J. This gives Sommerfeld’s levels for integral values of J. 
The quantum numbers are exactly those proposed by Uhlenbeck and Goudsmit. The 
selection rules Aj=0 or +1, Ak= +1, Ar=O, are justified by the correspondence prin- 
ciple. The motions are (1) a precession of the whole system about the axis of j, plus 
(2) a precession of the ellipse in its plane, partly due to the relativity change of mass 
and partly to the spin. The theory accounts quantitatively for the anomalous Zeeman 
effect in doublet systems, and for the Paschen-Back transformation in high fields. The 
Paschen-Back effect for intermediate fields is being investigated. 


23. The ionization of nitric oxide by electron impact as interpreted by positive ray 
analysis. T. R. HoGness and E. G. Lunn, University of California.—Using a previously 
described apparatus for the positive ray analysis of the products of electron impact 
ionization in gases, the relative intensities of the ions NO*; N,* and O,* were studied 
over a wide range of pressure, impact electron velocity, etc. In pure NO the percentage 
of N,* and O,* increases but slightly with increase in pressure. In mixtures with argon, 
evidence for collisions of the second kind was found. The ionization potentials for the 
formation of NO*, O,*+ and N,* were found to be 9, 20 and 21 volts respectively. 


24. Combinations in the ultra-violet spectrum of the hydrogen molecule. G. H. DieKE 
and J. J. Hoprie._p, University of California.—The spectrum of the hydrogen molecule 
has a great number of lines below \1650A. It was possible to measure the lines accurately 
enough to find a number of combination relations with the help of which it is possible 
to determine the structure of the spectrum. In the region between 41050 and A1650 
there are two systems of bands degraded toward the red and all of similar structure. 
They have the same final states which are the states of lowest energy of the hydrogen 
molecule. The first system includes a progression of bands discovered by Lyman and 
studied recently by Witmer (Proc. Nat. Acad., April, 1926) which, in a mixture of argon 
and hydrogen appears without the rest of the spectrum. In the initial electronic state 
of this system the nuclei are much more tightly bound together than in the initial state 
of the other system though their distance apart is larger. In all other known molecular 
spectra the binding of the nuclei becomes looser, if their separation increases. 


25. Relative intensities of the modified and unmodified radiation for hard x-rays. 
P. A. Ross, Stanford University.—The curve representing the distribution of energy in 
the scattered general x-radiation at a particular voltage shows a sudden change in slope 
at the wave-length corresponding to modified position of the primary short wave limit. 
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The energy lying between the primary and modified limit8 must be entirely due to un- 
modified radiation. The ratio of modified to unmodified radiation can be obtained from 
the differences in slope on the two sides of the modified limit and the slope between 
limits. A curve has been plotted relating relative intensities to wave-length for carbon 
scattering at 90° from .71A to .17A. The results indicate the disappearance of the un- 
modified line from graphite at .176A. A lithium bar suspended in a vacuum showed no 
unmodified line over the same range of primary wave-lengths. 
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